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Abstract: In this paper we present a novel algorithm for learning probabilistic subsequential transducers from a randomly
drawn sample. We formalize the properties of the training data that are sufficient conditions for the learning
algorithm to infer the correct machine. Finally, we report experimental evidences to backup the correctness of

our proposed algorithm.

1 INTRODUCTION ing approach and probabilistic queries to infer the tar-
get machine.

Probabilistic transducers or weighted transducers are  In this paper we propose a novel algorithm

widely applied in the fields of natural language pro- (APTI2) for learning BTs that learns from an em-

cessing, machine translation, bioinformatics, IT secu- Pirical distribution of positive examples. The main

rity and many other areas. The generality of proba- idea of our proposed algorithmiis inspired by previous

bilistic transducers allow them capturing other exist- Work in subsequential transducer learning (Oncina

ing probabilistic models such as hidden Markov mod- and Garcia, 1991; Oncina etal., 1993) and probabilis-

els (HvM) (Rabiner, 1990) or pair hidden Markov tic finite automata (Pa) learning such as (Carrasco

models (RMm) (Durbin et al., 1998). Due to andOncina, 1994; Thollard et al., 2000; Carrasco and

the widespread use and applicability of probabilistic ©Oncina, 1999).

transducers, the learnability issue of such models is ~ This paper aims to utilize the lessons learnt from

an important problem. subsequential transducer learning armh Bearning
Probabilistic subsequential transducers(§) are ~ and attempts to solve the problem of learningr®

deterministic finite state machines.r.t. the input ~ from positive examples.

symbols,i.e,, there can be no two outgoing edges The fact that A#Ti12 makes no use of an oracle,

from a given state with same input label having dif- makes it usable in practice. We present an analysis of

ferent output labels and/or different destination states. the algorithm to illustrate the theoretical boundaries.

Due to its deterministic property,s?s have less ex-  Finally, we present experimental results based on ar-

pressive power thanHMM and probabilistic trans- tificially generated datasets.

ducers in general. Despite of the low expressive

power of F5Ts, the computational complexite.@,

_translatlon of a given string, computing the probabil- 2 DEFINITIONS AND

ity of a translation pair) is lineaw.r.t. the size of the

input string. Therefore, there is an interesting trade- NOTATIONS

off between RiMM or probabilistic transducers and

PsTs in terms of expressive power and computational Let [n] denote the seftl, ..., n} for eachn € N. Anal-

complexity. phabetX is a non-empty set of symbols and the sym-
The problem of learning £rs in an identification  bols are calledetters >* is a free-monoidover %.

of the limit model has been investigated by Akram Subsets ok* are known asférmal) languagesover

etal. in (2012), where they have proposed the al- Z. A string woverZ is a finite sequenc& =a; ...an

gorithm ApTI (Algorithm for Learning Probabilistic  of letters. Let/w| denote the length of the string.

Transducers). ATl uses a combination of state merg- In this case we havgv| = |a;...ay| = n. The empty
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string is denoted by. For everyw;,w, € 2*, Wy - Wo Definition 1. A probabilistic subsequential trans-
is the concatenation of; andw,. The concatenation  ducer (PsT) defined over the probability semirifgy,
of € and a stringv is given bye-w=wandw-& =w. is a 5-tuple T=(Q,ZU{t},Q,{qo},E) where:

When decomposing a string into substrings, we will . -

write W = wi, .., Wy wherevi € [n],wi € £*. If w= e Qis a non-empty finite set of states,

WiW> is a string, thenw; is aprefix Given alanguage  ® 0o € Q is the unique initial state,

L C g‘ tahe prgfix setof £ Fi)S ?efin_edda??re(fj(L) Th ¢ ¥ andQ are the sets of input and output alphabets,
ue X :dve Z*,uve L}. Pref(w) is defined as the % .

ieteof all thg substr?ngi of/ thgt )are prefixes oiv. * EcQx Z,U {8} > @ R+ ~ Q’fnd given %

Thelongest common prefof £ is denoted akp(2), (9’?""’3"” we_denotz. prete] _ d, nexte] =

wherelcp(L) =w <= w € Ny, Pref(x) AVW € g ile] =a, ol = v, and protie] =a,

Nye, Pref(x) = [w| < |w|. Less formally,Icp is a ¢ the following conditions hold:

function that returns the longest possible string which - VvqeQ,

is the prefix of all the strings in a given set of strings. v(aq,a,v,a,q),(g,&,v,B,q") €eE, a=a =
For example, forc = {aabhaah aababaaaa} the v=V,a=8,d=0d",

lep(<) is aa -v¥qeQ, S - Prgad)=1,

ac2U{t}.qeQ

2.1 Stochastic Transductions —Y(qav.a,q)€E.a=t=q =d.

In order to represertansductionsve now use two

alphabets, not necessarily distinEtandQ. We use

> to denote the input alphabet atto denote the 3 THE LEARNING SAMPLE

output alphabet. For technical reasons, to denote the

end of an input string we use a special sympas$ an When learning, the algorithm will be given a ran-

end marker. domly drawn sample: the pairs of strings will be
A stochastic transductioR is given by afunction  drawn following the joint distribution defined by the
Prg : ¥ x Q" = R, such that : target BT. Therefore, such a sample is a multiset,
since more frequent translation pairs may occur more
Z Prg (u,v) =1, than once and is calledl@arning sampleThe formal
uex*fveQ* definition of a learning sample is the following:

wherePry (u,v) is the joint probability ofu and
v. Otherwise stated, a stochastic transductions
the joint distribution ovek* x Q*. Let £ C 2*f and

Definition 2. A learning sample is a multiset
S (X, f) where X= {(u,v):ueZ*t,ve Q*}, f:
(u,v) — [n], and f(u,v) is the multiplicity or number

/ *

Lrcoy of occurrence ofu,Vv) in X.

Prg (£,2")= Z Z Prg (U,v). For simplicity, for a givers, (X, f), if (ut,v) € X,

UEL veL' we will write (ut,v) € S, unless the context requires
Example 1. The transductiong : 4 x Q* — R to be more specific. We assume that the learning sam-
where Pr, (a",1") = 2—1,,,Vn > 0, and Prg (u,v) =0 ple obeys the following property(ug,v), (u,v') €
for every other pair. Sy = v =V, ie, the translation pairs aren-
ambiguous

In the sequel, we will us& to denote a stochastic
transduction and to denote a transducer. Note that
the end markef is needed for technical reasons only.

The probability of generatingtasymbol is equivalent 4 FREQUENCY TRANSDUCERS
to the stopping probability of an input string.

I . In our proposed solution, the learner utilizes the rela-
2.2 Probabilistic Subsequential tive fre%utfncy of the observed data. It starts by build-
Transducers ing a tree like transducer that incorporates the fre-
quencies of the training data and is an exact represen-
A transduction scheme can be modeled by transduc-tation of the training data. In the next phase of the
ers or probabilistic transducers. In this section, we algorithm, the learner makes iterative state merges.
will define probabilistic subsequential transducers The merge acceptance decisionis based on the consis-
(PsT) that can be used to model a specific subclasstency of translationw.r.t. the training data and statis-
of stochastic transductions. tical test using the relative frequencies. At this point
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we will define a new type of transducer that incorpo-
rates the frequencies of translations, cafieduency
subsequential transducer

Definition 3 (Frequency Finite Subsequential Trans-
ducer) A frequency finite subsequential transducer
(FFsT) is a 6-tuple T= (Q,ZU{t},Q,{do},E,F)
whereg(T) = (Q,2U{t},Q,{ao},E)isanStand k

is the frequency function defined gs.E — N, where
ecE.

An FrsT is well definedor consistentf the fol-
lowing property holds:

Vg € Q\{do}, Fr(e)

ecE:nex{el=q

F(e)
ecE[q]

Sinceqp is the only initial state, the sum of the fre-

(1)

utilized to make statistical tests: relative frequencies
can be compared by means of Hoeffding tests (Ho-
effding, 1963) during the state merging phase of the
algorithm.
Let f1, n1 andf, np be two pairs of observed fre-
guencies of symbols and number of trials respectively.
[ — _ — + _ —

ny n2<\/2(n1 nz)logé' (2)

It is noteworthy that the Hoeffding bound is rela-
tively weak or bad approximation and there are bet-
ter alternatives. However, to demonstrate the proof of
concept in our algorithm we will only use the Hoeffd-
ing bound.

f1 1,1 1 2

guencies of the outgoing edges is assumed to be num5 THE ALGORITHM

ber of frequency entering the initial state, and there-
fore qp is treated specifically. Figure 1(a) depicts an
example of a consistentBT.

Intuitively, an FFsTis an object where the weights
are the frequencies of the transitions instead of proba-
bilities. F (e) = n should be interpreted as: the edge
is usedn times. FSTs can be converted to equivalent
PsTs.

Next we define a prefix tree transducer that is an
exact representation of the observed sanfland
holds the frequencies of the strings.

Definition 4 (Frequency Prefix Tree Subsequen-
tial Transducer) A frequency prefix tree subse-
quential transducer KPTST) is a 6-tuple T=
<Q,ZU{ﬂ},Q,{Q0},E,Fr> where LIJ(T)
(Q,2U{t},Q,{ao},E,R) is an FrsT and T is
built from a training sample Ssuch that:

e Q= |J {ox:xePrefu)},
(uVv)eS
o E={e| previe] =qu,nextle] =qy=v=uaac
Zai [e] = a,o[e] = 8}7
e Vau € QVec E[q], i[€]
S,, L otherwise,
e Ve € E[0o],F (€)
[{a:ilegf =a,aePref({u: (uv) € S})},
evagy € Q \ {oo},ve € Ela], F(e) =
[{a:uae Pref({x: (x,y) € S\})}|.
An FpPTSTIs said to be in amnwardform if the
following condition holds:
) .

An FPTST is essentially an exact representation

g0l =vif (uv) €

U {olel}

ecE|[q]

vge Q\{qo},ICp<

The proposed algorithm ATI2 executes in three
phases: initialization, state merging and conversion
of the inferred FSTto an equivalent BT. In the ini-
tialization phase, the algorithm builds arFSTin an
onward form, from the learning samp&. This is
achieved by the routine VARDFPTST (Algorithm

1, line 1). Next, the state merging phase ab™2
begins and is similar to the €¥1A algorithm, with a
modified state merging strategy. The details afTon

can be found in (Oncina et al., 1993; Castellanos
etal., 1998; de la Higuera, 2010). Here we follow the
recursive formalism given in (de la Higuera, 2010).
The algorithm AT12 (Algorithm 1) selects a candi-
date pair of D and BLUE states in lex-length order
using the GloosE., function. The MERGE func-
tion merges the two selected states and recursively
performs a cascade of folding of a number of edges
(see (de la Higuera, 2010) for details). As a result
of the onwarding process, some of the output strings
may come too close to the initial state. During the run
of the algorithm these strings or the suffixes of these
strings are pushed back in order to make state merg-
ing possible by deferring the translations; this is done
in the standard way as in€¥1A. During the recursive
fold operation, it is actually decided whether a merge
is accepted or not. The algorithmP&i2 employs the
following condition for a merge to be accepted:

e Ven € E[qp],Ver € Efqr],i[en] =i[er] =

1. ofey] = o[er],
2. inequality (2) holds for f1 = FR(e&),
n = ZeeE[qb]Fr(e) and f, = Fr(er),

Nz = ZeEE[qr] Fr(e)'
Condition 1 is essentially similar to the one used in

of the training data augmented with the observed fre- OsTIA. The second condition is to check whether
guencies of the training data. The frequencies can bethe relative frequencies related to two states are close
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@

a:x(0.13)

§:£(0.41)

a:xx(0.32)

(b)

Figure 1: Figure 1(a) shows an example of arsF Figure 1(b) shows an equivalensPof the FFsTshown in Figure 1(a).
Notice that the FsTin Figure 1(a) is consistent as per condition (1).

enough.

nates whenever there are no morneuB states to be
merged. Finally, in the third phase, the inferreesF
is converted to an equivalensPusing the hypotheti-
cal routine @NVERTFFSTTOPST (Algorithm 1, line
13)

Algorithm 1: ApTI2.
Input: a samples,
Output: a PSTT
1 T < ONWARDFPTST(S));
2 RED + {Q¢};
3 BLUE + {ga: a€ ZNPref({u: (u,v) € SH)})};
4 while BLUE # 0 do
5 | q= CHOOSE.,, (BLUE);

6 | for p e RED in lex-length orderdo

7 (T',I sAccept ) «+ MERGHT, p,q);
8 if | sAccept then

9 | T« T,

10 else

11 | RED +~ REDU {q};

BLUE «+ {q:Vpe RED,VecE|p],

12 g = nextle] Aq ¢ RED};

13 CONVERTFFSTTOPST(T);
14 return T,

6 ANALYSIS OF THE
ALGORITHM

We recall the definition of a learning sam@e(X, f)
where the frequency of a translation pdiu,v)
is given by f(u,v). Similarly, we define the
prefix frequency & w.rt. a learning sam-
ple S, as the following: Fs,(UZ*,v) =
H(w,x): (w,x) € SsAue Pref(w)}|. Less for-
mally, Fs,(uZ*,v) is the number of translation pairs

482

In this case the Hoeffding bound is used where the input string starts with the substring
as a statistical test. The state merging phase termi-

We define theprefix set(PR) and theshort pre-
fix set(SIP) with respect to a stochastic transduction
% as the following:PR(® ) = {u € Z*|(u,v) & #
0,v € Q*} andSP(®) = {u € PR(®)|(u,v)" 1&g =
(w,x)"1 & = |u| <|w|}. Thekernel set(K) of % is
defined as followsK(% ) = {e} U{uae PR(® )|u €
SP(®.)AaeZ}. Note thatSP is included ink.

We use the above definitions to define the suffi-
cient conditions a learning sample must obey in order
to obtain a correct &r. The sufficient condition for a
learning samplé&, (X, f) in order to learn the syntac-
tic machinew.r.t. an SRT % are the following:

1. Vu € K,3(uwvx) € X such thatw € Z*,vx €
Q*, (w,x) € (u,v) 'R,

2. YueSP,u €K, if (u,v)"1g # (U,v')"1x where
v,V € Q*, then any one of the following holds:

(@) I(uw vx), (Uw,v'X), (ur,vy), (UrVvy) € X

such that for a given value &f

[ f(uwwx)—f(urwy)| [ fwv)—frvy)]
Fs, (UZ* 2) - Fs, (U= 7) <
2

\/% log 5 (an(ulz*,z) + an(u/lz*,z/))
(b) F(uwvx), (Uw,v'x'), e X such

that: wx) € (uv) iz, (wx) €

(U/,V/)ilK,X 7é X/
3. Vu € K,3(uwvx)(uw,vx) € X such
lep(x,X') =eAW#W.

With the conditions above, the properties of a
learning sampl&s, have been formalized in order to
guarantee the algorithm to learn correctly. The con-
dition 1, 2(b), and 3 are essentially similar to its non-
probabilistic counterpart ©r1A (Oncina et al., 1993).
Condition 1 is to ensure that there are at least as many
states in the learning phase as the target transducer.
Condition 2(b) is for making merge decisionsr.t.
the output strings. Condition 3 ascertains the align-
ments of the output strings by factorizing them during

that
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the state merging phase. Condition 2(b) is not guaran-

teed if the transduction scheme is not a total function
(Oncina et al., 1993),e,, it is not sufficient to make

signed as random strings drawn from a uniform dis-
tribution overQ=K, for an arbitrary value ok. The
probabilities of the edges are randomly assigned mak-

the merge decision if the transduction scheme is a par-ing sure the following condition holds:

tial function. In order to overcome this issue, in our

proposed algorithm we have used the frequencies of
the given data. Condition 2(a) ensures that the rela-

tive frequencies of the observed data is sufficient to
distinguish non-mergable states by means of Hoeffd-
ing bound. The inequality shown in condition 2(a) is
from inequality 2.

Notice that condition 2(a) depends on the value of

0. Carrasco and Oncina have discussed how a large

or a small value o® affects the merge decision in
(Carrasco and Oncina, 1994). Basically, if the size
of the learning sampl&, is significantly large, one
could keepd negligibly small. On the contrary, for a
relatively small size of learning sampg, o requires
to be sulfficiently high.

The runtime complexity of algorithm &TI2
is given by o((||Sh|))3(m+n) + [|Sh||mn), where:
ISall = 3 (uwes, |ul-andm = max{ju| : (u,v) € S;}.
The FPTST can be built in linear timew.r.t. ||S||.
We will now analyze the outermost while loop in the
APTI2 algorithm. Being pessimistic, there will be at
most||S,|| number of states in theFFST. In the worse
case, if no merges are accepted, there wilblggS,||)
executions of the outermost while loop and|S||?)
executions of the inner for loop, resulting(||S||°)
executions of the core algorithm. In each of these ex-
ecutions,lcp operation can be implemented dn(m)
times and the pushback operationdiin) times. As-
suming that all arithmetic operations are computed
in unit time, the total core operation of P12 can
be bounded byo ((||Sh||)3(m+n) + ||Sy||mn). This
runtime complexity is pessimistic and the runtime of
APTI2 is much lower in practice. Experimental ev-
idence of runtime of &TI2 is presented in the next
section.

7 EXPERIMENTAL RESULTS

We conduct our experiments with two types of data

vai € Q, z prob[g] = 1
ecE[q)]

Using the target BT, the training sample is gen-
erated following the paths of thesP. The test data is
also generated in the similar manner. In order to test
the algorithm with unseen examples, we make sure
that the test set and the training set are disjoint.

As a measure of correctness we compute two met-
rics: word error rate (WR) and sentence error rate
(SER). “Intuitively, WER is the percentage of sym-
bol errors in the hypothesis translatiam.t. the ref-
erence translation. For each test pair, the Levenshtein
distance (Levenshtein, 1966) between the reference
translation and hypothesis translation is computed
and divided by the length of the reference string. The
mean of the scores computed for each test pair is re-
ported as the WR. On the other hand thee® is
more strict; it is the percentage of wrong hypothesis
translationsw.r.t. the reference translations.

The objectives of the first experiment (see Fig-
ure 2(a) and Figure 2(b)) are to demonstrate the cor-
rectness of our algorithm and to study the practical
runtime. Figure 2(a) shows experiments conducted
on randomly generatedsR?s with 5 states an{:| =
|Q] = 2. We start with a training sample size 200,
we keep incrementing the training size by 200 up to a
size of 20000. For every training size the experiment
is repeated 10 times by generating new datasets. The
mean of these 10 experimental results is reported. We
have conducted the experiment for 10 randogTs?
Thus, in total we have conducted 10000 trials. Fig-
ure 2(a) shows the mean of the results obtained from
10 random BTs. As the Figure 2(a) shows, the error
rate is approaching zero. As expected, therRAh
most cases remains belove® The execution time
for this experiment is reported in Figure 2(b). The
results of this experiment tell us thabAI2 shows ac-
ceptable error rate with 5000 training examples, and
from a training size of 10000 the error rate is close to
zero. The runtime in practice is much lower than the

®3)

sets: 1) artificial data sets generated from random theoratical bound and almost linear.

transducers 2) data generated from the Miniature Lan-

guage Acquisition (MA) task (Feldman et al., 1990)
adapted to English-French translations.

For the artificial data sets, we first generate a ran-
dom BsT with m states. The states are numbered
from qo to gm-1 where statey is the initial state.

In our second experiment (Figures 2(c) and 2(d)),
we aim to learn slightly larger $rs. In this second
experiment we have taken a randomly generatetsP
with 10 states anfk| = |Q| = 2. We start with a train-
ing sample size 1000, we keep incrementing the train-
ing size by 1000 up to a size of 40000. Similar to the

The states are connected randomly; labels on transi-previous experiment, experiments with each training

tions preserve the deterministic property. Then the

sample size are repeated 10 times. The experimentis

unreachable states are removed. The outputs are aseonducted for 10 randoms?s. The results of this ex-
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Figure 2: Performance of #r12 reported for the artificially generated data set (Figu(ey, 2(b), 2(c), and 2(d)) and the data

set for the M.A task (Figures 2(e), 2(f)).

periment show us ATI2 requires larger size of learn-

lauzen et al., 2007). Figures 2(b), 2(d), and 2(f) show

ing sample when the number of states of the targetthe execution times for ATI2 using our implemen-
machine is bigger and again, the execution time re- tation. Although, the theoretical worst case runtime
mains reasonable. However, a target size of 10 is still complexity of APTI2 is cubic, in practice RTI2 ex-

not large enough for many practical tasks.

Finally, we have conducted another experiment

with the Feldman dataset. The targettRRonsists of

hibits much lower execution time.

22 states. The objectives of this experiment were to 8 CONCLUSIONS

make a comparison of prediction accuracy and of run-

time for OsTIA and APTI2. Here we start with 1000

We have presented a learning algorithrr™2 that

training pairs and incremented by 1000 till obtaining learns any BT provided a characteristic training sam-
10000 training pairs. Each data point is repeated 10 ple is given. We have also presented experimental re-
times for statistical significance. The results are de- sults based on synthetic data to proof the correctness
picted in Figure 2(e) and 2(f). The results of Figure of our algorithm. Moreover, based on our implemen-
2(e) demonstrate significant improvement in predic- tation, we have reported that the runtime complexity

tion accuracy of &TI12 in comparison with QTIA.

of APTI2 in practice is much lower than the theoreti-

APTI2 attains almost perfect accuracy with only 4000 cal worst case runtime complexity.

training examples while ©T1A continues to make an

The limitation of our work is twofold: first, our

error of about 30%. As we increase the number of model is restricted to regular stochastic bi-grammar,

training data, at one point, when the number of train-

ing examples is about 8000,3D1A also performs as
well as ApPTI2. However, A TI2 attains this accuracy
rate with only half of the number of training exam-

and hence not capable of capturing many practical
scenariose.g, natural languages. Second, as a statis-
tical test we have used a basic Hoeffding bound. We
believe that more sophisticated statistical tests will

ples. Figure 2(f) shows that the execution time of lead to better accuracy of the algorithm.

APTI2 is higher than that of 8114, yet it always re-
mains reasonable (below 40 seconds).

We have implemented 12 using an open
source C++ library for weighted transducers (Al-
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Language understanding and subsequential

(Akram et al., 2012)) that generates We will con-
siderthe BTshown in Figure 3 as the targesP. The
training dataw.r.t. the target BT (Figure 3) is given
in Table 1.

Figure 3: The BTin canonical normal form that generates
R defined in Example 2.

Table 1: Training data for the targes®in Figure 3.

input output frequency
bi y 500

abt Xy 160

bag X 120

aabt XXy 50

abat XyX 40

total 870

Next, an onward PTST is built from the data
given in Table 1. The PTsTis shown in Figure 4.
The states) is initiated as a RD state and state
andqp are initiated as BUE states. Here for the Ho-
effding bound test, the value &fis set arbitrarily to
0.5.

The first merge candidate pair of states gyand
g1. The merge between them is accepted and the re-
sulting transducer is shown in Figure 5.

Next, the algorithm tries to mergp andqo (Fig-

lected applications in speech recognition, pages 267— jre 6). This merge is rejected because the Hoeffding

296. Morgan Kaufmann Publishers Inc.

Thollard, F., Dupont, P., and de la Higuera, C. (2000). Prob-

abilistic dfa inference using Kullback-Leibler diver-
gence and minimality. IProceedings of ICMLpages
975-982. Morgan Kaufmann.

bound test (Equation 2) returns false. The stptés
promoted to RD and consequently the statgsand
gs are added as B states (Figure 7).

Then the Algorithm tries to merge the stamgs
andgs which is also rejected because the Equation 2
returns false. Now the next candidate merge paipis
andgs. This merge is accepted (Figure 8).
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The next candidate pair of merge dg and gg a:x(300) a:&(160)
which is accepted and the resulting transducer is de-
picted in Figure 9. % . (o
Finally, the F=sTis converted into a 81 (Figure b:y(870
10) and the algorithm terminates. The inferrezirfs 11e(870

shown in Figure 10.
Figure 9: After merging and foldingg andgg.

b: €(50) P #:€(50)

- xy(50 a7 di1
2959 ~ a:x(0.26) a:€(0.16)
a:x(40) f:€(40
a: x(250) (o) ( @ 10 12
£ :&(160) @ i
f:€(0.
a:g(120 @) £:€(120) @ . . o
N Figure 10: After converting the /5T shown in Figure 7 to

aPsT.

Figure 4. An onward FTST built from stochastic sample
given in Table 1.

a:x(300)

f:€(710)

Figure 5: After merging and foldingp andqs.

a: x(300

Figure 6: Merge betweetyp andq, is rejected.

a: x(300)

f:€(710)

Figure 7:qy is promoted to RD and as a consequence of
thatgs andqg are added to BUE.

a: x(300 a: e(160)

' ' f:€(870)
@ b:y(870) @ @

Figure 8: After merging and folding, andgs.
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