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Abstract: An adaptive discrete-time LQG control with loop transfecaeery is considered using shift and delta op-
erators. The control problem is analyzed using state-spamel and the parameter estimation problem is
implemented for corresponding ARMAX model. Analysis of aptotic performance of delta model ap-
proach and continuous-time model case is presented. Cemgintulations of third-order system modeled by
a second-order model are given to illustrate the robustmegzerties of the adaptive LQG/LTR controller.

1 INTRODUCTION zero mean and covariancEsyw! = 5,8 s, V,VI =
S\ We A
s,
Adaptive LQG control is not an area of a great deal of The Kalman predictor in steady-state is given by
research, in particular for adaptive LQG control with s — EX +GUu + Ko P 3
loop transfer recovery (LTR). Adaptive LQG control A A Ay 1 _H p_Xt ®)
has been discussed e.g. in (Bitmead et al., 1990; Tay"_"herel_/i =Y, —H% 1 is an innovation of output at
and Moore, 1991; Krolikowski, 1995; Makila et al., time t. The predictor gain is given by
1984), where in (Tay and Moore, 1991) an adaptive Kp = FPHT[HPHT +5,]7! (4)
LQGI/LTR problem was solved augmenting the basic herePis th luti f Riccati i
estimator-based controller with a stable proper linear whereris the solution ot Riccali equation
system feeding back the estimation residuals. This P=FPF' +3,—FPHT[HPHT + %, HPFT (5)
idea was also used for non-adaptive continuous-time ; - C e o T
systems in (Tay and More, 1989) using tHE /H2 ;he covariance of the mnovaﬂgﬁ 5>y =HPH" +
optimization technique. Y
In this paper, an application of LTR technique to adap-
tive control (_)f discrete-time systems f_or boztha_nd X =% -1+ Kf)_?tp (6)
§ operators is presente_d. T_he adaptive continuous-,4 the recursive equation fgy,is
time LQG control algorithm is proposed where the
controller/filter parameters are tuned on the basis of %11 =F&/+ (I —KiH)Gu + Kf;ytf+l (7)
0 model identification. Asymptotic performance for p . _ _
limr,, 0 is analyzed. The robustness issue is touchedwherey;,; =Y, ., —HFX  and the filter gain
and simulated for third-order ARX system considered

Filtered estimatg,; in terms of¥; ;_ is

_ puT T ~1

as a second-order model. Kf =PH [HPH  +%]7%, (8)
soKp = FK; in view of (4). An alternative version of
(M) is

2 PRELIMINARIES %ep101 = P+ GU+ K, ©)

Consider the following state-space description of the

multivariable linear discrete-time system 3 LOOP TRANSFER RECOVERY:
zOPERATOR FORMULATION

X1 = Fx+Gu+w (1)
Yo = Hx+w (2) Consider the stationary loss function
obtained with ZOH where{w;} and {v} are se- J_E - yy (10)
guences of independent random vector variables with St
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and assume that the system is square andHd&)t -~ The LQG controller is defined by the control law
0.
The control law U = KeX t (20)
U = KXt (11)  with the Kalman filter given by
minimizing the loss] is then determined by %= %g+ Jr-l-SKfytp 1)
Ke=—(HG)'HF 12)  \where

and the matriH TH is the solution of the correspond-

¢ _ES op
ing Riccati equation. 0% /11 = Fokejr-1+ Golh + Koy (22)

The trangfer function iz operatoiGs (z) of compen-  Moreover, it holdp = (I + TsF5)K+, and an explicit
sator defined by (7) and (11) can be manipulated into recursive equation for Kalman filter is
the form % = Fofk s + Gath + Ki§P (23)
%t = FaX 53U Y, 1
Gi(2) = zKe[zl — (1 — K¢H)(F — GKo) XKy (13) G " R
o o In (Tadjine et al., 1994) it was shown that if the system
The filter's open-loop return ratio is (18), (2) is stabilizable, detectable, left invertible and
®(2) = H(zl - F)" K, (14) inversely stable, and weighting matrices in the perfor-
. ) i mance indexQ = HTH, R= pl then asymptotically
In (Maciejowski, 1985) it was shown that @(z) = asp — 0, K. takes the forms
H(zl— F)*lG is minimum-phase anld. takes a form
of (12) then the perfect recovery takes place, that is Ko = —i(H Gs) H(I + TsF3) (24)
T
A(2) = G(2)Gt (2) — D(2) = 0. (15) ° _
and the perfect recovery takes place, that'is
WhenG(z) is nonminimum-phase then the perfect re-
covery is in general not possible, however the possi- A(y) = G(V)Gt (y) — @(y) =0, (25)

bility of recovery is frequently realized in closed-loop whereG(y) = H(yl — F5)~1Gg, and

bandwidth (Maciejowski, 1985). '

In the case of the Kalman predictor feedback, the con-  Gg(y) = (14 Tey)Kc[yl — Fs+GsKe)] " 1Ks  (26)
troller is

is the transfer function of the controller
U =KeXe 1 (16)
and its transfer function is U = KeX 1 (27)
Gp(2) = Ke[zl —F + GKc +KpH]*K,  (17)  where now
Again the perfect recovery cannot be achieved in this X =%p-1+ +TKry, (28)
case even for minimum-phase system. and
% 11 = FeXi 11 + Kpy,- (29)

The above results from the fact that as soon as recov-

4 LOOP TRANSFER RECOVERY: ery is obtained the coupling between the observation
0 OPERATOR FORMULATION error and the observer output should vanish.

State equation (1) i® operator formulation takes a

form / 5 LOOP TRANSFER RECOVERY:
2% = Fox + Goll 14 (9) CONTINUOUS TIME
where in view of (1)Fs = :(F — 1), Gs = +G and EORMULATION

W, = £W, v = £V, are sequences with spectral den-

sitiesW andV, respectively. Usually, thé opera-  The dynamics of the system is given by the transfer

tor discretization is used for small when ZOH dis-  function matrix from control input to the output

cretization makes numerical problems. The filter's 1

open-loop return ratio at the output node of the plant G(s) =C(sl-A)""B, (30)

IS i whereA, B,C are matrices in the standard state-space
D(y) =H(Y —F5) " "Kp (19)  equation, an€ = H. Itis worthy to note that asymp-

whered transform operator with the sampling period totically i.e. for Ts — 0, G(y) — G(s), however

Tsisy= %2, G(2) — 0.
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Transfer matrix of the controller is
Gt(s) = K&[sl — A+ BKS+KEC] 1K (31)

To computeK¢ for the LQG/LTR controller the fol-
lowing Riccati equation is to be solved

1
%A+N%+CT75%&f%:O (32)

for p— 0 and then the controller gaif is calculated
as

1
|Qp=—5§ay (33)
The following LTR result holds (Athans,
1986): if the plant G(s) is minimum-phase
then liM—oG(S)Gip(s) = P(s), where

®(s) = C(sl — A)"IK¢ and Gy (s) is calculated
from (31) forKg,. The dual LTR result, i.e. when
the weighting matridQ = Qp + pM for p — o can be
found in (Kulcsar, 2000). It is easy to see from (26)
that asymptotically

ympmw:edg:&w—A+m@rmf@®

and full recovery holds that i6(s)G+ (s) = ®(s), so

the 8 model approach and continuous-time case are
asymptotically equivalent. Obviously, it holdg, =

K¢ for Ts — 0.

To computeK§ in (31) the following Riccati equation

is to be solved

1
A&+&N#Ll—ﬁap%a:o (35)
and then the filter gaiK{ is calculated as
c 1 T

wherepl andL'L are intensity matrices for measure-
ment and system noise, respectively.

6 ADAPTIVE CONTROL

The SISO ARMAX model is given by

AQ Yy =B@Hu+CahHa  (37)

where A(q™1),B(g~%) andC(q™!) are polynomials

in the backward shift operatar?, i.e. A(q~?) =
1+agt+..4+ag"Bg?l =bgt+.. +

bn g ",C(q 1) =1+ gt +...+cg " andy is the
output , i is the control input, ande } is assumed

to be a sequence of independent variables with zero
mean and varianceZ. Unknown system parameters
8= (a,...,an,b1,...,bn,C1,...,cn) T (or corresponding

parameters ob model) are estimated on-line to ob-
tain an updated model at tite i.e. 6, (or corre-
spondingd model) which is in turn used for updat-
ing the lqg adaptive control of the system. The pa-
rameter estimates @ model can be used for tun-
ing the continuous-time LQG/LTR control assuming
the sampling period is small enough. In this way a
continuous-time system identification problem can be
omitted.

ARMAX model (31) has an equivalent innovation
state space representation

%41 = Fx+gutke (38)
% = h'x+e (39)
where g = (b1, ..;b)", K, = (c1—ay,....,Cn —
an)Ta hT = (150570)
—az 1 0
. 0
F s
—ap-1 1
—an 0

k, is the stationary gain vector for the associated
Kalman predictor corresponding to (3)

Zeoap = FRpoq + 9 + K9P (40)

whereyf =yt —h'% 44 andaZ , is the variance of

§¢ for which it holdso? , = o2.

The actual model used for LQG/LTR control signal
U calculation is obtained for current parameter esti-
matesd, .

The investigated problem is to check out how the
approximatedd model used in adaptive LQG/LTR
control can be used in tuning the continuous-time
LQG/LTR control.

The issue of stability of the proposed adaptive
LQGI/LTR control system is of course crucial. This
depends on the asymptotic convergence of parameter
estimates, particularly taking into account that in gen-
eral the parameter estimation in LQG adaptive control
even in the lack of modelling error, does not assure
the convergence to the true parameters. Closed loop
stability and good performance cannot be guaranteed
especially during the transient stage.

7 SIMULATIONS

Consider as an example a third-order minimum-
phase actual system obtained by discretizing the
continuous-time system

1
s+3

s+5 3
(s+1)(s+2)(s+3)

—s+1
(5+1)(s+2)
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with ZOH and sampling periots = 0.5swhose nom-
inal part has a standard state space representation

(Ts — 0) with the continuous-time system is inves-
tigated. Example of third-order actual system de-

-2 0

and which yields the following transfer function in

q~! operator

1, 0097731 +0.06925 2 — 0.00594% 3

)= 1-1.19871+0.440602 - 0.049793
_ —0161271+028562 02597
T 1-0974411+0.2232 " 1-02231°

The first part ofG(q~!) is taken for undermod-

elling. Substitutingg—! = (1 + 8Ts)~ the corre-

sponding discrete-tim@&model is obtained as

A=| 2 Y e=| Y| c=[10
I Y

G(a~

(41)

Yo+ 0y g + a2y = Bl 1+[32u? 5. (42)
whereo; = 2+a1 oy = Hate g _ b1+b2
2 o i ooPi= Pe= 0.001.
andy5 w yt571 Vi 1 Yt 2 y6 2—Yt .
ut U[ l U2 ut 2

As aIready mentloned, in both cases, a second-order
ARX model was taken for identification ancer-
tainty equivalence principlevas used to implement
the adaptive control system to demonstrate the robust-
ness of adaptive LQG/LTR controller with respect to
undermodelling. The simulation of continuous -time
adaptive LQG control with LTR and estimation based
on thed model are shown in Figs.1,2 far= 0.001
andTg =
in steady state was calculated: for the case of Fig.1 it 0.001.
equals to 0.2090, and for the case of Fig.2 itis 0.6051.

The case withd model is shown in Figs.3,4
for Ts = 0.5,0.2, and corresponding variances equal
to 0.29560.5584, respectively. In both cases the
adaptive control system performs well, however the
continuous-time LQG/LTR adaptive control system
with & model tuning is superior with respect to out-
put variance.

System parameters were identified using the stan-
dard recursive least squares (RLS) algorithmtfer
1,...,300 ando? = 0.1. Obviously, in the general case
of ARMAX model the recursive pseudolinear regres-
sion (RPLR) or recursive prediction error (RPEM) al-
gorithm must be used. It was shown in (Nilsson and
Egardt, 2010), that RPEM is more suitable in the con-
sidered undermodelled situations taking into account
the asymptotic properties of the algorithm.

8 CONCLUSIONS

The problem of using loop transfer recovery for adap-
tive LQG control is presented in bothandy do-

mains. In the latter case an asymptotic equivalence F'ggrj 4: Output signals and estimates flar= 0.2, 6
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scribed by a second-order ARX model is taken for
simulation. Simulation results show an effectivhess
of the LTR technique as a method for robustifying the

Figure 1: Output signal and estimates fiar= 0.5, p =

0.5,0.2, respectively. An output variance Figure 2: Output signal and estimates fiyr= 0.2, p =

Figure 3: Output signals and estimates far= 0.5, o
model.
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adaptive LQG control.
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