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Laplacian and signless Laplacian energy of a limited graph is the most intriguing themes on territories of

energy of a chart. The new idea of energy of a graph is color energy and moreover color Laplacian and
energy on color signless Laplacian. In this paper, the formulae of energy Laplacian and color signless
Laplacian energy of supplement of subgroup charts of dihedral assemble are resolved. Color Laplacian and
color signless Laplacian range of these graph are additionally measured..

1 INTRODUCTION

The energy of a finite graph G is characterized as the
summation of total estimations of all matrix of G
eigenvalues (Balakrishnan, 2004). Gutman (1978)
introduced the concept of adjacency energy of a
graph, and now it has evolved into other concept of
energy. Researches related to the energy of a graph
have been done, such as adjacency energy (Gutman,
2001), incidence energy (Gutman et al., 2009 and
Jooyandeh et al., 2009), Harary energy (Gilingdr &
Cevik, 2010), Randic energy (Das et al., 2014),
maximum degree energy (Adiga & Smitha, 2009),
detour energy (Ayyaswamy & Balachandran, 2010),
matching energy (Gutman & Wagner, 2012),
distance energy (Ramane et al., 2008), covering
distance energy (Kanna et al., 2013), dominating
distance energy (Kanna et al.. 2014), Laplacian
energy (Gutman & Zhou, 2006, Zhou & Gutman,
2007 and Zhou et al.. 2008) and signless Laplacian
energy (Liu, 2010). Subsequent developments
introduced the concept of color energy of graph
(Adiga et al.. 2013) and finally color Laplacian
(Bhat & D’souza, 2015) and color signless
Laplacian energy (Bhat & D’Souza, 2017a) of
graph.

Graphs accomplished from a group have likewise

been presented, for example Cayley graph
(Heydemann, 1997), transitive Cayley graph
(Kelarev & Praeger, 2003), conjugate graph

(Erfanian & Tolue, 2012), commuting graphs
(Chelvam et al.,, 2011), non-commuting graphs
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(Raza & Faizi, 2013), inverse graphs (Alfuraidan &
Zakariya, 2017), identity graphs (Kandasamy &
Smarandache, 2009) and subgroup graphs
(Anderson et al., 2012). Anderson et al. (2012)
defining the subgroup graph of a group G as a
directed graph containing all elements of G and two
distinct vertices x and y will be joined by an arch if
and only if xy is belong to the related subgroup.
When the given subgroup is a normal subgroup of
G, then the subgroup graph obtained is an undirected
graph and thus its complement is also an undirected
graph (Kakeri & Erfanian, 2015).

Abdussakir has determined detour energy of the
complement of subgroup graphs of dihedral group.
(2017). In this research, the formulae of color
Laplacian and color signless Laplacian spectrum and
energy of these graphs are determined.

2 LITERATURE REVIEW

Let G be a finite graph with order [F{&)| = and
size |E{G)] = . Two distinct vertices x and y are
called adjacent if they are joined by an edge in G or
xy € E(G). The adjacency matrix A(G) of G is a
matrix A(G) = [a;] of order p where a; = 1 if viy; €
E(G) and a; = 0 if viv; ¢ E(G) (Abdussakir et al.,
2009). The degree deg(x) of a vertex x in G is the
number of vertices that adjacent with x. The degree
matrix D(G) of G is matrix D(G) = [dj] of order p
where d; = deg(v;) for i = j and d; = 0 otherwise
(Abdussakir et al., 2017).
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Matrix L(G) = D(G) — A(G) is called the
Laplacian matrix of graph G (Elvierayani &
Abdussakir, 2013) and matrix L*(G) = D(G) + A(G)
is called the signless Laplacian matrix of G (Ashraf
et al., 2013). The characteristic polynomial of L(G)
and L*(G) are det(L(G) - M) and det(L*(G) - A')),
respectively. The characteristic equation roots of a
matrix are called eigenvalues of the matrix (Jog &
Kotambari, 2016). The eigenvalues of L(G) are
called Laplacian eigenvalues of G and the
eigenvalues of L*(G) are called signless Laplacian
eigenvalues of G.

Let 1.4 . .4, are Laplacian eigenvalues of
graph G. The Laplacian energy of G is defined by
Zhou & Gutman (2007) as

LEG) =Ei, A==, (M

In similar way, the signless Laplacian energy of
graph G is defined by Xi & Wang (2017) as

LETgl =20, T -= ()

where 17 are signless Laplacian eigenvalues of G.

Adiga et al (2013) presented the color energy of a
graph concept motivated by the work of
Sampathkumar and Sriraj (2013). A graph G
coloring is assigning color to all vertices of G such
that two adjacent vertices have the different color
(Bondy & Murty 2008). Coloring of graph G can be
considered as a function e:F{&}—H such that
ez} = e(¥I if x and y are adjacent in G (Chartrand
et al. 2016). The minimum positive integer k is
called chromatic number of G and denoted by x(G)
if e:FIE) = {1, 2.....E} is a coloring of G (Akbari
et al., 2009).

Let G be a colored graph and c is a coloring of G.
Color matrix A.{&] of G is defined by

fp = *:—J, if v and pearemesdiscantand ezl = elul (3)

Eigenvalues of #-{{] are called color eigenvalues of
G and the summation of absolute values of color
eigenvalues of G is called color energy of G and
denoted by E.{&] (Adiga et al. 2013). Bhat and
D’souza (2015) and also Shigehalli and Betageri
(2015) introduced color Laplacian matrix of a
colored graph G as L (&} = DG} — A-(G).
Furthermore, Bhat and D’souza (2017b) defined
color signless Laplacian matrix of a colored graph G
as EFiG)= DG} + A, (), where D(G) is the
degree matrix of G. The eigenvalues of L {&} are
called color Laplacian eigenvalues of G and the
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eigenvalues of LFEE) are called color signless
Laplacian eigenvalues of G.

In a similar way with the definition of Laplacian
and signless Laplacian energy, the color Laplacian
energy of colored graph G of order p and size ¢q is
defined as

LB A6} — Efoylor—H 4)

and its color signless Laplacian energy is defined as
LB Gy = T lw? - = (%)

where u; are color Laplacian eigenvalues and ui are
color signless Laplacian eigenvalues (Bhat &
D’souza, 2015, Shigehalli & Betageri, 2015 and
Bhat & D’Souza, 2017b).

If a graph G is colored with x{{), then color
matrix, color Laplacian matrix and color signless
Laplacian matrix of G are called chromatic matrix,
chromatic Laplacian matrix and chromatic signless
Laplacian matrix of G and denoted by 4,i&}, L, (&)
and LF{G), respectively. Furthermore, chromatic
Laplacian energy and chromatic signless Laplacian
energy of G are denoted by L, (&} and LE} (F).

Let gy = == w2 #s (s < p) are distinct color
Laplacian eigenvalues of G and ey, ¥z v MEg are
their multiplicities. The color Laplacian spectrum of
G is defined as

Lepecpier = o0 7wl (©
Let = wd = .= uf (¢t < p) are distinct
color Laplacian eigenvalues of G  and

w7, #7317 are their multiplicities. The color
signless Laplacian spectrum of G is defined as

Lspec? i@l = |75 75 7 L0

The following are previous results that will be
used in further discussion.

Theorem 2.1. (Bhat & D’souza 2015) For n > 2,
then

Lepec, (Kt = ",
and

iE, (4,0 = 2{n = 1)

Theorem 2.2. (Bhat & D’souza 2015) For n > 1,
then
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ES—WE';':HnI = Il‘L |_ x _L-|

and
EE, (W, )m2fm 1)

Theorem 2.3. (Bhat & D’souza 2015) The
chromatic Laplacian spectrum of Ky, ,, is

||.1.1I|.1. Il e wle 1L Yoo m 1 o .1.[
¢ 4 . 4 . |

and
LB, (B n) = ==[m" + "+ fm+ mime — 11],
ifm=nandn=m+1 and

EE, Ky ) = = |in — nilvimm + {4+ 5},
ifn>m+ 1.
Theorem 2.4. (Bhat & D’Souza 2017b) Forn > 2,

Lepecy W) = |50 750 70
and

EE} Ky} = 2{n—1).

Theorem 2.5. (Bhat & D’Souza 2017b) For n > 1,
then

Espect W b =] * ., ~V %
and
LEHN,) = 2(n = 1).

Theorem 2.6. (Bhat & D’Souza 2017b) The
chromatic signless Laplacian spectrum of K, ., is

|m 1 i+l lovmE o —-mn 1L-—ome o —mr|.|

and

IF.?';E:H.*;I = 2';!":?“: + 0t — pm — 1(:' + —

v n o’

Recently, graph of group has also been a research
topic discussed by many researchers. Anderson et al
(2012) presented the subgroup graph concept in a
group. Let H is any subgroup of a group G. The
subgroup graph of G is defined as a directed graph
with vertex set G such that vertex x will be adjacent

to vertex y if and only if x #y and x¢ @ H and
denoted by [z i{&). If H is a normal subgroup of G,
then [x{&) is an undirected simple graph and so
T= 1) is an undirected simple graph too (Kakeri &
Erfanian, 2015).

Study about color Laplacian and color signless
Laplacian range and energy of subgroup charts have
not revealed yet as of recently, particularly for the
subgroup graph of dihedral gathering. Let
D., =ir.s) is the dihedral group of order 21 (n >
3). All normal subgroup of I, are the subgroups
I}, 2% where d is divisor of n, and Day,, for odd n
and the subgroups {r}, &k where d is divisor of ,
{r=, 5k, 4 sk and D.,, for even n (Abdussakir,
2017). Motivated by this condition, the color
Laplacian and color signless Laplacian spectrum and
energy of subgroup graphs of dihedral group are
studied. All subgroups discussed in this paper are
normal subgroups of I, .

3 RESULTS

Since this paper concentrated on the colouring with
least number of colors, the primary concern of this
research are the chromatic Laplacian range and
energy and the chromatic signless Laplacian range
and energy.

Theorem 3.1. For nt = 3, then

Lepecy To, (D }) = |57 T
and

IF.; I;rri‘n- I'("H::r:r,-I = 2{2”' -1 1

Proof. By definition of subgroup graph, then the
subgroup graph Ig,  (E,} of dihedral group D, is a
complete graph of order 2n. By Theorem 2.1, the
proof is obtained. ¢

Theorem 3.2. For # = 3, then
Lepae, (Lo, (D, ) =170 % .70l
and
LB (D iD. 1) = 2(2 1)
Proof. Since Iy, 0., is a complete graph of order
2n, then Iy, D31 is a null graph of order 2n. Using
Theorem 2.2 the proof is obtained. ¢

Theorem 3.3. For # = 2, then

Lepec, (DD ) =" % 5075
and

LB AL (D 1D = 262m — 1,
Proof. The subgroup graph [iylsy) of dihedral
group D., is an unconnected graph with two
components. The two components are complete
graphs of order n with vertex set L7 #%, . #¥ 5}
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and {g.#r 8r, . 80" ), respectively. Therefore,
Ii: (0.} is a complete bipartite graph K,,. By
Theorem 2.3 and some computation, the proof is
obtained. ¢

Theorem 3.4. For n = 4 and n is even, then

Lepee, Mie o (D) = 77 5 507 5
and

LE, (= (D)) = 2(2n — 1},
Proof. The normal subgroup &=, sk of D.,, for n = 4
and n is even is

s gb = fL et PP sert et 80T

and ("¢ ){&""p @ " 5¢ if and only if both i and j
is even or both i and j is odd, for 1 <i,j<n—2 and
k=0, 1. Then, the subgroup graph Iz {8y ¥ has
two kind of components and each component has
complete graph K, of order n. Therefore,
Tpz (0,0 is a complete bipartite graph Ky ,. By
using Theorem 2.3, the proof is complete. ¢
Theorem 3.5. For . & 4 and n is even, then

Leper, (Do oD ) =70 5 270
and

EE (Dra gy (Bep 1) = 2620 A
Proof. The subgroup graph [y {0z} has two
kind of components and each component has
complete graph K, of order n. Therefore,
T osdlan ) is a complete bipartite graph K,,,,. The
proof is obvious by using Theorem 2.3. ¢

Theorem 3.6. For & 3, then
Lepec {Dp, (Dt | = [*4°57 % 530
and
EEF (I (D)) = 2620 - 1)
Proof. Since the subgroup graph Tp  (D:p} of
dihedral group &, is a complete graph of order 2,
by using Theorem 2.4 the proof is obtained. ¢

Theorem 3.7. For #. & 3, then
Lepeet il (Do M=, 0, %07
and
EBAE., (B, 1) =2(2n - 1)
Proof. Since Iy, 1D.,1 is a complete graph of order
2n, we have Iy (D, is a null graph of order 2n.
Using Theorem 2.5 the proof is obtained. ¢

Theorem 3.8. For n. = 3, then
Lapecy (B 1) = |27
and
EEM B (Do }) = 2(2n — 1
Proof. Since Tgsf2-,} is a complete bipartite graph
K, ;. By Theorem 2.6 and some computations, the
desired proof is obtained. ¢

—l.‘.hlll— L IJ.I
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Theorem 3.9. For n =4 and n is even, then
Eepecd (Fye g (Drg ¥} m | T4 V% = 41]
and
EEM Gz (Day MV = 220 = 1)
Proof. By the proof of Theorem 3.4. then
T2 1D2) is a complete bipartite graph K, ,. By
using Theorem 2.5 the proof is obtained. ¢

Theorem 3.10. For n = 4 and n is even, then
Lepeey (D oD M) = L2775, 7M7)
and
LE} (Bra ors(Dey}) =220 — L
Proof. Since Tz 53il,1 is a complete bipartite
graph K, , by the proof of Theorem 3.5, then it is
obvious by using Theorem 2.6. ¢

4 CONCLUSIONS

The formulae of chromatic Laplacian and chromatic
signless Laplacian spectrum and complement energy
of subgroup graphs of dihedral group for several
normal subgroups have been determined. Further
research is needed to observe chromatic Laplacian
and chromatic signless Laplacian spectrum and
complement energy of subgroup graphs of dihedral
group for the rest normal subgroups.
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