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In logistic regression, it is often desirable to utilize regularization to promote sparse solutions, particularly for

problems with a large number of features compared to available labels. In this paper, we present screening rules
that safely remove features from logistic regression with £y — ¢, regularization before solving the problem. The
proposed safe screening rules are based on lower bounds from the Fenchel dual of strong conic relaxations
of the logistic regression problem. Numerical experiments with real and synthetic data suggest that a high
percentage of the features can be effectively and safely removed apriori, leading to substantial speed-up in the

computations.

1 INTRODUCTION

Logistic regression is a classification model used to
predict the probability of a binary outcome from a set
of features. Its use is prevalent in a large variety of do-
mains, from diagnostics in healthcare (Gramfort et al.,
2013; Shevade and Keerthi, 2003; Cawley and Talbot,
2006) to sentiment analysis in natural language pro-
cessing (Wang and Park, 2017; Yen et al., 2011) and
consumer choice modeling in economics (Kuswanto
etal., 2015).

Given a data matrix A € R™*" of m observations,
each with n features and binary labels y € {—1,1}",
the logistic regression model seeks regression coeffi-
cients x € R” that minimize the convex loss function

1 m
£(x)=—Y log (1 Jrexp(fyiAix))-
mi3

We use A; to denote the i-th row of matrix A and
A’ to denote the j-th column of A. When the num-
ber of available features is large compared to the
number of the observations (labels), i.e., m << n,
logistic regression models are prone to overfitting.
Such cases require pruning the features to mitigate
the risk of overfitting. Regularization is a natural
approach for this purpose. Convex ¢,-regularization
(ridge) (Hoerl and Kennard, 1970) imposes bias by
shrinking the regression coefficients x;, i € [n], to-
ward zero. The ¢;-regularization (lasso) (Tibshirani,
1996) and ¢;—¢,-regularization (elastic net) (Zou and
Hastie, 2005) perform shrinkage of the coefficients
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and selection of the features simultaneously. Re-
cently, there has been a growing interested in utilizing
the exact fyp-regularization (Miller, 2002; Bertsimas
et al., 2016) for selecting features in linear regression.
Although fy-regularization introduces non-convexity
to regression models, significant progress has been
done to develop strong models and specialized algo-
rithms to solve medium to large scale instances re-
cently (e.g. Bertsimas and Van Parys, 2017; Atamtiirk
and Gomez, 2019; Hazimeh and Mazumder, 2020;
Han et al., 2020).

We consider logistic regression with fy—f, regu-
larization:

_ 1
min £(x) 4 — ||x||3 4 u||x[lo, and (REG)
xeR? Y

1
min £(x)+ —|x||3 s.t. [[x]o <k.  (CARD)
xeR” Y

Whereas the /¢)-regularization penalty term above
encourages shrinking the coefficients, which helps
counter effects of noise present in the data matrix A,
the {y-regularization penalty term in (REG) encour-
ages sparsity, selecting a small number of key fea-
tures to be used for prediction, which is modeled as
an explicit cardinality constraint in (CARD). Due to
the {y-regularization terms, (REG) and (CARD) are
non-convex optimization problems.

Screening rules refer to preprocessing procedures
that discard certain features, leading to a reduction
in the dimension of the problem, which, in turn, im-
proves the solution times of the employed algorithms.
For /;-regularized linear regression, El Ghaoui et al.
(2010) introduce safe screening rules that guarantee
to remove only features that are not selected in the so-
lution. Strong rules (Tibshirani, 2011), on the other
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hand, are heuristics with no guarantee but able to
prune a large number of features fast. A large body
of work exists on screening rules for ¢;-regularized
regression (Wang et al., 2013; Liu et al., 2014; Fer-
coq et al., 2015; Ndiaye et al., 2017; Dantas et al.,
2021), including some for logistic regression (Wang
et al., 2014). However, little attention has been given
to the ¢p-regularized regression problem, where di-
mension reduction by screening rules can have sub-
stantially larger impact due to the higher compu-
tational burden for solving the non-convex regres-
sion problems. Bounds from strong conic relaxations
of ¢yp-regularized problems (Atamtiirk et al., 2021;
Atamtiirk and Gémez, 2019) substantially reduce the
computational burden with effective pruning strate-
gies. Recently, Atamtiirk and Gémez (2020) propose
safe screening rules for the ¢y-regularized linear re-
gression problem from perspective relaxations. To the
best of our knowledge, no screening rule exists in the
literature for the logistic regression problems (REG)
and (CARD) with £y—¢, regularization, studied in this
paper.

Qutline. In Section 2, we give strong conic mixed 0-1
formulations for logistic regression problems (REG)
and (CARD) with ¢y—¢, regularization. In Section 3,
we derive the safe screening rules for them based on
bounds from Fenchel duals of their conic relaxations
and in Section 4, we summarize the computational ex-
periments performed for testing the effectiveness of
the proposed screening rules for £p—¢; logistic regres-
sion problems with synthetic as well as real data. Fi-
nally, we conclude with a few final remarks in Sec-
tion 5.

2 CONIC REFORMULATIONS

In this section, we present strong conic formulations
for (REG) and (CARD). First, we state convex logis-
tic regression loss minimization as a conic optimiza-
tion problem. Writing the epigraph of the softplus
function log(1 + exp(x)) < s as an upper bound on
the sum of two exponential functions exp(x —s) +
exp(—s) < 1, it follows that the logistics regression
loss £(x) minimization problem can be formulated as
an exponential cone optimization problem

min £ = mip Yo
s.tou; > exp(—y,-A,-x—s,-), i € [m]
vi > exp (si), i € [m]
ui+v; <1, ié[m]

x€eR" s,u,v e R™,
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which is readily solvable by modern conic optimiza-
tion solvers.

Introducing binary indicator variables z € {0,1}"
to model the {y-regularization terms, (REG) can be
formulated as a mixed-integer conic optimization
problem:

Nk = min L(x) + — Z +,UZZJ (2a)
s.toxj(1— z_,-) = 0, Jj€n] (2b)
xeR" ze{0,1}" (2¢)

Here, we adopt the convention x?/z ;= 0ifz; =
0, xj =0 and x}/zj = 0 if zj = 0, x; # 0. Constraint
(2b) ensures that x; = 0 whenever z; = 0. This con-
straint can be linearized using the “big-M" technique
by replacing it with —Mz; < x; < Mz;, where M is
a large enough positive scalar. However, such big-
M constraints lead to very weak convex relaxations
as we show in the computational experiments in Sec-
tion 4.

Instead, we use the conic formulation of the per-
spective function of x% to model them more effec-
tively. Replacing x? in the objective with its per-
spective function x? /zj significantly strengthens the
convex relaxation when 0 < z; < 1, and introduc-
ing t; > 0, the perspective can be stated as a rotated
second-order cone constraint x? < z;t; Aktiirk et al.
(2009). Dropping the complementary constraints (2b)
as well as the integrality constraints on z, we arrive at
the respective conic (convex) relaxation for (REG):

Neg = min £(x) + — Zt,+y22, (3a)
X} <zjtj, j€n] (3b)
xeR"teR " z€[0,1]". (3¢)

Note that constraint (3b) is valid for z € {0,1}": as
zj = 0 implies x; = 0 and z; = 1 implies simply x% <
tj» J € [n].

Similarly, one can write the cardinality-
constrained version (CARD) as a mixed integer
non-linear model with the perspective reformulation:

L x3
Nc = min L(x ? ; Z—j (4a)
s.t. ZZJ‘ <k (4b)
j=1
xj(1—z;)=0, je€|n] (4¢)
xeR" ze{0,1}". (4d)



Dropping (4c) and integrality constraints, and stat-
ing the perspectives as rotated cone constraints, we
arrive at the conic relaxation for (CARD):

l n
Nce = min L(x) + - Z tj (Sa)
Yj:l
st Y 7 <k (5b)
j=1
X5 <zjtj, j € [n] (5¢)

xeR"teR ",z€[0,1]". (5d)

3 SAFE SCREENING RULES

In this section, we first present the safe screening rules
for logistic regression with fy—¢, regularization and
then discuss their derivation.

Proposition 1 (Safe Screening Rule for Regularized
Logistic Regression (REG)). Let x* be an optimal so-
lution to (3), with objective value NcR, 0 = y,-/(l +
exp(y,-A,-x*)), i€m],d;= %((X’Aj)z, j € [n], and Mg
be an upper bound on Ng. Then any optimal solution
to (2) satisfies

0,
Zj= 1

Proposition 2 (Safe Screening Rule for Cardinality—
constrained Logistic Regression (CARD)). Let x* be
an optimal solution to (5), with objective valb_te Nce,
o; =yi/ (1+exp(yidix*)), i € [m], §; = 1 (WAI)?, j e
[n], 8 denote the k-th largest value of 8, and Tc be
an upper bound on M¢c. Then any optimal solution to
(4) satisfies

L if8; < Q1) and Mee — V(8 — ) > M
TN, i8> 8y and e + (8 — Sjr)) > e

ifMcr+u—Y0; > Mg
ifMcr —u+Y5; > Mg.

3.1 Derivation of Proposition 1

In this section, we present the derivation for the
screening rule for (REG) via Fenchel duality. Similar
to Atamtiirk and Gémez (2020), we utilize the dual of
the perspective terms. In particular, for p,g € R, con-
sider the convex conjugate, #*(p, g) of the perspective
function h(x,z) = x*/z:
2
I (p,q) = max px+gz — = (6)

By Fenchel’s inequality, we have px + gz —
h*(p,q) < % Therefore, for any p,q € R", we can
replace the perspective terms in the objective of (3) to
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derive a lower bound on Mcg. Then, the Fenchel dual
of (3) is obtained by maximizing the lower bound:

n
max min L(x)+ Zj
P4 x,z€[0,1]" ( ) ‘u; /

1 / ! &
+=(px+qdz—) h(pj,q;)) (D
VS W)

Observing that px + gz — é is concave in x and z,
allows one to get a closed form solution for (6). In-
deed, by simply setting the partial derivatives to zero,
we obtain

* Oa q= _p2/4
h(p,q) =
(p Q) {oo otherwise.

)

Then, replacing ¢; with —p§/4 and using the
closed form solution for 4*, we obtain from (7) the
simplified form of the Fenchel dual:

n 2

. Dj P
Nrr= L(x)+) ( i+ Lxj——L ) 8
FR rn;lxxﬁzren[gll]n (x) P2 Hzj ij 4YZJ (8)

Note that (8) is concave in p. Taking the derivative
of (8) with respect to p;, we obtain the optimal p;‘. =
2xj/zj, j € [n]. Plugging p* into (8), we see that it is
equivalent to (3), implying that the dual is tight, i.e.,
MNcr =MNFR

For the inner minimization problem, taking the
derivative with respect to z;, we find the optimality
conditions

0, u—2>0
y M— 7 >
Zj= 2

If u— 2= = 0, then z; € [0,1]. On the other hand,
taking the derivative with respect to x; we derive the
following optimality condition:

Pi_y i
Y & L+exp(yidix)

Let x* be the optimal solution, and, for i € [m],
define

o; :=y;/(1+exp(yiAix*)), forie [m]

and
1 1 A7\2 .
dj:= Z(OLA )=, for j € [n].

Then, p* = yAT a.. Furthermore,

P y(oal)?

ay A T T H,
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Using this closed form solution, we can obtain p*
for (8) from the optimal solution of (3) via o, which
in turn can be used to recover zj, j € [n].

Proof of Proposition 1. Suppose u—7Y8; > 0. Then
Z; = 01in (8), and further Ncg — (1 —¥8;) < Tg. Sup-
pose we add a constraint z; = 1 to (8). Let the optimal
objective value for this problem be Nrg(z; =1). Since
Nrr+u—¥0; < Mpr(zj = 1), then if Npg+p—718; >
g, there exists no feasible solution for (3) with z; = 1
that has a lower objective than Tg. But, this implies
that no optimal solution for (2) has z; = 1, and thus it
must be that z; = 0.

The same argument is used for the case that u—
vd; < 0and z}f =1 in an optimal solution to (8). Since
Nrr — (U—7Y5;) =Mrr —u+7Y8; < NMpr(zj =0), if
Nrr — U ~+7Yd; > Mg, then the optimal solution for (2)
must have z; = 1.

3.2 Derivation of Proposition 2

Using steps similar to in Section 3.1 we derive the
Fenchel dual for (5):

=max, min L(x)—|—lzn:< ~x~—p§z~)
Nrc = P zelo]r = PjXj 4 %
n
st.) zj <k 9)

i=1

Similarly it can be shown that p}; = 2x;/z;, j € [n],
and thus there is no duality gap and Mce = Nrc.
Again, taking the derivative we see that for the min-
imization problem, the optimal solution for (9) has

2
zj = 1 for the k most negative values of u— %’ which
simply translates to the z; with the k largest values of
2

%, with the rest of the indicator variables being equal
to zero. In the case that there is no tie between the
k-th and (k + 1)-th most largest values, then there is
a unique optimal solution for (9) which is integer in
Z, which is therefore the unique optimal solution for
(4). Again, we can recover p* = YAT o, and find that

(r})?
4!y = _’Ysj'

Proof for Proposition 2. Suppose 8; < Sy ).
Then x; = 0 in an optimal solution for (9). Adding
the constraint z; = 1, one obtains a solution where the
(k — 1) indicators with the largest values of d are set
to 1, as well as z;, implying zj) = 0 by the cardinality
constraint. But since Nrc — Y0, + Y0 < Nre(zj=1),
there exists no optimal solution for (4) with z; = 1 if
Nrc —Y(8;+8) > fic.

Using the same argument, if §; > S[k], thenz; =1
in an optimal solution for (9). Adding the constraint
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zj = 0, we obtain a solution with 5[k+l] =1 as the
solution sets the indicator with the next largest d to
one. Therefore, Nrc + 'Y6j — 'Ys[k-f-l] < T]FC(Z/ =0),
and thus there exists no solution for (4) with z; = 1 if
Nrc +Y(8; —8y) > Tfic.

4 COMPUTATIONAL RESULTS

In this section, we present the computational ex-
periments performed to test the effectiveness of the
safe screening rules described in Section 3 for the
ly — 05 regularized and cardinality-constrained logis-
tic regression problem. We test the proposed screen-
ing methods on synthetic datasets as well as on real
datasets.

4.1 Experimental Setup

The real data instances of varying sizes are obtained
from the UCI Machine Learning Repository (Dua
et al., 2017) as well as genomics data from the Gene
Expression Omnibus Database (Edgar et al., 2002).

Synthetic datasets are generated using the method-
ology described in Dedieu et al. (2021). Given a
number of features n and a number of observations
m, we generate a data matrix A ~ A ,(0,X), and a
sparse binary vector ¥, representing the “true” fea-
tures, which has k equi-spaced entries equal to one
and the remaining entries equal to zero. For each ob-
servation i € [m], we generate a binary label y;, where
Pr(y; = 1]A;) = (1 +exp(—sA;%))~!. The covariance
matrix X controls the correlations between features,
and s can be viewed as the signal-to-noise ratio. For
each experimental setting, we generate ten random in-
stances and report the average of the results for these
ten instances for experiments with synthetic data.

We compare the performance of solving (REG)
and (CARD) using MOSEK ApS (2021) mixed-
integer conic branch-and-bound algorithm with and
without screening. For consistency of the runs, we fix
the solver options as follows: the branching strategy is
set to pseudocost method, node selection is set to best
bound method, and presolve and heuristics that add
random factors to the experiments are turned off. Up-
per bounds used for the screening rules are obtained
by simply rounding the conic relaxation solution to a
nearest feasible integer solution.

4.2 Results on Synthetic Data

We first present the experimental results with screen-
ing procedure applied to the synthetic datasets. We
test the regularized logistic regression (REG) with



n =500, s = 1000, k = 50 as a function of the number
of observations, m € {200,500, 1000}, the strength
of the ¢, regularization, y € {1,1.5,1.8}, and the ¢
regularization, u € {Se™* 1e73}. For the cardinality-
constrained model (CARD), we use the same setting
and vary 7y in the same way while changing the ratio
k/n € {0.25,0.05,0.017} by fixing k = 50 and vary-
ing n. In both experiments, ¥ = I, which corresponds
to generating features that are independent of one an-
other.

95 | /

90 -

—
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% Screened

80
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Figures 1 and 2 show the percentage of fea-
tures eliminated from the regression by the screen-
ing procedure for different regularization strengths for
(REG) and (CARD), respectively. As the number of
observations increases, the number of screened fea-
tures increases as well. We observe the same trend as
the strength of the regularization increases, i.e., higher
values of u and lower values of ylead to better screen-
ing. The reason for improved screening with larger
number of observations and stronger regularization
can be explained by the smaller integrity gap of the
conic relaxations, as shown in Tables 1 and 2. Inte-
grality gap of a relaxation is the relative gap between
the optimal objective value of the mixed-integer prob-
lem and the relaxation. Smaller integrality gaps lead
to the satisfaction of a higher number of screening
rules in Propositions 1 and 2.

Table 1: Integrality gap of big-M and conic formulations for
(REQG).

Big-M relaxation Conic relaxation

4 Yo 15 18 115 18

T T T T T T T T T
200 300 400 500 600 700 800 900 1000
Number of observations

u=5e~* p=1e-?
y=1 — =_=
y=15 - ——

y=18

Figure 1: Percentage of features screened as a function of
the number of observations in the dataset and regularization
strength for (REG).

m
200 | 1291 15.06 16.05 | 0.01 0.02 0.04
5¢74 500 | 843  10.18 1097 | 7e3  0.02 0.03
1,000 | 6.00  7.15 7.69 | 7e73 9¢73  0.01
200 | 15.81 1894 2034 | 0.02 0.04 0.06
le 3 500 | 9.88 1238 13.51 | 0.01 0.03 0.04
1,000 | 739 923 10.01 | 0.01 0.03 0.03
Average 10.07 12.16 13.10 | 0.01 0.03 0.04

Table 2: Integrality gap of big-M and conic formulations for
(CARD).

Big-M relaxation Conic relaxation

97.5 1

95.0 1

92.5 1

90.0 1

% Screened

87.51

85.0 1

82.5 4

80.0 1

200 300 400 500 600 700 800 900 1000
Number of observations

kin=0.25  kin=0.05 kin=0.017
y=1 —— - -
y=15 —* —-

y=18

Figure 2: Percentage of features screened as a function of
the number of observations in the dataset and regularization
strength for (CARD).

k/n Y1 15 18 | 1 15 18

m
200 | 1023 13.32 1486 | 0.02 0.05 0.07
0.250 500 | 527 7.2 808 | 0.01 0.03 0.04
1,000 | 2.87 391 446 | 4¢3 001 0.02
200 | 19.49 2433 26.61 | 0.03 0.07 0.10
0.050 500 | 1048 13.82 1551 | 0.01 0.03 0.05
1,000 | 6.14 825 933 | 6e3 002 0.02
200 | 41.74 4770 50.19 | 0.05 0.10 0.11
0.017 500 | 26.58 32.73 -1 002 0.06 -
1,000 | 16.67 2147 2378 | 0.01 0.03 0.04
Average 15.50 19.18 19.10 | 0.02 0.04 0.06

In Tables 1 and 2, we also compare the strength
of the conic formulation with the big-M formula-
tion. Observe that the integrality gaps produced by the
conic relaxation are very small, on average 0.03% for
the regularized model and 0.04% for the cardinality-
constrained model. On the other hand, the big-M for-
mulation has a much weaker gap, 12% and 18% for
the regularized and constrained models, respectively.
The tighter gaps with the conic formulation signifi-
cantly help speed up the solution time of the branch-
and-bound algorithm, as well as lead to the elimina-
tion of more variables with the screening rules, further
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Table 3: Solution times for the regularized logistic regression (REG) with and without screening rules.

Time (sec.)

BnB BnB + Screening Speed-up
1 ST s a8 o5 18 |1 15 18
200 | 16 136 264 | 5 58 127 | 29 24 2.1
5074 500 | 25 69 174 | 6 19 57 | 43 37 32
1,000 | 30 35 49 | 5 6 953 57 55
200 | 10 31 69 | 3 10 25 134 30 29
le 3 500 9 29 38 | 2 6 8|42 47 438
1,000 | 39 66 71 | 6 9 10 | 63 7.1 6.7
Average 21 61 111 | 5 18 30 | 44 44 42

Table 4: Solution times for the cardinality-constrained logistic regression (CARD) with and without screening rules.

BnB

Time (sec.)

BnB + Screening Speed-up

k/n L 15 18

1 1.5 1.8 1 1.5 1.8

m

200 16 40 69
0.250 500 41 110 256
1,000 30 47 52

4 11 20 4.2 3.6 35
7 23 68 5.8 4.9 42
4 7 7 6.7 70 7.1

200 73 200 410
0.050 500 102 407 1,056
1,000 159 242 287

12 38 92 6.2 5.5 4.6
13 61 234 8.1 6.8 53
14 23 28 | 10.8 103 10.0

200 912 2,267 1,457
0.017 500 | 1,267 3,548 -
1,000 | 1,166 1,806 2,327

92 1,313 1,703 | 10.2 8.0 6.4
167 1,144 1971 | 12.6 9.3 -
57 153 368 | 199 153 144

Average 418 963 740

41 308 499 94 79 6.9

speeding up the optimization.

In order to see the impact of screening procedure
on the overall solution times, we solve the logistic re-
gression problem using the branch-and-bound algo-
rithm with and without screening, and compare the
solution times and speed-up due to screening vari-
ables. The branch-and-bound algorithm for solving
the big-M formulation exceeds our time limit of 12
hours for the larger instances; therefore, we report re-
sults for the perspective formulation only. These re-
sults are shown in Tables 3 and 4. The computation
time for the screening procedure is included when re-
porting the solution times for branch-and-bound with
screening. The reported times are rounded to the near-
est second. On average, we observe a 4.3x and 8.1x
speed-up in computations due to the proposed screen-
ing procedure for (REG) and (CARD), respectively.
The improvement in solution times increases with the
number of observations. Again, a trend of increased
speed-up as the strength of regularization penalty in-
creases is seen, since more features are eliminated a
priori.

4.3 Results on Real Data

In order to test the effectiveness of the proposed
screening procedures on real data, we solve problems
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from the UCI Machine Learning Repository (Dua
et al., 2017) (arcene and newsgroups) and genomic
data from the Gene Expression Omnibus Database
(Edgar et al., 2002) (genomic). In particular we focus
on these larger instances of the repository with a high
ratio of features to observations for which regulariza-
tion is more important to avoid overfitting. We solve
these instances using the regularized logistic regres-
sion model (REG), varying the strength of the regu-
larization. As before, a time limit of 12 hours is set
for each run.

The results are summarized in Table 5. For each
instance, at least 92% of the features are screened, and
particularly for the genomic dataset, 99.9% of the fea-
tures are screened for each parameter setting. Over all
instances, on average, 98% of the features are elimi-
nated by the screening procedure before the branch-
and-bound algorithm. Seven out of the 18 runs did not
complete in 12 hours without screening. On the other
hand, with screening, all but one run is completed
within the time limit and always much faster. For
the instances where branch-and-bound with and with-
out screening both terminate within the time limit,
screening leads to on average 13.8x speed-up, with
larger speed-up (up to 25.6x) for the more diffi-
cult instances. For instances where only the branch-
andObound does not terminate, there is an average of
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Table 5: Results for screening on real datasets using regularized logistic regression (REG).

Time (sec.) Speed-
u Y | % Screened BnB  BnB + Screening peed-up
0.5 | 99.9 104 19 55
. 5¢74 1| 999 182 17 11.0
Zef%gl‘g% 1.5 | 99.9 184 33 55
me107 0.5 | 99.9 132 14 11.0
le 3 1999 445 32 13.8
15 | 99.9 384 54 7.1
05 ] 97 25,963 1,013 25.6
Arcene 5¢74 1|97 6,999 336 20.8
= 10.000 1.5 | 92 >12hr 10,925 >4.0
m— 100 0.5 | 99 477 32 14.3
le3 1|96 10,044 467 21.5
1.5 | 95 22,466 1,425 15.7
0.5 | 99.9 >12hr 1,135 >38.1
newsgroups 5¢74 0.7 | 99.9 >12hr 8,701 >5.0
= 98467 1|99 >12hr >12hr n.a
1077 0.5 | 99.9 >12hr 401 >107.7
' le3 0.7 | 999 >12hr 522 >82.8
1| 997 >12hr 7,439 >5.8

at least 40.5x speed-up. These experimental results
clearly indicate that the proposed screening rules are
very effective in pruning a large number of features
and result in substantial savings in computational ef-
fort for the real datasets as well.

5 CONCLUSION

In this work, we present safe screening rules for
£y — 0 regularized and cardinality-constrained logis-
tic regression. Our numerical experiments show that
a large percentage of features can be eliminated ef-
ficiently and safely via this preprocessing step before
employing branch-and-bound algorithms, particularly
when regularization is strong, leading to significant
computational speed-up. The strength of the conic re-
laxations contribute significantly to the effectiveness
of the screening rules in pruning a large number of
features. We show the conic formulation provides
much smaller integrality gaps compared to the big-M
formulation, making it more suitable for solving £yp—
{>-regularized logistic regression with a branch-and-
bound algorithm and also for the derived screening
rules.
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