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We present a rigid estimate of the domain, on which a Lyapunov function for the linearization of a nonlinear

stochastic differential equation is a Lyapunov function for the original system. By using this estimate the
demanding task of computing a lower bound on the y-basin of attraction for a nonlinear stochastic systems is
greatly simplified and the application of a resent numerical method for the same purpose facilitated.

1 INTRODUCTION

When analysing the stability of an equilibrium of a
nonlinear deterministic system x = f(x), f: R — R?,
one often resorts to linearization around the equilib-
rium. Assuming, without restriction of generality, that
the equilibrium in question is at the origin, then one
analyzes the stability of the origin for the system x =
Ax, where A := Df(0) is the Jacobian of f at the origin.
Now, if the matrix A is Hurwitz, i.e. the real-parts of
the eigenvalues of A are all strictly negative, then one
can solve the Lyapunov equation A" P+ PA = —Q,
where Q € R?*? is an arbitrary symmetric and pos-
itive definite matrix. The solution P € R¥*¢ is then
symmetric and positive definite and V (x) = x' Px is
a Lyapunov function for the system, i.e. V has a min-
imum at the equilibrium at the origin and the deriva-
tive of V along solution trajectories of the linearized
system fulfills

VV(x)-Ax = —x' Qx

and is thus negative on R\ {0}. The function V will
also be a Lyapunov function for the original nonlinear
system x = f(x) on a neighbourhood A’ of the origin
where

V(x) = VV(x)-f(x) <0 forx € A\ {0}.

Here V' denotes the orbital derivative of the system.
The size of the set Al is of great importance because
compact sublevel sets of V that are within A’ are
lower bounds on the equilibrium’s basin of attraction,
i.e. the set of points which converge to the equilibrium
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as time goes to infinity. Explicit bounds for the size of
A are quite easily derived, cf. e.g. (Hafstein, 2004).
In this paper we will derive such an estimate, but for
the considerably more demanding case of stochastic
differential equations.

Notation: We denote by |x|| the Euclidian norm
of a vector x € R? and for A € R™? by ||A|| =
maxy|—i ||[Ax|| the matrix norm induced by the Eu-
clidian vector norm. Vectors are assumed to be col-
umn vectors.We denote by k(A) := ||A]|||[A™!] the
condition number with respect to the || - || norm of
the nonsingular matrix A € R?*¢. For a symmet-
ric and positive definite Q € RY*¢ we define the en-
ergetic norm |[xp := v/x"0x and the correspond-
ing induced matrix norm [|A||g := max x| ,—1 [|Ax]|o.
Recall that a symmetric and positive definite Q €
R?*4 can be factorized as Q = ODO'" where O €
RI%d ig orthogonal, i.e. 0'O0=0"0=1and D =
diag(Ai,As,...,Ay) € R4 is a diagonal matrix with
0< A <A <...<Ay. Forevery a € R we define
the matrix Q% = Odiag(k?,k‘z‘,...,kg)OT. It is not
difficult to see that for a > 0 we have ||Q%|| = A7 and
|Q~“|| = A, “. Further,

B
o2 Ix < IIxllg = v/xT0x
1 !
= [[ezx| < [lo>llIx]-

We consider d-dimensional systems and in all sums

where the upper and lower bounds of the sum are
omitted they are assumed to be 1 and d respectively,

: . d . d
e ) =Y, ):i,j = Zi,j:l etc.

A function o : Ry — R is said to be of class K«
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if it is continuous, monotonically increasing, a(0) =
0, and limy_e 0L(x) = oo.

We write IP and IE for probability and expecta-
tion respectively. The underlying probability spaces
should always be clear from the context. The abbrevi-
ation a.s. stands for almost surely, i.e. with probability

a.s.
one, and = means equal a.s.

2 THE PROBLEM SETTING

We give a short discussion of the setup and the
problem at hand. For a more detailed discussion
of the setup see (Gudmundsson and Hafstein, 2018,
§2). The general d-dimensional stochastic differen-
tial equation (SDE) of Itd type we consider is of the
form:

aX (1) = B(X())dr +g(X(1) - dW(r) (1)

or equivalently

U

dXi(r) = £;(X(1))dr + ) g"(X(1)) - dWa (1)
u=1
for i = 1,2,...,d. Thus £ = (fi,fo,....fa) ., g =
(g'.g%,....gY), and g* = (g%,84,...,8%)", where
fi.gt RY — R. We assume that the origin is an
equilibrium of the system, i.e. f(0) = 0 and g"(0) =
0 for u = 1,2,...,U and we consider strong solu-
tions to (1). For deterministic initial value solutions,
ie. X(0)=x¢€ R4 as., we write X* for the solution,
ie.

X*(f) = x+ /0 (X (s))ds + /0 "a(X(s))dW(s).

where the second integral is interpreted in the It
sense. As shown in (Mao, 2008) it suffices to consider
deterministic initial value solutions when studying the
stability of an equilibrium.

Numerous concepts are in use concerning the
stability of equilibria of SDEs. Here we will be
concerned with the so-called asymptotic stability in
probability of the zero solution (Khasminskii, 2012,
(5.15)), also referred to as stochastic asymptotic sta-
bility (Mao, 2008, Definition 4.2.1). For a more
detailed discussion of the stability of SDEs see the
books by Khasminskii (Khasminskii, 2012) or Mao
(Mao, 2008). We recall a few definitions:

Definition 2.1 (Stability in Probability (SiP)). The

null solution X (1) = 0 to the SDE (1) is said to be sta-
ble in probability (SiP) if for everyr > 0and 0 < e < 1
there exists a & > 0 such that :

[[x|| < & implies P {sup,~o || X*(1)|| < r} > 1 _E.D
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Definition 2.2 (Asymptotic Stability in Probability
(ASiP)). The null solution X(t) 0 10 the SDE (1) is
said to be asymptotically stable in probability (ASiP)
if it is SiP and in addition for every 0 < € < 1 there
exists a & > 0 such that

Ix]| < & implies P {tlgg IX*(1)|| = o} >1-¢.
O
Our definitions of SiP and ASiP are equivalent to
the more common
lim P {sup,. || X*(r)|| <r} =1 forallr>0

[Ixl|—0

for SiP and additionally

lim P {limsup||Xx(t)|| = O} =1
[Ix[|—0 t—ro0

for ASiP, which can be seen by fixing r > 0 and writ-
ing down the definition of a limit: for every € > 0
there exists a & > 0.

The reason for our formulation is that we want to
look at a more practical concept related to such sta-
bility, namely a stochastic analog of the basin of at-
traction (BOA) in the stability theory for deterministic
systems, cf. (Gudmundsson and Hafstein, 2018). In-
stead of the limit ||x|| — 0 we consider: Given some
confidence 0 <y < 1 how far from the origin can sam-
ple paths start and still approach the equilibrium as
t — oo with probability greater than or equal to . This
is the motivation for the next definition.

Definition 2.3 (y-Basin Of Attraction (y-BOA)).
Consider the system (1) and let 0 <y < 1. We refer to
the set

{xer!: P {iim|X*()| =0} =7} (r-BOA)

as the y-basin of attraction, or short y-BOA, of the
equilibrium at the origin.

O

Note that a 1-BOA corresponds to the usual BOA
for deterministic systems.

For the SDE (1) the associated generator is given
by

LV (x) := )

2
W)t + 1 ¥ [2(08(0 ], 5a (x)
ij

i ax,'an

for some appropriately differentiable V : U — R with
U C RY. Notice that this is just the drift term in the
expression for the stochastic differential of the pro-
cess t — V(X(t)). The generator for a stochastic sys-
tem corresponds to the orbital derivative of a deter-
ministic system.
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Definition 2.4 (Local Lyapunov function). Consider
the system (1). A function V € C(U)NC*(U\ {0}),
where 0 € U C R? is a domain, is called a (local)
Lyapunov function for the the system (1) if there are
Sunctions uy, 2, 143 € Ko, such that'V fulfills the prop-
erties :

(i) i (IX]) < V() < gmo(lIxll) forallxe U
(ii) LV(x) < —s(|x])) forallx € U\ {0}

Remark 2.5. It is of vital importance that V is not
necessarily differentiable at the equilibrium, because
otherwise a large number of systems with an ASiP
null solution do not possess a Lyapunov function,
cf. (Khasminskii, 2012, Remark 5.5).

The following theorem provides the first center-
piece of Lyapunov stability theory for our application,
cf. (Khasminskii, 2012, Theorem 5.5 and Corollary
5.1):

Theorem 2.6. If there exists a local Lyapunov func-
tions as in Definition 2.4 for the system (1), then the
null solution is ASIP. Further, let Vi > 0 and as-
sume that V='([0,Viax]) is a compact subset of U.
Then, for every 0 < B < 1 the set V"' ([0,B Vinax]) is a
subset of the (1 — )-BOA of the origin.

This concludes our discussion of the setup. In
the next section we discuss Lyapunov functions for
the linearization of (1) and prove the main contribu-
tion of this paper, a lower bound on the area where a
Lyapunov function for the linearization is also a Lya-
punov function for the nonlinear system.

3 MAIN RESULTS

We now consider the linearization of system (1). A
Lyapunov function for the linearized system can then
be constructed, e.g. with the method form (Hafstein
et al., 2018), much more easily than for the nonlinear
system (1). In addition to f and g satisfying the usual
sufficient SDE solution-theory conditions locally Lip-
schitz and the linear-growth conditions, cf. e.g. (Mao,
2008, §2.3) or (Kallenberg, 2002, §21), we assume f
and g are C? on a convex neighbourhood U C R? of
the origin. The second order Taylor expansion for the
components f; of f at x € U reads

1 .
X) = ijFij + 5 Zx.kaRl]'k(X)
J Ik

1 .
= (Fx); + EXTRI(X) b

and the components g¥ of g“,
1 .
X) = ijG}‘j + 2 ijka?,’((x)
J Jk

— (G"x)i+ %XTR”" (x) x
Here
F = (F;),; € R with F;j = 9;£i(0)
and
G" = (G, , € R with Gf; = 9,¢/(0)

and the matrices R(x) and R*“(x) are the Taylor re-
mainders

R(x) = ( f}k(x)>jk e R4 and

RY(x) = (R‘;,i(x))jyk e R,
By abuse of notation we define the elements of up-
per bound matrices R’ = (Rj.k) . € R?*4 and R4 =
Js

(R;‘,’C) L€ R?*4 a5 follows:
j:

0% fi(x)| = R (x)] <Rlik and 3)

|0%si (%)] = IR} (%)] < Rig, )
for all x € A/, where A’ is a neighbourhood of the
origin to be defined later. Finally we fix the constants
R!and R* as

R':=||R'|| and R := [[R". )

The action of the generator (2) of the system (1)
on some V € C(U)NC*(U\ {0}) can be written as

X) = %Zmi,-(x)a?]v x)+ Y fi(x)3V (x
i,j i

=LyV(x)+ E(x)

where LoV (x) is the generator of the linearized sys-
tem defined below and E(x) the rest (containing all
the Taylor remainders). We will now work out the
details, first notice that:

ml] Zgz
= Zxkxl Z GzI'AkG?l
+ = Zxkxlxmz (G R”’ —I—G “ o (x ))
klm

—|— Z XkX[XmXn Z R R’”

klmn
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We define Lo as the generator associated to the lin-
earization of the system (1), i.e. the system
dX(r) =F X(t) dr + Z G*X
u=1

t) AW, () (6)

or equivalently

U
0= TR0 &+ Y. Y Gix,(e) dm(e)
J

u=1 j
fori=1,2,...

LoV (x) = )

ZF,jxja V(X)+ = Z (Zxkxl Z GG > (x).

We gather together the nonlinear parts of the full SDE
generator into the expression for E(x):

= ZSZES(X)BSV(X) + % ;E,s(x)az V(x
—_————
EF(X) EG(X)

,d, which means that

where

1
Es(x) = szjka-ka(X) and

Zxkxlxmz (GYR (X) + Gy R} (X))

klm
U

=l Z Z XpX| XmXn Z

k,l,m.;n u=1

k1 (X) Ry (%)

The plan for the rest of this section is as follows:
With LV (x) broken up into a linear part LoV (x) and a
nonlinear correction E(x), we take the explicit func-
tion )

v(x) = |x|lf = (x"0x)’ (®)
as the ansatz for the Lyapunov function candidate,
where Q € R?*? is a symmetric and positive definite
matrix and p > 0. As argued in (Hafstein et al., 2018,
§4) this is the expected form of a Lyapunov function
for the linearized system (6) just as X — x ' Px for a
symmetric and positive definite P is the usual form for
a Lyapunov function for a linear deterministic system
X = Ax. Note that typically p < 2 so V is not differen-
tiable at the origin. For this reason take x # 0 in the
calculations below. Assuming that we have fixed Q
and p > 0 such that LoV (x) < 0 for all x € R?\ {0},
we derive a neighbourhood of the origin such that
LoV (x)] > [E(x)], (x) <0.

From (Hafstein et al., 2018, Lemma 4.1) we can
state the following: for V(x) = ||x||’é we have

1 -
LyV(x) = —§p||ng *H(x) forallx € R?\ {0},
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U
H(x)=—x' <FTQ+QF+ Z(G")TQG“> x|[x]3
u=1
U 2
+e-p ¥ (33 @0+ (60 0x)

u=1

This V is a Lyapunov function for the linear system
(6) if there is a constant C > 0 such that

H(x) > C||x|\2QHx||2 for all x € RY,
because then

1 _
LV < —5pCIxlp IXE ©)

for all x € RY\ {0}.
Before we state and prove our results we prove a
simple but useful lemma:

Lemma 3.1. LetA = (Aij)ﬁ: (;ij) € R4 be such
that |A,‘j| <Ajjfori,j=1,2,...,d. Then
IA[F < Al (10)
In particular
Y xidijyj| < [IAllx]|[ly] (1D
ij
and
-~ 1
Y xiQuAwy;| < lIAlIQ2 [IIxllollyll  (12)
i,J.k
~ 1
< llAlx(@)>[x[lellylle-

for every symmetric and positive definite Q € R4,

IfAQ% = Q%A we even have

Y xiQuAwyi| < [AllIxlollylle-  (13)
ijk
Proof. For x = (x1,x2,...,x5)] set % =
(|x1], |x2],-- -, [xa) 7. Clearly ||x|| = ||X|. The
estimate (10) follows from
HAXH2 = XTATAX = Z xiAkiAijj
i,j.k
<Y bl Akl - Ak - [x]
i,jk
< ¥ |- Audy x| =X ATAX = | A%
i,j.k
< AN I=I1> = A1 1)1
and thus
AX|
HAH = SUPx£0 o || || —” ||
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The inequality (12) follow from

‘ Z-lelkAkjy]| = sz (Z thAk]
i,Jk
1 1
= [x'QAy| = |(0?x)" QZAY|
1 1 1
< [lQ>x|||Q2Ay| = [0l @2Ay||

1
< |xlloll@z[[IA]l[ly]l

~ 1L 1
<llAlflez(lle 2 llxllellylle

and (11) follows form (12) with Q as the identity ma-
trix. To see (13) just note that ifAQ% = Q%A we have

1 1 1 ~
102 Ay = [[AQ2y| < [|Allll@yll < lAllllylle
which can be used to improve the estimate above. [

Remark 3.2. If A in (12) is symmetric we have
x' QAy = Y xiQuAijyi = Y yiAjuQuixi =y AQX.

i,j.k i,j.k
Remark 3.3. For vectors x,X € R%, X; for
i=1,2,...,d, we obviously have , but in

general ||X||g is not necessarily smaller than ||X||o.
Take for example x = (1,—1)T, X = (1,1)', and

0= (2 ). mhen Ixlo = vxT0x = V6 bu

|yllo = V2. For this reason one cannot expect |A;;| <

A;j to imply ||Allg < ||A||o for matrices A,A € R4,
We now come to the main contribution of this pa-

per:

Theorem 3.4. Consider the system (1), assume that

V as in (8) is a Lyapunov function for its linearization

(6), and let C > 0 be a constant as in (9). Let p* >0

and assume the estimates (3), (4), and (5) hold true
on N =D*:={xeR? : ||x||p < p*}. Define

pi=1+|p-2|,

R' =R,
R = ||R"],
Rr=[(R"R*,....R"|,
RE =R, R?,..., R,
Ro = l(R&: R RE)|,

Q

~ U
Eg:= 0| (amp* y %HQ%G“Q-%n) :
u=1

~ 1
Eg:= ZP*K(Q)K,G

Then

LV(x) = LoV (x)+ E(x)

where LoV is defined in (7) and
1 ) ~ o~
E0)| < 5plxl I - xllo (o +Eglixlo)

forx € D" :={x€R? : |x||o < p*}. In particular,

V is a Lyapunov function for the nonlinear system (1)

satisfying the condition of Definition 2.4 on
U=D:={xcR?: |x|p <p},

with

p < min< p*, ! ( (EG)2+4CE§;EG) .
2E

Proof. Let us first compute 95V (x) and 92,V (x),

2y
9,V (x) = (ZQijj+ZQisxi> g <ZQijxixj>
J i i,j

-2
=pY xQilx[; "~ and
i

a%SV(X) = pQrs”X”Iéiz +P (ijQjS> (g B 1)
J

)
x2 (2 xiQir) (E Qijxixj>
i i,j

2 —4
= plIx[l§y “Qrs + p(p —2) Y xix; Qir Qs Ix I}y
i

—4
= rlixllg (QVSHXHzQ"'(P_Z)inijiers>-
ij
Now set z = (21,22, ..,24) " with z; := x R*(x)x and
then |z5| < R*||x||* and ||z|| < ||x||*R F for x € D*.

Then
Er(x)] < [} Es(x)9,V (%)

p 2
=5 X157 Y, xRy (%)xiQis
8,0, j.k

p -2 s
= 5||X||£) inQis (ij jk(x)xk> ‘
$,1 Jik
= 3l (D (xR (0x)

Pyyp-2
=3 x[I5 Z,XiQisZs
8,1

p 2| T
= Zixl5* x "0z
P 2,1~ 1
=S Ixligllexll Qx|
p -2 1
< SIIxlIg “lxlollQ> |zl

p -1 1
< SIxlIp IxIPlQ7 R e
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Since Eg(x) = 3 ¥, Er(x)9%V(x) and by using
our expressions for E,; and 92,V (x) we obtain:

Z Xk X1 Xm

rs,k,l,m

1 4
Eo(x)| < 1INl

M ltS +G ( ))

A HMQ

L]

rs |X||Q+ pP— 2 leijlers> |

|XHP74 Z X X1 XmXn

r,s,k,l,m,n

+§P|

X (Qrs||X||2Q+(P—Z)inijiers>
iJ
X ZR X) R (X

We now estimate the expression on the right-hand
side term by term: Set z* = ({,25,... ,zZ)T, where

T pui ]2
Z¢:=x'R*(x)x, and then |z¥| < R"|]x||” and ||z"| <
[x|[2RY for x € D*. Then

U
Y anxn Y, GrRin ()0 X5

.k, ,m u=1

|XHQ Z Zxk (lelexm> QG

u=1rsk

=[x Z Y % (XTR'”X> 0,,G",

u=1rsk

U
= ||XH2Q Z ZZ?erG’kak

u=1rsk

(z')" 0G"x

Il
>
oo
M=

=
—_

#)70G"Q 2 Q¥x

I
*
o
(aols

=

U
_1
< |xl3lxI* ) 110G Q™2 || R

u=1

1 U 1 _1
< IxllBlxI*ez 1Y 102G 02| RE
u=1
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and similarly

Z XiX[ X Z Gy

r8,k,0,m u=1

U
= ||x|\2Q Z Z (XTRWX) 0sGly Xk

u=1rsk

U
=[xl Y Y 20 Gl

u=1rsk

U
=x[l3 Y (z*) T 0G“x
u=1

)QrsHXHQ

U
_1
<[Ixlplx1* ) 10G"0 2 | RE
u=1

U
3 2 1 1 _1
< Ixllplx[I*lo2 1 ). 02 G 02 || RE.
u=1

Further
Y, xxixm Z Rl (X)(p—2) Y xix;0ir Qs
r,s,k,lm iJ
U
=p-2) Y Y [ ) x0iGixe
u=1j,s \ikr

X (Z)CIRI",f1 (X)X

) OsjX;

=(p—-2) i Z( QG“X) (XTRMSX> Qs jx;
u=l j,s

iZ( 0G"Q zQ%x) (xTR”Sx> 0,jx]

L; 1j,s

2y

_1
X302 G 02 | | L0y,

J>s

1
<Ip-20lxl} ¥ lotaro ) o
u=1

U
2 1 _1 1
<lp-2[Ixll3 Y. lezG o =lllz[ ez [l[xlle
u=1

1 U 1 _1
< lp—2lIxIlx|*lQ> (1 Y 102G Q™ | RE

u=1
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and similarly

Z xkxlxmz u ur P 2) thx/erst

r,s,k,l,m i,j

=(p-2) Z Y (Z xinsG?kxk>

u=11ir \Jjk,s

(Z)C[RW xm> Orix;
=(p-2) Z ) (XTQGMX) (XTRWX) OriXi

u=11ir

U
1
<lp-21Y Ixl3lo6 e FOrii

u=1

U
1 1 _1
<[p=2lIxlpIxI*I7I Y 102G Q2 |R -
u=1

Further

Z xkxlxmanrtHX”QZR X) Ry (X)

r,s.k,l,m.n u=1

nx|sz(zka )Qm

u=1ns
(o)

U
=[xI3 ¥ Y= 0na

u=1rs
U

=3 Y, (29702
u=1
U

< |Ixllg Zl oIz
=

U
< [Ixlplxl*llel Y (RE)?
u=1

= [xllx]*lQI R.c
< |xllplxl*lle~" QIR q
= xllplxI*x(Q) R -

Finally

Z Xk X1 XmXn P 2 leijlerS ZR Rus ( )

s,k m.n i,j

p 2 Z Z x;Qir (Zkak[ )ijjs

u=11i,j,rs

U
=(p-2)Y Y x0izix;Q)sz}
u=11i,j,r.s
U
p 2 Z leer ijQjSZ?
u=1 Lr
U

2
L (XTQZ )

(p—2)
<|p-2 IZ IxI[3 102 17 12|

< |p=2[lIxl[5lIxI*| QI R.c
< lp=2lIxl5 112 QR
= |p—2lx[5/Ix/*x(Q) R
By combining the results from these estimates we get

[Eg(x)| <

1 —4
ZP”XHZ

1 L gl gy T o
2[x[I3lIxlPlQz ] Y. 102 G"Q 2 || R
u=1

U
1 1 _1
+2lp = 2[Ix[BlxI*1Q2 | Y 026G Q2 || R
u=1

1 4
+§P||X||’é Ix[I5 111 %(Q) R 6

+[p = 2/||x[5]Ix*(Q) R 6

1 -1
= 5rlxlg Ix[I*(1+|p—2])

Y 1 1 1
x (IQZI Y ffc"GanG"Qz||+4K(Q>RG|x||Q>

and we can estimate
|E(x)| < |EF(x)|+|Ec(x)]
1 s -~ o~
< 5plxllg *IxI? Il (Eo+Eglixlo)

which proves the first stated inequality.

585



CTDE 2018 - Special Session on Control Theory and Differential Equations

Since
LV (x) = LoV (x) + E(x)

1 )
<~ 3pCIxl IR + E)
< 1 p—2 2 - I
< —5plixlip “Ix[” €~ lxlio ( £ +EglIxllo
we have LV (x) < 0 if

Ixllo (Eq+Eslxlo) <C.

i.e.

—EG+1/(Eg)? +4CE,

1x[lo < = -
2E;
Thus for
xeD={xecR: x| <p}

with

1 = o ~

p < mink p*,— (\/ (Eg)?+4CE; Eg> ,
2E;,

we have LV (x) < 0, which concludes the proof. [

4 CONCLUSIONS

We derived rigid bounds on a domain, on which a
Lyapunov function for a linearized stochastic differ-
ential equation is also a Lyapunov function for the
original nonlinear system. This allows for the deriva-
tion of a lower bound on the equilibrium’s y-basin of
attraction, i.e. the area in which all started solutions
converge to the equilibrium with probability no less
than . Another application is the facilitation of a nu-
merical method to compute Lyapunov functions for
nonlinear stochastic differential equations on a larger
domain as discussed in (Gudmundsson and Hafstein,
2018), because one first needs a local Lyapunov func-
tion at the equilibrium.
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