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Abstract: In traditional game theory, the players attempt to maximize their utility functions. However, in real world there
are many situations where payoffs have uncertainty and are fuzzy in nature. In this paper, we analyze fuzzy
singleton congestion games with fuzzy payoff functions using tools from fuzzy set theory. We model this kind
of games and we employ the ‘technique for order performance by similarity to ideal solution’ with fuzzy data
in order to rank fuzzy payoffs, and consequently alternatives, with respect to multiple criteria. Based on this
ranking we find possible solutions of these games which correspond to fuzzy Nash equilibria. Our method is
adequate to model real-life situations, where players make more subtle decisions.

1 INTRODUCTION has to reach the destination or the cost of his trip. The
latter aspect calls for multiple criteria. A process of
Congestion games are a special class of non-decision making, consisting in deriving the best op-
cooperative games introduced by Rosenthal in 1973.tion from a feasible set, is present in just about every
This kind of games provides a natural framework fora conceivable human task. However, the basic model
wide range of economics and computer science appli- of a decision in the classical decision theory has very
cations such as resource allocation, routing and net-little in common with the real decision making as all
work design problems. In Rosenthal’'s model (Rosen- information is supposed to be precisely known - crisp
thal, 1973), a set of players competes for a set of data. The only componentin which uncertainty is per-
resources and the payoff of each resource dependsnitted is the occurrence of the different states of na-
only on the number of players using it. The utility ture, for which probabilistic descriptions are allowed.
a player derives from a combination of resources is Nevertheless, when the uncertainty is of qualitative
the sum of the payoffs associated with each resourcenature, the use of other techniques is necessary. Fuzzy
included in his choice. A slightly different formula- set theory, introduced by Zadeh in 1965, provide the
tion of congestion games was introduced by Milch- flexibility needed to represent the uncertainty resulted
taich in 1996 under the name of congestion gamesfrom the lack of knowledge.
with player-specific payoff functions. As a matter of In the context of congestion games, the outcomes
fact, all players are restricted to the selection of a sin- faced by the players cannot be known in a precise
gle resource and either they all share the same utility manner as human judgements are often vague. In
function - symmetric case - or each of them has his other words, it is difficult to have strict values of pay-
own payoff function - nonsymmetric case. In these offs, because players are sometimes not able to ana-
games, the specific payoff functions are decreasing tolyze certain data of a game and as a result, their infor-
the number of players. A key game-theoretic prop- mation is not complete. In this work, inspired by the
erty of these games is that they always admit at leasttheory of ordinal singleton congestion games and the
one Nash equilibrium. In this paper, we focus on con- fact that the decisions made by rational players may
gestion games in the sense of Milchtaich, also called be imprecise because of players’ doubts, we model
singleton congestion games. fuzzy singleton congestion games. The payoff func-
This kind of games can be seen as decision mak-tions of players are represented as triangular fuzzy
ing problems. In routing problems for example, each numbers - which allow to consider the uncertainty as-
individual has to choose a specific road to reach his sociated with the mapping of human perception on a
destination. Thus, he has to take a decision with re- number - and the importance weights of various crite-
spect to different kinds of constraint like the time he ria are assessed by means of linguistic varialiies.
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the question is how we can establish a preference or- leads us to identify all possible solutions of the game.
dering of alternatives knowing that the payoff func- The approach of Milchtaich (Milchtaich, 1996) en-

tions are fuzzyTo do so, we use the ‘Technique for or-
der performance by similarity to ideal solution’ (TOP-
SIS) method with fuzzy data, introduced by Chen in

ables to do so and leads to the conclusion that such
games admit at least one Nash equilibrium.
However, crisp data are inadequate to model real-

2000. In order to provide a complete analysis of such life situations since it is impossible to have a pre-
games, we firstly rank the choice of alternatives of all cise estimation of the payoff functions obtained by the
players and afterwards, we examine the existence ofplayers and the human perception of criteria is often
equilibria. expressed linguistically.

This paper is arranged into five sections. In sec-  Thus, a fuzzy approach is provided in this article
tion 2 we present some basic definitions and no- to examine such cases. More precisely, we introduce
tations concerning singleton congestion games anda new class of games namely, the fuzzy singleton con-
fuzzy sets. The intent of section 3 is to introduce gestion games where the data are fuzzy when players
fuzzy singleton congestion games and to provide the have to make a decision on the congestion they have
TOPSIS procedure with fuzzy data which leads us to to choose. Before going over our analysis, we need

the presentation of fuzzy Nash equilibria in this kind
of games. A numerical example is used to illustrate
the feasibility of our model in section 4. The last sec-
tion concludes.

2 PRELIMINARIES

2.1 Background of Singleton
Congestion Games

the following basic definitions.
2.2 Concepts from Fuzzy Set Theory

The earliest formulation of the concepts of fuzzy sets
is due to Zadeh (Zadeh, 1965) who generalized the
idea of a crisp set by extending the range of its char-
acteristic function. Actually, he considered that the
latter can take any value in the intery@J1].

Let X be a set of objects whose generic elements
are denoted byx. The membership in a crisp subset
of X is a characteristic functiopy from X to {0, 1}

Monotone singleton congestion games (singleton such that:

congestion games for short) are defined by a tuple

I(N,R, (dir)ienrer), WwhereN = {1,...,n} is a set of
n players,R= {1,...,m} is a set ofm resources and
dir:{1,...,m} — R is a non-increasing payoff func-
tion associated with resource Let S be a finite set
of strategies available to playeando = (0j)ien its
elements, called strategy profiles. For a pradiland
a resource, the congestion on, i.e. the number of
players using, is defined byn;(o) = |{ie N:r €
oi }|. The vector(ni(0),...,nm(0)) is the congestion
vector corresponding to.

In this kind of games each player is allowed to
choose any resource froR but must choose only

one. Thus, a player’s strategy consists of a single re- Definition 2.

source inR. Since the utility an anonymous player

1 ifandonlyifx € @,
0 otherwise,

|

where{0,1} is called a valuation set. If the latter
is the interval[0,1], @ is called a fuzzy set and is

denoted byd. We say thai; (x) is the degree of
membership ok in ®.

Definition 1. If @ is a fuzzy set, then®
is characterized by the set of ordered pairs:

® = {(x, 15 (X)) [x € X}.

A fuzzy set ® of the universe of
discourseX is convex if and only if for alky, Xz in X,

derives from selecting a single resource depends onlyHe(AX1 + (1 — A)xz) > min(pg (x1), Mg (X2)), where

on the number of the players doing the same choice,

the utility function is a mapping : Rx N — R, with
(r,n; (o)) — u(r,n; (o)), whereu decreases with the
number of players sharing the same resourc&he
utility of playeri for a profilec is given byu;(g) =
dir(nr(0)), withr € ;.

We should not forget that in a singleton conges-
tion game all data is given in crisp values and the aim
isto obtain a decreasing order of preferendeseach
player or, in other words, a ranking of payoffs, which

378

A €[0,1].

Definition 3. The height of a fuzzy set is the largest
membership grade attained by any element in that
set. A fuzzy setd in the universe of discoursé is
called normalized when the height ®fis equal to 1,

i.e. Ix € X such thatig (x) = 1.

Definition 4. A fuzzy number is a fuzzy subset in
the universe of discours¥ that is both convex and



normal.

Definition 5. The a-cut of a fuzzy numbea@ is
defineda® = {x|ug(x) > a,x € X}, wherea € [0,1].

Definition 6. A triangular fuzzy numbea is defined
by a triplet(as, ap,a3) shown in Figure 1. The mem-
bership functionuz(x) is defined as :

0, X < ay,
X—ag
, ar<Xx<ap,
Ay —ag
Ha(X) = .
E@’ aZSXSaGa
a—ag
0, X > as.

()

0]

X

ay

(253 a3

Figure 1: Fuzzy triangular number.

Definition 7. The graded mean integration rep-
resentation of a given a triangular fuzzy number
a1 +4ay+asz
— 5

In this paper, without loosing integrity and just
to simplify the calculations, we assume that the
fuzzy triangular numbers are symmetric and their
corresponding crisp value is given by the graded
mean integration representation.

a=(a1,ap,a3) isdefined as P(a) =

Definition 8. Let a (a1,a2,83) and
b = (b1,bp,b3) be two triangular fuzzy num-
bers.
be calculated by using the vertex method

5(a,b) = \/ L[(ay —b1)2 + (8o — )2 + (85 — b)),

Definition 9. A linguistic variable is a variable whose
values are expressed in linguistic terms.

The concept of a linguistic variable is very useful
in dealing with situations, which are too complex or

not well defined to be reasonably described in conven-

tional quantitative expressions. For example, ‘weight’
is a linguistic variable whose values are : very low,
low, medium, high, very high, etc. These values can
also be represented by fuzzy numbers.

Then the distance between them can
. portant a criterion is.

Fuzzy Singleton Congestion Games

3 FUZZY SINGLETON
CONGESTION GAMES

Fuzzy noncooperative games were first developed by
Butnariu (Butnariu, 1978) and later refined by Billot
(Billot, 1992). In their formulation each player’s be-
liefs about the actions of the other players are mod-
eled as fuzzy sets. Inspired by their approach, we
define fuzzy singleton congestion games by a tuple
I(N,R, (di)ienrer), WwhereN = {1,...,n} is a set of
players,R= {1,...,m} is a set of resources ar,

is a fuzzy non-increasing payoff function associated
with resource, expressed by a triangular fuzzy num-
ber (ay, ,az, ,as,) and such that its defuzzified value
is given bym.

As for ordinal singleton congestion games, the
utility function decreases with the number of players
sharing the same resource and for a given profie
given byti(o) = (ir(nr(o)), withr € g;.

A fuzzy singleton congestion game can be repre-
sented by the following fuzzy decision matrix:

1 2 m
Cp | du di2 dim
Co | 1 do dom
Cn| du dw dnm

with W = [Wy, Wa, ..., Wp).

This means that there ama resources among
which a player has to choose. Each resource is eval-
uated throug criteriaC; (i = 1,...,n) which corre-
spond to the congestion vectar(o), i.e. the number
of players choosing a resource. The eIenmEntepre-
sents the rating of resourcevith respect to criterion
Gi, that is to say the payoff function associated with

Each player in the game may judge how im-
The weighting vectdV =
(W1, W, ..., Wn], with W = {W!,...,@"}, represents
the relative importance of criteriaC;. In this paper,
the importance weights of various criteria are consid-
ered as linguistic variables. These variables can be
expressed in triangular fuzzy numbers as shownin Ta-
ble 1.

Given the fuzzy decision matrix and the fuzzy
weighting vectoW, the objective is to rank all the
resources with respect to all criteria, so as to obtain
a decreasing order of preferences for each player and
identify possible solutions of fuzzy singleton conges-
tion games. At this point, the following question is
raised.How can we rank fuzzy datarhe best way to
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do so in our context is to apply the TOPSIS procedure Step 5: All elementsy, for all 1 <i < n and

with fuzzy data proposed by Chen (Chen, 2000). 1 <r <m, are normalized positive triangular fuzzy
numbers and their ranges belond@®l]. So, we can

Table 1: Linguistic variables for the importance weight of determine the fuzzy positive and fuzzy negative ideal

each criterion. solutions as:
Very Low (VL) (0,0,0.2) V*t=(f,...,0) andV- = (Ug,...,0y),
Low (L) (0.1,0.2,0.3) . . ,
Medium Low (ML) (02' 0.35, 05) Whereui = (l7 1, 1) andui = (07 0, 0), i=1,2,...,n.
Medium (M) (0.4,0.5,0.6) i
Medium High (MH) | (0.5, 0.65, 0.8) Step 6: Calculate the distance of each resource from
High (H) (0.7,0.8,0.9) the fuzzy positive and fuzzy negative ideal solution,
Very High (VH) 0.8 1,1) respectively, as o
&5 = d(Uir, 0 ) andd, = 3(Tir, Ty ),
3.1 Topsis Procedure with Fuzzy Data using the vertex method to compute the distance

between two fuzzy numbers (Definition 8).
At the beginning, resources should be generated and
criteria should be identified. Then, the following steps Step 7: Calculate the relative closeness coefficient

are carried out. of each resource to the ideal solution defined as :
- O ok

Step 1: Construct the fuzzy decision matrix. Let -~ CGr = T Sinced; > 0, clearlyCG; € [0,1].

dr = (a1.,a2.,a3.) be a triangular fuzzy number — A

sll;ch ih;"t |tzs" g‘g}l).lzzified vaIu?a A giver)( e — Step-8: According to the closeness coefficient, the

ai. +4ay, +as ] / resources are ranked in descending order. The best
- ——, foralli=12..nandr = resource is the one with the shortest distance to the

1,2,....m fuzzy positive ideal solution and with the longest

distance to the fuzzy negative ideal solution.
Step 2: Choose the appropriate linguistic variables

to evaluate the importance weight of each critetion Therefore, in a fuzzy singleton congestion game,
These linguistic variables can be expressed in positiveeach player is capable to determine which resource
triangular fuzzy numbers as in Table 1. maximizes his satisfaction with respect to multi-

ple criteria (number of players sharing the same re-
Step~3: Construct the normalized fuzzy decision ma- source).
trix Z = [Zr]nxm, where, forB andC being the set of

benefit and cost criteria, respectively, we have 3.2 Equilibrium Analysis

5 & % ﬁ i = i

Z = ( as  ag  ag ), with &g, = MAaa, wheni € B Itis the nature of multi-criteria decision making prob-
or lems (MCDM) to have conflicting attributes (Hwang

LAy A&y Ay ith & — minas. wheni € C and Yoon, 1981). We should not forget that each

ar = (a3_ir’ a, ' ay, ), with &, = minay, wheni € C. alternative can be characterized by a large number of

attributes, chosen by the decision maker’s conception
of criteria. That is why, usually, there is no optimal
solution to a MCDM problem. However, there may
exist many possible efficient solutions as, in real-life
situations, players make a choice with a random
behavior and the attributes are not deterministic but
rather fuzzy/impricise. Such solutions correspond to
fuzzy Nash equilibria.

The normalization method mentioned above is de-
signed to preserve the property in which the elements
z; are normalized triangular fuzzy numbers that be-
long to [0, 1].

Step 4: Considering the different importance of each
criterion, construct the weighted normalized fuzzy de-
cision matrixV = [Ui|nxm, i = 1,2,...,n andr =

1.2,....m whereti; =2z - W. Definition  10. A strategy profile o* =

(01,...,07,...,05) is a fuzzy Nash equilib-
- rium of a fuzzy singleton congestion game
Ynour context, the utility is decreasing with the number F(N, R, (&’r)ieN’reR) if and only if
of players sharing a resource, i.e. the criteria, and so the
respective importance weights. Vi € N, Voi,of € §, Gi(of,0%,;) > Ui(0j,0%;)
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whereo™; refers to all strategies except those chosen ity is as much as 5. In this case my trip is of medium
by the player i. quality (M).’
It can be easily understood that in this context
In our setting, fuzzy Nash equilibria can be ob- the payoff values cannot be denoted by real numbers.
tained (Sbhabou et al., 2012) by the ranking of re- However, fuzzy numbers can describe this kind of
sources at the end of the TOPSIS proceélure fuzzy information as well as the importance weights
In the coming section, an example is introduced of various criteria. In Section 3 we raised the question
to illustrate the TOPSIS procedure and to show the of how we can rank such fuzzy data and the answer
computation process of fuzzy Nash equilibria. was by applying the TOPSIS procedure with fuzzy
data. The proposed method is currently applied to
the gamei'v and the computational procedure is dia-

d below.
4 ILLUSTRATIVE EXAMPLE grammed below
Step 1: Construct the fuzzy decision matrix.
Consider the followingymmetrié singleton conges- Driver 1/2/3 a b c
tion game, applied in a routing problem: there are -
three drivers (players) who want to reach a destina- gl (5;:_)13’;5) (g’ 2’ 18) (7,:_;97’191)
tion and three roads (resources). Each driver chooses CZ 0(5’ 1’ 1)5 ( 1’ 2’ 3) (3’ 5’ 7)
the path between his origin and destination in such a 3 051,15 (1,2,3) (3,5.7)

way that his utility is maximized. He must choose giop 2: The drivers evaluate the importance weight
only one resource and all drivers have the same utility ot gach criterion in linguistic terms and present it be-

function which is non-increasing and depends on the o, Then, the linguistic evaluation is converted into

number. of drivers making the_same choice. The pay- triangular fuzzy numbers according to Tabfe 1
off matrix is common for all drivers and the payoff of

each of them is determined through the principle: ‘I _|Driver 1/2/3
earn much more when | am the only person to take G| VH
this road'. (& H

In reality, however, it is very difficult to have G M

the traffic situation at one's finger tips. Human gtep 3: Construct the normalized fuzzy decision ma-
perception and intuitive judgement play an important trix, common for all drivers.

role in route choices. Therefore, it is impossible to

have a precise estimation of the payoff of each driver. a b c

Ci| (0.33067,1) (0.4,053.0.67) (0.47,0.6,0.73)
Ci| (05,07,09 (02,061 (0507009
C3((0.07,0.14,0.21) (0.14,0.29,0.43) (0.43,0.71,1)

Example 1. Let F(N,R(Gi)ieN) be a symmetric
fuzzy singleton congestion game with= {1,2,3},
R={a,b,c} and suchthat8<2a<a, 30 <2b < b,
3c<2c~<c.

The drivers’ payoff functions can be estimated,
but not very precisely. Suppose that they have the fol- C
lowing conception of the game : ‘If | choose road
my payoff is as much as 10, if | choobemy utility
and approximately 8 and if | opt farmy utility is no

Step 4: Construct the weighted normalized fuzzy de-
cision matrix.

a b c

1| (0.26,0.67,1) (0.32,0.53,0.67) (0.38,0.6,0.73)
C>[(0.35,0.56,0.81) (0.14,0.48,0.9) (0.35,0.56,0.81)
C3/(0.03,0.07,0.13) (0.06,0.15,0.26) (0.17,0.36,0.6)

less than 9. Once | am alone on the road, it is great Step 5 Determine the fuzzy positive
for me (VH). However, sharing the road with some- 5.4 fuzzy negative ideal solutions as
one else is less nice (H). If | share roadvith one Ut — [(1,1,1),(1,1,1),(1,1,1)] and V- —

more person my payoff is approximately 7, if both of

us choos® my payoffis at least 6, otherwise my util- 10,0,0).(0,0.0),(0,0,0)]
ity is no less than 7. Finally, if we are three to go from
roada my payoff is as much as 1, if we chooseny
payoff is at most 2 and if we select resoucaay util-

Step 6& 7: Calculate the distance of each resource
from the fuzzy positive (DFP) and fuzzy negative

- 4If the game was nonsymmetric each player would have
2For detailed information about fuzzy Nash equilibriain  his own decision matrix and importance weight of each cri-

noncooperative games, please refer to (Billot, 1992). terion.
3In a nonsymmetric singleton congestion game the pro- 5In this example we deal with benefit criteria as we make
cedure works in the same way. use of utilities.
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(DFN) ideal solution, respectively, as well as the rela- modeling of such situations but it seems that after al-
tive closeness coefficient (CC) of each resource to themost fifty years is still at its beginning, perhaps be-

ideal solution: cause of the difficult incentive issues raised!
(DFP) (DFN) (CC) _ Our appr(_)ach seems to have an important_ theoret-

ical and applicable value in many other domains such

3, =0.467 5, = 0.71| CCyz = 0.6 as soft computing and resource allocations. As Klir
and Yuan mention (Klir and Yuan, 1995), for exam-

8}, =0.466 3, = 0.6 [CCpq = 0.56 ple, in soft computing the aim is to develop computa-
tional methods that produce accepta@jgproximate

S;a —0.94 Sga — 0.087/CCs, = 0.08 solutionsat low cost- fuzzy hardware and computer
architectures for approximate reasoning. And the ca-

Sfb —051 Sfb =0.527CCy, = 0.5 pability of communicating with robots, so as to allo-
cate them miscellaneous tasks that have to be done

34 = 0.58 (3, = 0.594 CCyp, = 0.5 asfastas possible, involvesatural languagethat is
fuzzy logic.

Sgb =0.85 Sgb =0.18|CCg, = 0.17 Obviously, there are still many open questions and

_ N problems left for further research, especially as it is

iy = 045 |3, = 0.588CCyc = 0.56 the first time that a study on fuzzy congestion games is

_ B provided. Firstly, the case where the utility decreases

O3, = 0.466 35, = 0.6 |CCyc = 0.56 with the number of players sharing the same resource

_ ~ but the importance weight of each criterion goes to the

83, = 0.65 85, = 0.41|CCz = 0.39 opposite direction needs to be examined. Secondly,
an experimental survey of our result would be impor-

Step 8: Rank the resources in descending order ac-
cording to the closeness coefficient.

3a<3b<3c<2b~b=<2c~c~2a<a

The fuzzy Nash equilibria of the game, provided by
the ranking, ar¢2a,c) and(2c, a).

Remark: If the game were crisp, that is if we had
a common order of preferences for all players repre-
sented by 8<3b<3c<2b<2c~2a<b=<c<

a, then the Nash equilibrium of the game would be
(a,b,c). As in the proposed method payoffs are fuzzy
and we also include the players’ viewpoint of a given
situation, through the notion of the weight, Nash equi-
libria are fuzzy and we deal with them randomness,
fuzziness and uncertainties.

5 CONCLUSIONS

In this work, we have studied fuzzy singleton conges-
tion games with fuzzy payoff values. Our research
was inspired by the fact that until today, the theory of

congestion games, as most of the economic theories,

tant in order to determine the choice of an itinerary.
Finally, we hope to extend our result to standard con-
gestion games, network design problems and resource
allocations.
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