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Abstract: We will discuss about inverse of fuzzy matrix whose elements are fuzzy trapezoidal numbers. The 
discussion was prioritized from determining the new concept of positive and negative fuzzy numbers, 
namely by using the concept of broad positive areas. Based on the concept, there will be an alternative for 
multiplication concept will be discussed inverse fuzzy number matrix so that  used directly to solve  linear 
equation system of fully fuzzy trapezoidal. 

1 INTRODUCTION 

The famous introducer of the concept of fuzzy 
numbers in the world is (Zadeh, 1965) which 
explains the fuzzy set. Fuzzy numbers that are often 
discussed by researchers are fuzzy trapezoidal 
numbers which have some basic arithmetic between 
addition, subtraction, multiplication, inverse of 
numbers and divisions, and determinants and 
inverses of fuzzy matrices. 

Some writers who have discussed about 
trapezoidal fuzzy numbers include (Kumar et al., 
2010) applies a new method to the fuzzy trapezoidal 
number named the Mehar method, (Nasheri & 
Gholami, 2011) which resolves linear systems of 
fuzzy trapezoidal numbers, (Gemawati et al., 2018) 
gave a new algebra using the QR decomposition 
method on fuzzy trapezoidal numbers, then solved 
the linear equation system on trapezoidal fuzzy 
numbers with iterative solutions. 

Some authors besides discussing the solution of 
fully fuzzy linear system,  many of them also discuss 
the new arithmetic and new definitions in 
determining positive and negative fuzzy numbers 
offered in solving problems in fuzzy numbers 
including (Sari & Mashadi, 2019) and (Deswita & 
Mashadi, 2019) provide new definitions in 
determining positive and negative fuzzy numbers 
with broad concepts in triangular fuzzy numbers, 
(Kholida & Mashadi, 2019) and (Safitri & Mashadi, 
2019) also provide new definitions with broad 
concepts in determining positive and negative fuzzy 
numbers but trapezoidal fuzzy numbers. 

On the other hand some authors have discussed 
the inverse fuzzy numbers and the inverse fuzzy 
matrix inverse, namely (Sari & Mashadi, 2019) 
which provides a new definition in determining 
inverse fuzzy triangular numbers, other researchers 
also discuss methods for finding the rank and 
multiplication of inverse fuzzy trapezoid matrices, 
however, it does not provide a definition of the 
fuzzy matrix identity (Kaur, 2015), whereas 
(Mohana & Mani, 2018) provides a note for 
determining the adjoining fuzzy trapezoid matrix, 
using basic arithmetic which is identical to the same 
(Kaur & Kumar, 2017). 

In this paper the author will provide and offer 
new arithmetic in determining the inverse fuzzy 
matrix with the same concept as the concept that has 
been given in the previous author's paper, namely 
(Safitri & Mashadi, 2019), (Kholida & Mashadi, 
2019), (Abidin et al., 2019). 

2 PRELIMINARIES 

Fuzzy sets and fuzzy number are known in fuzzy, 
(Zadeh, 1965) and  (Zimmermann, 1996) was given 
definition of fuzzy sets. 

Definition 2.1. A fuzzy set 𝑀 ⊆ 𝑋 is a characterized 
by membership function 𝑓 𝑥  which associates 
with each points in  𝑋 real number in the interval 
0,1 , with the value of 𝑓 𝑥  at 𝑥 representing the 

"grade of membership" of 𝑥 in 𝑀. 
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Definition 2.2. Let 𝑋 is a set of object collection  
that are denoted in general by 𝑥, the a fuzzy set 𝑀 in 
𝑋 is a sequential set of pairs 𝑀 𝑋, 𝜇 𝑥 |𝑥𝜖𝑋  
with 𝜇  is a membership function of the fuzzy set 𝑀 
which a mapping of the universal set 𝑋 in the 
interval 0,1 . 

Some basic definition and theories related to 
fuzzy number has been discussed by (Gemawati et 
al., 2018) and (Cong-Xin & Ming, 1991). 

Definition 2.3. Fuzzy number is a fuzzy set 𝑢: 𝑅 →
0,1   with  𝑢 𝑟, 𝑠, 𝜀 , 𝜀  which satisfies 

1. 𝑢 is upper semi continuous; 
2. 𝑢 𝑥 0 outside some interval 𝑟 𝜀 , 𝑠 𝜀 ; 
3. There are real number 𝑟, 𝑠 in the interval 

𝑟 𝜀 , 𝑠 𝜀  such that 
(i) 𝑢 𝑥  monotonic non-decreasing in 𝑟

𝜀 , 𝑟 ; 
(ii) 𝑢 𝑥  monotonic non-increasing in 𝑠, 𝑠

𝜀 ; 
(iii) 𝑢 𝑥 1, for 𝑟 𝑥 𝑠. 

Definition 2.4. Fuzzy number 𝑢 in 𝑅 are function 
pair  𝑢 𝑟 , 𝑢 𝑟 , which satisfies the following: 
1. 𝑢 𝑟  is a bounded left continuous non decreasing 

function over 0,1 ; 
2. 𝑢 𝑟  is a bounded left continuous non increasing 

function over 0,1 ; 
3. 𝑢 𝑟 𝑢 𝑟 , 0 𝑟 1. 

(Kumar et al., 2010) provided a definition of 
membership functions of trapezoidal fuzzy numbers, 
given fuzzy numbers 𝑢 𝑎, 𝑏, 𝛼, 𝛽  where 𝑎 and 𝑏 
are the center points, 𝛼 distance from the center 
point jarak dari titik pusat 𝑎 to the left, and  𝛽  
distance from the center point 𝑏 to the right. 
Trapezoidal fuzzy numbers function  have the 
following form : 

𝜇 𝑥

⎩
⎪
⎨

⎪
⎧1

𝑟 𝑥
𝜀

,     𝑟 𝜀 𝑥 𝑟

          1,           𝑟 𝑥 𝑠

1
𝑥 𝑠

𝜀
,     𝑠 𝑥 𝑠 𝜀

          0,            otherwise

 

Trapezoidal fuzzy numbers have the following 
parametric form if 𝑢 𝑢 𝑟 , 𝑢 𝑟  can be 
represented as: 

𝑢 𝑟 𝑟 1 𝑟 𝜀  

𝑢 𝑟 𝑠 1 𝑟 𝜀  

Some authors have described arithmetic fuzzy 
trapezoidal numbers like (Malkawi et al., 2014). 
Two fuzzy number 𝑢 𝑟, 𝑠, 𝜀 , 𝜀  and 𝑣

𝑡, 𝑢, 𝛿 , 𝛿  we call same if only if 𝑟 𝑡, 𝑠 𝑢, 
𝜀 𝛿  and 𝜀 𝛿 . 

Arithmetic on trapezoidal  fuzzy numbers given 
by (Kumar et al., 2011) that is if there are two fuzzy 
numbers  𝑢 𝑟, 𝑠, 𝜀, 𝜀  and  𝑣 𝑡, 𝑢, 𝛿, 𝛿  then 

1. Addition 

𝑢 ⊕ 𝑣 𝑟 𝑡, 𝑠 𝑢, 𝜀 𝛿, 𝜀 𝛿  
 

2. Substraction 

𝑢 ⊖ 𝑣 𝑟 𝑢, 𝑠 𝑡, 𝜀 𝛿, 𝜀 𝛿  

3. Multiplication 

𝑢 ⊗ 𝑣

𝑤, 𝑤, |𝑠𝛿 𝑢𝜀|, |𝑠𝛿 𝑠𝜀|   

where 

𝑤
𝑔 ℎ

2
 

and 
ℎ 𝑚𝑖𝑛 𝑟𝑡, 𝑟𝑢, 𝑠𝑡, 𝑠𝑢  
𝑔 𝑚𝑎𝑥 𝑟𝑡, 𝑟𝑢, 𝑠𝑡, 𝑠𝑢  

4. Scalar Mutiplication 

𝑘 ⊗ 𝑢
𝑘𝑟, 𝑘𝑠, 𝑘𝜀, 𝑘𝜀 ,   𝑘 0

𝑘𝑠, 𝑘𝑟, 𝑘𝜀, 𝑘𝜀    𝑘 0
 

The weakness of the arithmetic above is that the 
definition given only applies to two fuzzy 
trapezoidal numbers which have a distance from the 
center to the left and to the right of the same value. 

Whereas (Kaur, 2015) provide the basic 
arithmetic definition of fuzzy trapezoid numbers, 
given fuzzy numbers 𝑢 𝑚, 𝑛, 𝑝, 𝑞  and 𝑣
𝑟, 𝑠, 𝑡, 𝑢  where 𝑚 𝑛 𝑝 𝑞 and  𝑟 𝑠 𝑡

𝑢  then: 
1. Addition 

𝑢 ⊕ 𝑣 𝑚 𝑟, 𝑛 𝑠, 𝑝 𝑡, 𝑞 𝑢  

2. Substraction 

𝑢 ⊖ 𝑣 𝑚 𝑢, 𝑛 𝑡, 𝑝 𝑠, 𝑞 𝑟  

3. Multiplication 

𝑢⨂𝑣 𝑚 , 𝑛 , 

p , 𝑞  

4. Scalar Mutiplication 
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𝑘 ⊗ 𝑢
𝑘𝑚, 𝑘𝑛, 𝑘𝑝, 𝑘𝑞 ,   𝑘 0
𝑘𝑞, 𝑘𝑝, 𝑘𝑛, 𝑘𝑚    𝑘 0

 

5. Division 

𝑣
, , ,   

The weakness of this arithmetic is that the 
defined product does not give a case if  𝑢 and  𝑣 are 
positive or negtive fuzzy numbers, and in division 

operation  𝚤̃  or  𝑢 ⊗ 𝚤̃ .  
(Mohana & Mani, 2018) defines surgery on the 

trapezoidal fuzzy matrix. For example 𝑃 𝑝  
where 𝑝 𝑚 , 𝑛 , 𝑝 , 𝑞  and 𝑄 𝑞  where 
𝑞 𝑟 , 𝑠 , 𝑡 , 𝑢  
1. Addition 

𝑃 ⊕ 𝑄 𝑝 ⊕ 𝑞  
2. Substraction 

𝑃 ⊖ 𝑄 𝑝 ⊖ 𝑞  

3. Multiplication 

𝑃 𝑝    and   𝑄 𝑞  

Then  𝑃 ⊗ 𝑄 �̃�    where 

�̃� 𝑝 ⊗ 𝑞  

4. Transpose 
𝑃 𝑝  

5. Scalar Multiplication 

k𝑃 𝑘𝑝𝑗𝑖  

The weakness of this arithmetic is that the 
multiplication that is defined does not give a case if  
𝑢 and  𝑣 are positive or negative fuzzy numbers. 

3 ALTERNATIVE ARITHMETIC 
FOR INVERS TRAPEZOIDAL 
FUZZY MATRIX 

Now at this article, the basic arithmetic operations of 
fuzzy numbers used to determine the inverse matrix 
are arithmetic operations with broad concepts that 
have been given (Kholida & Mashadi, 2019), (Safitri 
& Mashadi, 2019) and (Abidin et al., 2019). Given 
two fuzzy numbers 𝑢 𝑟, 𝑠, 𝜀 , 𝜀  and 𝑣
𝑡, 𝑢, 𝛿 , 𝛿  are equal if only if 𝑟 𝑡 and  𝑠 𝑢.  

Two fuzzy numbers said to be the same pure if and 
only if 𝑟 𝑡, 𝑠 𝑢 and  𝜀 𝛿 , 𝜀 𝛿 . 

1. Addition 

𝑢 ⊕ 𝑣 𝑟 𝑡, 𝑠 𝑢, 𝜀 𝛿 , 𝜀 𝛿  

2. Substraction 

𝑢 ⊖ 𝑣 𝑟 𝑢, 𝑠 𝑡, 𝜀 𝛿 , 𝜀 𝛿  

3. Scalar Multiplication 
𝑘 ⊗ 𝑢 𝑘 ⊗ 𝑟, 𝑠, 𝜀1, 𝜀2   

𝑘𝑟, 𝑘𝑠, 𝑘𝜀 , 𝑘𝜀 ,   𝑘 0
𝑘𝑠, 𝑘𝑟, 𝑘𝜀 , 𝑘𝜀    𝑘 0

 

4. Multiplication 
a. Case 1, if 𝑢 positive and 𝑣 positive, then: 

𝑢⨂𝑣 𝑟𝑡, 𝑠𝑢, 𝑟𝛿 𝑡𝜀 , 𝑠𝛿 𝑢𝜀  

b. Case 2, if 𝑢 positive and 𝑣 negative, then: 

𝑢⨂𝑣 𝑠𝑡, 𝑟𝑢, 𝑠𝛿 𝑡𝜀 , 𝑟𝛿 𝑢𝜀  

c. Case 3, if 𝑢 negative and 𝑣 positive, then: 

𝑢⨂𝑣 𝑟𝑢, 𝑠𝑡, 𝑢𝜀 𝑟𝛿  , 𝑡𝜀

𝑠𝛿  

d. Case 4, if 𝑢 negative and 𝑣 negative, then: 

𝑢⨂𝑣 𝑠𝑢, 𝑟𝑡, 𝑢𝜀 𝑠𝛿 , 𝑟𝛿

𝑡𝜀  

5. Identity of Fuzzy Number  
The identity for fuzzy numbers is divided into 

two, namely pure identity where 𝚤̃ 1,1,0,0   and 
identity where 𝚤̃ 1,1, 𝜀 , 𝜀 . 

 

6. Inverse of  Fuzzy Number 
𝑢⨂𝑣 𝑟, 𝑠, 𝜀1, 𝜀2  ⨂ 𝑡, 𝑢, 𝛿1, 𝛿2   

𝑟𝑡, 𝑠𝑢, 𝑟𝛿 𝑡𝜀 , 𝑠𝛿 𝑢𝜀  

So that inverse of trapezoidal fuzzy number with 
𝑟, 𝑠 0 are obtain : 

𝑣
1
𝑟

,
1
𝑠

,
𝜀

𝑟
,

𝜀
𝑠

 

7.  Inverse of Fuzzy Matrix 

Similar to fuzzy numbers, fuzzy matrices also 
have two identities namely pure identity is defined 
as follows: 

𝐼 𝑎  
Where 

𝑎
0,0,0,0 , 𝑓𝑜𝑟  𝑖 𝑗
1,1,0,0 ,        𝑓𝑜𝑟   𝑖 𝑗  
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To get the result of  𝑃 ⊗ 𝑃 𝐼  is very 
difficult so that another alternative to the matrix 
identity is defined as follows :  

𝐼 𝑎  
where 

𝑎
0,0, 𝜀 , 𝜀 , 𝑓𝑜𝑟 𝑖 𝑗

1,1, 𝜀 , 𝜀 ,        𝑓𝑜𝑟  𝑖 𝑗  
 

 

Let 

𝑃 𝑎  

where 

𝑎 𝑎𝑖𝑖, 𝑏𝑖𝑖, 𝛼𝑖𝑖, 𝛽𝑖𝑖  

𝑎 𝑎 , 𝑏 , 𝛼 , 𝛽  

for   𝑖 𝑗. 

Then it can be partitioned into: 

𝑀

𝑎 𝑎 ⋯ 𝑎
𝑎 𝑎 ⋯ 𝑎

⋮
𝑎

⋮
𝑎

⋱    ⋮   
⋯ 𝑎

 

 

𝑁

𝑏 𝑏 ⋯ 𝑏
𝑏 𝑏 ⋯ 𝑏

⋮
𝑏

⋮
𝑏

⋱    ⋮   
⋯ 𝑏

 

𝑃

𝛼 𝛼 ⋯ 𝛼
𝛼 𝛼 ⋯ 𝛼

⋮
𝛼

⋮
𝛼

⋱    ⋮   
⋯ 𝛼

 

𝑄

𝛽 𝛽 ⋯ 𝛽
𝛽 𝛽 ⋯ 𝛽

⋮
𝛽

⋮
𝛽

⋱    ⋮   
⋯ 𝛽

 

 
Then 𝑃 can be written 𝑃 𝑃, 𝑄, 𝐸 , 𝐸  and 

𝑄 𝑅, 𝑆, 𝐷 , 𝐷 , then the fuzzy matrix 𝑃 𝑄  if 
𝑃 𝑅, 𝑄 𝑆, 𝐸 𝐷 , 𝐸 𝐷 . Matrix fuzzy 𝑄 
is said to be an inverse of the fuzzy matrix  𝑃  if 

𝑃 ⊗ 𝑄 𝐼 

Assuming each element the fuzzy matrix 𝑃 and 

𝑄 are positive fuzzy numbers, then 
𝑃, 𝑄, 𝐸 , 𝐸 ⊗ 𝑅, 𝑆, 𝐷 , 𝐷 𝐼, 𝐼, 𝜀 , 𝜀  

𝑃𝑅, 𝑄𝑆, 𝑁𝐺, 𝑃𝐷 𝑅𝐸 , 𝑄𝐷 𝑆𝐸 𝐼, 𝐼, 𝜀 , 𝜀  

was obtain 

            𝑃𝑅 𝐼
           𝑄𝑆 𝐼

  𝑃𝐷 𝑅𝐸 𝜀
𝑄𝐷 𝑆𝐸 𝜀

 

So 
𝑅 𝑃  

𝑆 𝑄  

𝐷 𝑃 𝜀 𝑅𝐸  
𝐷 𝑄 𝜀 𝑆𝐸  

 
Based on the algebra above  𝑃  and 𝑄  can be 

searched directly, so the authors provide the 
definition of the matrix 𝑄 or  𝑃   as follow : 

𝑃 𝑃 , 𝑄 , 𝐸 , 𝐸  

Furthermore, it will be proven that 

𝑃 ⊗ 𝑃 𝐼 
then  

𝑃, 𝑄, 𝐸 , 𝐸 ⊗ 𝑃 , 𝑄 , 𝐸 , 𝐸 𝐼 

Assuming each element of the fuzzy matrix is a 
positive fuzzy number, arithmetic multiplication of 
positive fuzzy number and positive fuzzy number is 
obtained: 

𝑃 ⊗ 𝑃 𝑃𝑃 , 𝑄𝑄 , 𝑃 𝐸 𝑃𝐸 , 
 

𝑄 𝐸 𝑄𝐸  

𝐼, 𝐼, 𝑃 𝐸 𝑃𝐸 , 𝑄 𝐸 𝑄𝐸  
 

Assume if 𝑃 𝐸 𝑃𝐸 𝜀  and 𝑄 𝐸
𝑄𝐸 𝜀 .  
then 

𝑃 ⊗ 𝑃 𝐼, 𝐼, 𝜀 , 𝜀  

Thus it is evident that 𝑃 ⊗ 𝑃  have identity results. 
 

Given two trapezoidal fuzzy matrices  𝐴
𝐴, 𝐵, 𝐶, 𝐷  and  𝐵 𝐸, 𝐹, 𝐺, 𝐻  with  

𝐴 𝐴 , 𝐵 , 𝐶 , 𝐷   
and 
 𝐵 𝐸 , 𝐹 , 𝐺 , 𝐻  
will show that : 

𝐴 ⊗ 𝐵 𝐵 ⊗ 𝐴  
𝐴 ⊗ 𝐵 𝐴, 𝐵, 𝐶, 𝐷 ⊗ 𝐸, 𝐹, 𝐺, 𝐻  

𝑀𝐾, 𝑁𝐿, 𝑀𝑅 𝐾𝑃, 𝑁𝑆 𝐿𝑄 
 

𝐴 ⊗ 𝐵 𝑀𝐾 , 𝑁𝐿 , 𝑀𝑅 𝐾𝑃 , 
𝑁𝑆 𝐿𝑄  

𝐾 𝑀 , 𝐿 𝑁 , 𝑀𝑅 𝐾𝑃 , 𝑁𝑆 𝐿𝑄  
 

and  
 

𝐵 ⊗ 𝐴 𝐾 , 𝐿 , 𝑅 , 𝑆  
⊗ 𝑀 , 𝑁 , 𝑃 , 𝑄  
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𝐾 𝑀 , 𝐿 𝑁 ,  𝐾 𝑃  
𝑀 𝑅 , 𝐿 𝑄 𝑁 𝑆  

 

From the algebra above it is obtained that: 
𝑀𝑅 𝐾𝑃 𝑀 𝑅  𝐾 𝑃  

and 
𝑁𝑆 𝐿𝑄 𝑁 𝑆 𝐿 𝑄  

 
The next step will be indicated 

𝐴 ⊗ 𝐵 ⊗ 𝐴 ⊗ 𝐵 𝐼 
𝑀𝐾, 𝑁𝐿, 𝑀𝑅 𝐾𝑃, 𝑁𝑆 𝐿𝑄  

⊗ 𝑀𝐾 , 𝑁𝐿 , 𝑀𝑅 𝐾𝑃 , 𝑁𝑆 𝐿𝑄  
𝑀𝐾 𝑀𝐾 , 𝑁𝐿 𝑁𝐿 , 𝑀𝐾 𝑀𝑅 𝐾𝑃  

𝑀𝐾 𝑀𝑅 𝐾𝑃 , 𝑁𝐿 𝑁𝑆 𝐿𝑄  
𝑁𝐿 𝑁𝑆 𝐿𝑄  
𝐼, 𝐼, 𝜀 , 𝜀 𝐼 

So it can be conclude that  𝑃 ⊗ 𝑃  produces 
identity, not pure identity. 
 
Numerical Example 

Given 

𝐴𝑥 𝑏 
where 

𝐴
5,6,2,3 3,5,4,2

9,11,2,1 3,7,1,2
 

𝑏
34,56,45,37
54,94,52,32  

and will be find 𝑥. 

From 𝐴  we get  

𝑀 5 3
9 3

, 𝑁 6 5
11 7

 

𝑃 2 4
2 1

, 𝑄 3 2
1 2

 

and  from 𝑏 we get 

𝑏 34
54

, 𝑔 56
94

, ℎ 45
52

, 𝑡 37
32

 

We get  

𝐴

1
4

,
7

13
,

1
6

,
1
2

1
4

,
5

13
,
2
3

,
1

2
3
4

,
11
13

,
1
3

,
1

4
5

12
,

6
13

,
1

3
,
3
4

 

then 
𝑥 𝐴 𝑏 

So we get the results of  𝑥 is  

𝑥
5,6,4,1
3,4,1,1

 

Then to check the truth of the results from 𝐴  
will be shown  𝐴 ⊗ 𝐴 𝐼 and  𝐴 ⊗ 𝐴 𝐼. 

𝐴 ⊗ 𝐴
1,1,2

2
3

, 1
43
52

0,0,1
1
6

,
51
52

0,0,7
1
4

,
47
52

1,1,
11
12

,
41

52

 

 𝐼, 𝐼, 𝜀 , 𝜀 𝐼 

and  

𝐴 ⊗ 𝐴
1,1,2

2
3

, 1
7

26
0,0,1

1
6

, 1
37
78

0,0,
1
4

, 2
17
52

1,1,5
1

12
,
133
156

 

4 CONCLUSIONS 

In this article, arithmetic alternatives to fuzzy 
numbers and alternative elements of identity are 
pure identity and identity in fuzzy trapezoidal 
numbers and fuzzy trapezoidal matrices. After the 
arithmetic alternative is obtained, the inverse of a 
matrix can be determined. The matrix inverse 
obtained can be used to solve system of fully fuzzy 
linear equations  𝐴 ⊗ 𝑥 𝑏 directly, with 𝑥
𝐴 ⊗ 𝑏. 
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