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Abstract: In the current work we present a simulated environment for the development and evaluation of multi redundant
open chain manipulators. The framework is implemented in Matlab and provides solutions for the kinematics
and dynamics of an arbitrary open chain manipulator. For a anthropomorphic trunk-shoulder-arm configura-
tion with in total nine degree of freedoms, a closed form solution of the inverse kinematics problem is derived.
The attractor dynamics approach to motion generation was evaluated within this framework and the results are
verified on the real anthropomorphic robotic assistant Cora.

1 INTRODUCTION

Focusing on the movement of arcticulated robots as
part of autonomous acting robotic system, reaching
and grasping are still demanding tasks with increasing
complexity with respect to it’s generalization prop-
erties. The performance depends on the underlying
kinematical structure, the solution space of the invers
kinematical mapping and the trajectory generating ap-
proach. Since both, the invers kinematics and the tra-
jectory generation, depends on the underlying kine-
matical structure the manipulator has to be designed
carefully. The design process again should linked and
evaluated regarding the solution space of the invers
kinematical mapping and the proposed motion plan-
ning scheme until the overall system convergences
to a desired state. Although implementation on real
hardware is of mandatory importance for the proof of
concepts, the operational overhead is a limiting factor
for the development, optimization and assessment of
robotic systems and models. Simulation is a means to
to overcome those limitations.

We developed a framework consisting of an math-
ematical description of the kinematics and dynamics
of an arbitrary open chain manipulator and a simula-
tor programmed in Matlab, implementing the inverse
kinematics, simulating and visualizing it’s motion. In
the current implementation we propose a human like
kinematical structure with a multi redundant arm and
additional degree of freedoms in the shoulder and the
body, (for further discussion see (Hollerbach, 1984))
(Iossifidis et al., 2003)). The source code of the sim-

ulator is freely available on www.cstlab.net.

In the following we first describe the structure
of the trunk-arm-system represented by it’s forward
kinematics. Second we sketch the closed form solu-
tion for the whole system describing in detail how the
null space motion can be utilized to avoid obstacles or
joint limits. And in the last section the implementa-
tions of the simulator and some experimental results
are described.

Figure 1: The MRobot-Simulator implements a robotic sys-
tem consisting of an nine degree of freedom manipulator
and a two degree of freedom sensor head.
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2 OPEN CHAIN MANIPULATOR

2.1 Initial Configuration

The sketched structure models (in correspondence to
humans) a one degree of freedom trunk, a one degree
of freedom shoulder elevation/depression with an at-
tached seven degree of freedom arm. The arm consist-
ing of a rotating trunk, spherical shoulder and wrist
joints, and an elbow joint, for a total of nine degrees
of freedom. The reference configuration is show in
Figure 2.
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Figure 2: A total of eight revolute joints are ordered along
the effector to simulate a human arm with trunk, shoulder,
elbow and wrist.

The manipulator is composed of a series of roll
and pitch joints. The combination of a roll-pitch-roll-
joint is functionally equivalent to a spherical three
DoF joint like the human shoulder or wrist. Similar
to the example above, the twists are determined as
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The transformation between the base and end-effector
coordinate frames in reference configuration is
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2.2 Forward Kinematics

The forward kinematics is calculated as the product of
exponential. On the basis of the simple ways of repre-
senting and calculating rigid transformations (for de-
tailed description see (Murray et al., 1994)), we can
move on to describe the transformation to the end ef-
fector of an open chain manipulator, that is, a chain
of n joints. For each joint, we define a joint twist xi
that models the motion of the subsequent part of the
robot.

Let gst(0) be the transformation between the base
frame S of the manipulator and the end effector, or
tool frame T in the reference configuration, that is,
when all joint angles1 q1; : : : ;qn are set to zero.

Now we want to know what happens to the end ef-
fector after we apply a rigid transformation by moving
a joint. Starting at the base, we get to the end effector
via gst(0), which we then move by applying the rigid
transformation e

bxiqi . Combining these two transfor-
mation in the right order, we get

gst(q) = e
bxiqigst(0):

Here gst(q) maps the center of the base frame to the
position of the end effector in the new configuration
with qi 6= 0. Thinking the other way round, it re-
turns the S-coordinates of a point that we specify in
T -coordinates. So if we specify “0”, we refer to the
position of the end effector in the frame T centered at
that point. Applying gst(q) returns the coordinates of
that point in frame S, centered at the base. Thus, we
can think of gst(q) as enabling us to specify a point
in a moving frame T , and get back its position in the
motionless frame S.

To do the same for a configuration in which sev-
eral joints have moved, i.e. qi 6= 0 for more than one i,
we just have to apply the appropriate transformation

1By abusive convention, we refer to the amount of trans-
lation qk of a prismatic joint k as angle, too, in order to
prevent cluttering up our language.
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Figure 3: The figure depicts the kinematical structure and the associated coordinate systems of an multi redundant nine degree
of freedom arm. a denotes the elbow angle, b denotes the trunk angle and g the shoulder angle.

in the right order. Conceptually speaking, we start at
the end effector and go up the joints along the manip-
ulator till we reach the base, moving each joint by the
appropriate angle qi on the way. This yields

gst(q) = e
bx1q1 � � �ebxnqngst(0) (1)

as the coordinate transformation from T to S in con-
figuration q = (q1; : : : ;qn).

Equation (1) is called the product of exponentials
formula for the manipulator forward kinematics.

3 CLOSED FORM SOLUTION

The analytic solution for the inverse kinematics for
an 9 DoF open chain manipulator will be descripted
in current section.

For the solution of the overall system we assume
that the shoulder is positioned due to the boundary
condition determined by the object to be manipulated,
like turning shoulder towards the object to extend it’s
workspace (distances to objects greater the the length
of the arm) or to position the shoulder to an orienta-
tion that is orthogonal to the target direction (optimal
grasping position). The shoulder elevation/depression
is utilized to satisfy additional constraints, like the
avoidance of undesired configurations.

Given the shoulder position, which is determined
by the trunk angle and the shoulder angle, the inverse
kinematic mapping of the seven degree of freedom
has to be derived with respect to shoulder coordinate
system.

In the following we derive first the inverse kine-
matics of the seven degree of freedom, exploiting it’s
geometric properties, and describe how the null space
motion can be utilized to satisfy constraints like ob-
stacle avoidance and joint limits.

3.1 Inverse Kinematics

Based on the work of (Kreutz-Delgado et al., 1990)
and (Hollerbach, 1984)) the inverse kinematics

problem for the nine degrees of freedom manipulator
is solved in closed form. In the following derivation
we denote the trunk angle with b and the shoulder an-
gle angle with g (correspond to q1 and q2 in the initial
configuration in figure 2). We assume that the end ef-
fector position and hand orientation is determined by
the object to be grasped and that the trunk angle b and
shoulder angle g will be choosen due to the boundary
conditions and costraints of the given task. First we
transform the given end effector position to the shoul-
der coordinate system by:

q0ee f = T S
shqee f

with
T S

sh =
264 1 0 0 0

0 1 0 �(l2 + l1)
0 0 1 �l0
0 0 0 1

375
264 cos(�q1) �sin(�q1) 0 0

sin(�q1) cos(�q1) 0 0
0 0 1 0
0 0 0 1

375
264 cos(�q2) 0 sin(�q2) 0

0 1 0 0
�sin(�q2) 0 cos(�q2) 0

0 0 0 1

375

beeing the homogeneous transformation.
Given the hand orientation qh (elevation) and fh

(azimuth) and the tool point q0ee f , the vector qh from
the wrist to the hand reference tool-point (Fig. 3) is
determined as

qh = Rz(fh)Ry(qh)beylh (2)

where Rx, Rz denote rotation matrices around the z-
and y-axes and lh denotes the segment length.

The redundant degree of freedom is defined by the
redundancy circle, the center

qm =
jquj2�

��q f
��2 + jqwj2

2 jqwj2
qw (3)

of which lies on a ray pointing from the shoulder to
the wrist joint. The spatial position of the elbow lies
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Figure 4: Geometrical construction to avoid joint configu-
rations at the wrist and an obstacle reaching into the redun-
dancy circle defines a to-be-avoided angular segment of that
circle.

on this circle of radius r, with

r =

vuutjquj2�

 
jquj2�

��q f
��2 + jqwj2

2 jqwj

!2

(4)

Expressing the wrist vector, qw, through two angles,
fw and qw, the elbow position can be written as

qu = (Rx(fw)Rz(qw)Rx(a)êy)r+qm (5)

where Rx and Rz are rotation matrices around the x-
and the z-axis and the redundancy angle a character-
izes the position of the elbow on the redundancy circle
(Fig. 3). If a is specified, all limb vectors are known.
A straightforward solution of the inverse kinematics
determines the joint angles. q3;q4;q5;q6;q7;q8;q9
(for more detail see (Iossifidis, 2013)).

3.1.1 Constraints for the Redundancy Circle

The redundancy angle a spans all redundant arm con-
figurations consistent with the same tool position and
orientation. The rate of change of the redundancy an-
gle generates self-motion, which can be used to ac-
commodate the two additional constraints of obsta-
cle avoidance for the upper arm and joint limits at the
wrist. To do that, we must compute which sectors
on the redundancy circle are forbidden by these con-
straints.

Any obstacle oi, that reaches up to the elbow, de-
fines a to-be-avoided segment on the redundancy cir-
cle centered on ki and with an angular range of si (see
Fig. 4) Transforming limitations of joint angle range
into constraints on the redundancy circle is more com-
plicated. The most important joint angle limitation
concerns the wrist, where the lower arm and the hand
are spatially aligned. The angle µ between the hand

qh and the forearm q f must be larger than p=2, which
is true as long as

�(p�µ)� q8 � p�µ: (6)

Fig. 4 illustrates that this can be used to compute the
corresponding allowed sector on the redundancy cir-
cle.

To do that, define a coordinate system the z0-axis
of which is aligned with the shoulder-wrist-axis of the
robot arm. If fw and qw describe the azimuth and ele-
vation of the wrist, then the transformed hand vector,
q 0h is:

q 0h = R �qw
y R �fw

z qh (7)

After the transformation, the redundancy circle lies
in a plane parallel to the x0y0-plane, so that we may
project q 0h onto that plane to obtain:

k = arctan(qy
h
0
;qx

h
0) (8)

as the center of the prohibited sector of the redun-
dancy circle. The angular extent of the prohibited re-
gion k�d follows from equation 6:

d = arccos(hr=r) (9)

where hr, y, c and f are auxiliary quantities, which
can be derived from figure 4:

hr = c � tan(y) (10)

c = jqwj� jqmj (11)

y = p� (µ+f) (12)

f = arccos
�
qz

h
0=
��qh
0��� : (13)

The obstacle induced prohibited region on the re-
dundancy cycle is calculated analogous, with ko as
the center of the prohibited region and do as it’s ex-
tend (figure 4).

4 IMPLEMENTATION AND
RESULTS

The goal was to develop a simulator for an arbitrary
open chain manipulator. In sections 2 and 3 we in-
troduced the necessary formularism to calculate the
kinematic and dynamic terms. With the help of these
formulas it was possible to develop a simulator evalu-
ating the proposed solutions and visualize the motion
of the robotic system. The software architecture of
this simulator shall be described briefly in this section
and in the following we evaluate the attractor dynam-
ics approach to motion generation performing target
acquisition and obstacle avoidance.
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Figure 6: (A) shows how the shoulder angle varies between �30� and 30�. (B) The trunk angle varies from �30� to 30�. In
both cases the position and orientation of the endeffector remains invariant.

4.1 MRobot

The MRobot-Simulator is an Matlab implementation
of the presented nine degree of freedom manipulator.
The simulator includes the constraints handling (see
figure 5) as well as the shoulder and trunk motion (see
figure 6). All parameters can be changed through the
gui and the simulated arm motion will be updated im-
mediately.

At this we would like to note that for a shoul-
der angle of 30 the presented manipulator correspond
with the kinematical structure of one of the manipu-
lators of the mobile robot Justin ((Borst et al., 2009))
and that the presented closed form solution solves it’s
inverse kinematics.

Figure 5: The robotic system utilizes redundancy to avoid
obstacles.

4.2 EXPERIMENTS

In order to prove the functionality of the simulator we
have implemented the attractor dynamics approach
to motion generation (Iossifidis and Schöner, 2006)
in order to realize goal directed trajectories and to
evaluate the obstacles avoidance properties of the ap-
proach. Target and obstacle related parameters were
picked at random.

The experimental results generated by the simula-
tor for multiple target-obstacle-configuration led to a
systematical classification of the performance of the
approach and pointed out it’s limitations. In addi-
tion we could identify which part in the closed form
solution of the inverse kinematics lead to undesired
configuration changes. The detailed discussion of this
experimental results is beyond this paper and will be
part of future publications.

Figure 7 illustrate one experimental run. After
the motion is initiated the evolving trajectory point
directly in the direction of the target (A). Once the
end effector approaches the obstacle, repelling forces
pushes the end effector away from the initial direc-
tion (deforming trajectory – magenta line) and the end
effector follows a trajectory over the obstacle (B-C).
As soon as the distance between the end effector and
obstacle becomes larger, and the end effector leaves
the obstacles area of influence, the trajectory relaxes
again to the target direction. Finally the end effector
reaches the target (D).

5 CONCLUSIONS

A simulated framework consisting of an mathemat-
ical description of the kinematics and dynamics for
arbitrary open chain manipulator and a simulator pro-
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Figure 7: he figure shows the MRobot accomplishing a reaching task while avoiding obstacle. The magenta line depicts the
trajectory of the end effector.

grammed in Matlab was introduced. Part of the
framework is the implementation of a closed form so-
lution for the inverse kinematical mapping for multi
redundant manipulators (up to nine DoF). The frame-
work provide ground truth data of all parameters for
further analysis, an intuitive interface and a visual-
ization front end for the whole robotic system. The
software is freely available under cstlab.net.
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