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Abstract: Interest in the application of signal driven sampling schemes is increasing as they offer various advantages
over traditional sampling. The paper describes the principles and discusses the properties of sampling, which
is based on the send-on-delta concept. In such a way, it is possible to decrease the sampling density, and since
the samples are placed non-equidistantly it is possible to suppress the distortion due to frequency aliasing. The
non-uniform location of samples requires an advanced processing method. The paper discusses the spectral
estimation, which is based on the use of a bank of minimum variance filters. To improve the resolution
and accuracy, iterative updating of autocorrelation matrix is used. The results of simulations are presented.
The use of an iterative algorithm allows correcting spectral estimation even if the mean sampling density is
several times less than the Nyquist criterion. The proposed approach can be of interest for distributed wireless
data acquisition in remote sensing systems, because it allows the amount of transmitted data to be decreased
considerably.

1 INTRODUCTION ply implemented in hardware, because it guarantees
a certain minimal interval between samples. Thirdly,
Regarding signal sampling procedures, generally, thethe non-uniformity in sampling provides the possibil-
signal can be approximated with fewer samples per ity of suppressing frequency aliasing (Masry, 1978),
interval using appropriate non_equidistanﬂy Spaced and therefore the SoD scheme can be used to reduce
samples than using a uniform sampling procedure, the sampling density in comparison with the Nyquist
where the sampling frequency is defined taking into rate. The properties of send-on-delta sampling will be
account only the highest signal component. The prob- discussed in Section 2.
lem of processing non-uniformly sampled signals has ~ The reason, why the SoD sampling is not
quite a long history. However it typically deals with widespread in practice, lies in the fact that such digi-
cases, where non-uniformity is introduced in a delib- tized signals can not always be successfully processed
erate or deterministic way. Intuitively speaking, the Uusing standard algorithms. One of the main process-
sampling flow has to reflect the local properties of Ing tasks is the estimation of the signal spectrum.
the signal. For example, it is more efficient to sam- In the case of uniform sampling, the Nyquist crite-
ple the low frequency regions at a lower rate than rion determines the minimum sampling rate, which
the high frequency regions. A special class of non- must be fulfilled in order to avoid frequency aliasing.
uniform sampling is derived if the sampling process To estimate the spectrum of a non-uniformly sam-
is driven by the signal itself this is so called signal Pled signal, an advanced signal processing method
dependent sampling. The popular types of signal- is required, especially in the cases where the sam-
dependent sampling are zero crossing, reference sigPling density can be below the Nyquist criterion.
nal crossing, level crossing or send-on-delta concepts.The paper discusses the spectrum estimation method
In the paper, sampling based on the send-on-deltathat is based on signal-dependent transform (Greitans,
(SoD) Concept is emp|0yed_ The motivation of such 2005), which uses the minimum variance filter prin-
a choice is based on three key aspects. Firstly, it is CiPle and provides spectral estimation with high reso-
Signa| dependent Samp“ng’ which offers various ad- !Ution and aCCUraCY. The_algorithm W|" be deSCfibe.d
vantages over traditional uniform Samp"ng (Hauck’ n Se-Ctlon 3, and simulation results will be shown in
1995). Secondly, this sampling scheme can be sim- Section 4.
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2 SEND-ON-DELTA SAMPLING

According to the level-crossing (LC) concept the sam-
pling is triggered if the input signal crosses any of the
fixed quantization levels (Allier and Sicard, 2003).
The principle of LC sampling is illustrated in Fig-
ure la. The number of samples captured depends
on signal itself (Mark and Todd, 1981), (Greitans,
2006). The minimum distancAtyin = min(Aty,),
wherelt, = t11 —t,, between the sampling poirtts

can be very small and thus the analog-to-digital (A/D)
converter can not ensure all the samples are captured
due to the limited performance of electronic compo-
nents.

a)

2.1 Sampling Scheme
The situation changes in case of send-on-delta sam-
pling scheme, according to which the sampling is trig-
gered if the signal deviates by defined vahe> 0,
called the threshold, or delta (Miskowicz, 2006). The
principle of SoD sampling is shown in Figure 1b.
There is a constant difference equalib between
consecutive signal values

S(Iml)

b)

Figure 1: Signal dependent sampling based on a) level-
IS(th+1) — S(tn)| = Al, 1) crossing and b) send-on-delta concepts.

wheres(t,) is a signal sample at the time instant . _ . o
The threshold\l determines the resolution of signal case the iverse Fourier transform is describediby
observations. The smallét, the higher resolution of ~ function:

input signal tracking. S(t) = AATT maxSINO( 2Tt 5)

2.2 Minimum Sampling Interval To estimate the maximum value of derivativesa),
lets first look at signali(t) = sinq(t) = 2% The first

Obviously,N ¢ > Ngyp, whereN_ ¢ andNg,p are the and second order derivativesut) are:

numbers of samples captured by using respectively tcogt) — sin(t)

LC and SoD sampling schemes. The minimum dis- ()= ———- (6)

tanceAtnn in case of SoD depends @i and on the t

spectral properties of the signal. For example, if a and

single sinusoid _ —t2sin(t) — 2tcogt) + 2sin(t)

u'(t) = (7)
S(t) = Asin(2mtft + ¢) @) t3
To estimate the maximum value of (6), we solve the
is sampled, then the minimum distanceqwit= 2rf, equation ©
® Al Al u’(t)=0 (8)
Atmin > 77 = 7~ () From (8) it follows, that # 0 and
as the maximum value of derivativeAg. tcogt) = sin(t) — 0.5t%sin(t) 9)

Another example is the signal with constant power

spectral density Lets say we have the solution of (9)tif= to, then

inserting (9) into (6) gives:

P(f){Az for | f] < fmax @ U (to) = —0.5sirto (10)

0 elsewhere i
It means, that the maximum value wft)

To achieve the maximum slope of such a signal the , 1
phase has to be the same at all frequencies. In this U () max < > (11)
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In turn, the derivative 0§(t) can be expressed as
3(t) = 8ATP£2,, (sindt)) = 8ATPf2, U (1). (12)

From (12) and (11) follows, that the maximum value
of S'(t)

S () max < 4ATE 2, = A0P oy (13)
and the minimum distance
Al
Atmin > A (14)

2.3 Sampling Density

Due to the signal-dependent nature of SoD, the sam-
pling density depends on the statistical characteristics
of the signal. Ifl are the values of quantization lev-
els crossed by the signal, then in case of only one
guantization level; the number of SoD samples cap-
tured will beN;, = 1. In case of two levely andl

the numbers of samplég, = N, as every next sam-
pling is triggered by crossing the quantization level,
which differs from the previous one. If we start the
numbering of levels from the lower one, then in case
of three leveld;, |, andl3 the numbers of samples
N, = N, —N;; since SoD captures at the second level
is also caused by the third level. In general, if there
areK quantization levels, then

K

k;(—l)"-mk

Now let us first discuss the case, when the sig-
nal is sampled by level crossing. For a single sinusoid
Asin(2rtft 4 ¢) each quantization level during one pe-
riod is crossed twice and the sampling density can be
expressed as

N

(15)

1

oLc = 2K f. (16)

Figure 2: Signal for simplified analysis of SoD sampling
density. The black points are LC samples, while the small
circles are SoD samples.

signal. For the Gaussian process the estimation of
sampling density is not so obvious. To simplify the
analysis, we assume the signal, whose consecutive lo-
cal extremes are with different signs varying around
zero level as shown in Figure 2.

The number of quantization levelss= 2M + 1 with

2M levels placed symmetrically around the zero level.
The number of SoD samples captured can be esti-
mated from the number of LC samples for each quan-
tization level. Obviously for the first level we get

Nic,
_ 1
Nsop,, = > (19)
For the second level we get
Nig. — Nig Nig. +Nig
_ 2 1 2 1
NSoD|2 = > + N|_c:Il = 5 )
(20)
And similarly for theMth level we get
Nic,, + NL
Ne, = — =3 (1)

The number of SoD samples captured on the zero

For a zero mean Gaussian process with power spectralevel equals the number of LC samples on Mth

density given by expression (4) the expected value of
the sampling density is (Mark and Todd, 1981):

12

2frep Kk
Eloic] =—\/”§* Y e wimax, (17)
k=1

Now let us analyse the SoD case for both previ-

level
NSOD|M+1 = NLC'M . (22)

The total number of SoD samples captured, assuming
thatN50D|m = NSOD'KJrl—m’ is

Neop =2 (Neoo, + -+ Neop,, ) +Neooy, - (23)

ously chosen signals. For a single sinusoid each quan-pg,. oo (21), (22) and (23) follows, that

tization level gives two SoD samples during one pe-
riod. The exception is with the upper and lower levels
each giving only one SoD sample per period. Thus,

the sampling density can be expressed as
OsoD = 2(K — 1)f (18)

for K > 2. If K =1, then only one SoD sample will
be captured during the whole observation time of the

Neo =2(Ng, + Mg, -+ N, ) (24)

and considering (17) the sampling density is

E[O'SoD] =

Mooy 2
Fiek
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3 SIGNAL DEPENDENT The value (31) indicates the power of spectral compo-
SPECTRUM ANALYSIS nents of the input signal at the frequenfgy

The proposed approach assumes that frequency
Typically the digital spectral analysis is based on the Pand of spectral analysis is covered by a set of such

transformation of the signal samples §gtt,)} from MV filters. In general, the frequencies of these fil-
time to frequency domain by a set of transformation _ters can be chosen_arbltrarlly. The parpqular case is
functions{W(f,t,)} if the filter frequencies are located equidistantly and
the frequency step is selected equal to the frequency
X(f) = X(tn)W(F,tn), (26)  stepaf = 3 of the Discrete Fourier transform (DFT),
n

where® is observation time of the signal being ana-
For example, the discrete Fourier transform is basedlyzed. To obtain a high resolution spectral estimation,
on the set of exponent functiofg 12} that are it is reasonable to select the frequency step several
unrelated to the spectral nature of the signal. times smaller than the Fourier frequency step.

In order to construct signal dependent transforma-  The expression (31) requires the knowledge of the
tion functions an approach using Minimum variance signal autocorrelation. The Wiener-Khinchin theorem
(MV) filter is suggested. The basic idea of the MV relates it to the power spectral densRyf) via the
filter is to minimize the variance of the signal on the Fourier transform:
output of a selective filter. The frequency response

of such a filter adapts to the spectral components of R(1) :/ P(f)el?™df (32)
the input signal on each frequency of interest (Marple, F>
1987). In order to obtairP(f) estimate at the frequencies:

Given the filter coefficientay, a, ... ,ap, the out- [f1, f2,..., fm] from the non-uniformly spaced signal
put of the filter at timen is samplet = [x1,X2,...,Xn] the DFT can be used

p T 12
Yo=Y awni=x' (Na, @7 pOFD _ X8 1 (33)
n=1 N
where  xT(n) = [%,% 1,--.,%-pt1) and  whereB is M x N matrix whose element in rom
a=[ag,ap,...,ap]'. The variance of the output and colummis by, =e 12 The elements of au-
signal is determined as tocorrelation matrix from the spectral estimation can
be calculated on the bases of inverse DFT
p=E{lP} =a"Ra (28) y
N A(DFT), «

whereR = E {x*(n)x" (n) } is the autocorrelation ma- fik = n;l P b Dric (34)

trix andE {(-)} denotes the expectation operator. The i i i i
filter coefficients are found to ensure the sinusoidal  AS the signal autocorrelation matrix (34) is rather

signal with frequencyfp passes through the filter de- 0Ugh estimate then the resulting PSD function values
signed for this frequency without distortion and the P = [P1,P2,- .., Pm], wherepm = puv (fm), obtained
variance (28) for spectral components differing from by (31 1

fo is minimal. The first condition can be written as = e (35)
) diag BR71BM)
> ape 12Mon — M (fr)a=1, (29)  will not provide precise results.
n=1 To increase the precision a special iterative algo-

rithm is used (Liepinsh, 1996), (Greitans, 1997) ac-
cording to which thgi + 1)-th order estimate of sig-

. ; ; nal rrelation matrix is updated frdrth order
fo is one. In order to satisfy the second requirement Aa autocorrelation matrix is up

(i) . . .
under condition (29) the coefficients of the MV filter P~ estimate in the following way
for the frequencyfy are determined as (McDonough, _ Mo
1983): ) ptY = S B b D, (36)
R™ e( fo) m=1
fo) = ——-+——. 30
awv (o) = TR Te(To) (30)
Inserting (30) into (28) gives the minimum variance:
1 (i) *R(O " BH
MV =——————. (31) P = TaA
e (fo)Re(fo) diag BR" "B")

where e(fg) = [el2Mo gi2mfotz ,ejZ”fOtp}T. It
means that the gain of the filter response on frequency

The vaIuest(i) are obtained as

(37)
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considering that the power of the output of the de-
signed MV filter

p(fo) = [Xamv (fo)|? (38)

is interpretable similarly to the power of the output of
selective Fourier filter

Power spectral density, dB
'

por (fo) = [%€"(fo) | (39)
at the frequencyo.
The iteration process begins with the initial PSD 2 o 0z 03 0a 05
~ (0) ~ (DFT) . . Normalized frequency
valuesP” =P . The iteration process can be a)

stopped when the differend®" ™ — P || becomes
small.

4 SIMULATION RESULTS

As a test-signal an autoregressive moving-average
(ARMA) process with AR coefficients(1) = —2.76,
c(2) =3.809,c(3) = —2.654,c(4) = 0.924 and MA

Power spectral density, dB
.

coefficientsd(1) = —0.9,d(2) = 0.81 was used. The 2y o 0z o3 0a os
PSD function of such signal is given as (Marple, il
1987):

v TV /e |
pa () — L |1t By dyjer /e
AR 2 | 14 3, c(uye /x|

(40)

and is shown as a dashed line in Figure 3.

To show the potential of the send-on-delta sam-
pling and performance of proposed signal-dependent
method, the results were compared with uniformly
sampled signal case. The test-signal withy = 0.5 ‘ ‘ , ‘
was sampled during 256 seconds and processed with ° T Normaized frequaney 03
iterative algorithm described in Section 3. The solid ©)
line in Figure 3a illustrates the PSD estimate if sig-
nal is sampled uniformly at Nyquist rate (256 sam-
ples), while the dotted line shows spectrum estimated
by the standard minimum variance filter (Capon fil-
ter) approach. The plots are the averages of 100 in-
dependent realizations similarly as in (Li and Stoica,
1998). If the sampling rate is reduced two times (128
samples), the frequency aliases appear as shown in

Power spectral density, dB
.

Ns,p=120

Power spectral density, dB

Figure 3b. aor N/L :2‘0‘0 ____________

In order to obtain SoD samples, the uniformly - ‘ L ‘
sampled signal (at Nyquist rate) was interpolated by ° S e ety 05
sinc functions. To decrease the interpolation error the d)

test-signal with duration of 512 seconds was interpo- Figure 3: PSD estimates using different sampling schemes:
lated and thereafter sampled by SoD from 128 to 384 a) uniform at Nyquist rate, b) uniform below Nyquist rate,
seconds. Figure 3c demonstrates the case, where th€) SoD with 11 levels d) SoD with 7, 11 and 15 levels
sampling was done using 11 quantization levels. In (dashed line - true PSD, dotted line - estimate without it-
total 120 samples (the average number for 100 inde_eratlons and solid line - estimate after the 10th iteration.
pendent realizations) were captured. The dotted line

shows PSD estimate obtained by the expression (35)
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without iterative updating of autocorrelation matrix diminish the amount of transmitted data.

R. The frequency aliasing is well observable. The it-

erative procedure improves the result and suppresses
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show correct spectral estimation even if the sampling
density is decreased several times in relation to the
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increased computation burden, because a linear sys-
tem of equations has to be solved in each iteration.

In fact, the complexity of the data acquisition
phase is transferred to the processing phase. Such
a strategy offers possibilities for distributed wireless
data acquisition in remote sensing systems. The sig-
nal dependent nature of sampling, the decreased num-
ber of samples and the possibility to code data with
one bit using position on time axis allow considerably
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