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In this work, A time varying control law is proposed for linear continuous-time systems with non

Symmetrical constrained control. Necessary and sufficient conditions allowing us to obtain the largest non-
symmetrical positively invariant polyhedral set with respect to (w.r.t) the system in the closed loop are
given. The asymptotic stability of the origin is also guaranteed. The case of symmetrical constrained control
is obtained as a particular case. The performances of our regulator with respect to the results of (Benzaouia
and Baddou, 1999) are shown with the help of an example.

1 INTRODUCTION

This paper is devoted to the study of linear
continuous-time systems described by (1):

(1) = Ax() + But), xe R )
X is the state vector and u is the constrained control,
that is:

anc%m,mSn 2
Matrices A and B are constant and satisfy
assumption (3):

(A, B) Controllable 3)
Q isthe set of admissible controls defined by (4):

Q={ue R /-0, <U<q;0,0,e intf)ﬂn} 4)

This is a non-symmetrica polyhedral set, as is
generally the case in practical situation.

Practical control systems are often subject to
technological and safety constraints, which are
trandated as bounds on the constraint and state
variables. The respect of this constraint can be
accomplished by designing suitable feedback law.

In many cases, this can be done by constructing
positively invariant domains inside the set of the
congtraints. The purpose of a regulation law is to
stabilise the system while maintaining its state
vector in a positively invariant set (Benzaouia and
Hmamed, 1993) (Benzaouia and Burgat, 1989).
Many approaches have been derived from this

H. Mejhed N., Hmamed A. and Benzaouia A. (2005).

concept. Particularly, one which consists on both,
using large initialisation domain and respecting the
constrained control, (Benzaouia and Baddou, 1999)
(Benzaouia and Burgat, 1989) (Benzaciua, 1988)
(Bigtoris, 1991) (Wredenhagen and Bélanger, 1994).
Recently, a piecewise linear control law has been
derived for linear continuous time systems, leading
to the use of non-symmetrical Lyapunov functions
(Benzaouia and Baddou, 1999). These functions
were introduced in (Benzaouia and Burgat, 1989),
and are also used in (Benzaouia and Hmamed,
1993). Otherwise, the proposed technique seems to
be very long and the problem appears between the
size of the initialisation do main and the dynamic of
the closed loop system. This justifies the
development of this technique by using a time
varying regulator. The choose of such regulator has
been the subject of many works from which we cite,
(Makoudi and Radouane, 1992) (Makoudi and
Radouane, 1991) (Anderson and Moore, 1981) in the
decentralized control case. Inspired by the work in
(Benzaouia and Baddou, 1999), our contribution in
the present paper is intended to improve the speed of
regulation by setting the modified control law as
follows:

u(t)=oOFXO=FOX() , ReR™" )
rang(Fp) = mwith ¢(t) >0, Vt=0.

Taking into account (5), system (1) becomes a non-
stationary system in the following form:
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x(t) = (A + q)(t)BFO)x(t), Vit>0 (6)
Generdly o(t) and matrix F0 must be found that

makes the system (6) asymptotically stable and
inside the constraints. It is well known that a linear
time invariant system is stable if and only if ail
eigenvalues of the system matrix have negative real
parts (Hahn, 1967). However, this is no longer true
for linear time-varying systems. Under the
assumption of the non-stationary systems, the
eigenvalues method for proving the asymptotic
stability is not adequate. An alternative method is
the use of matrix measure that means:
u(A+¢(t)BF0)5—E_,,Vt20,&so (7)

We will show latter in this work, how to choose the
function o(t) .

Remark: Note that rang(F(t)) = m, because
rang(Fo) =m and ¢(t) #0, Vt >0.

In the constrained case, we follow the approach
proposed in (Gutman and Hagander, 1985) and
further developed in (Benzaouia and Hmamed,
1993) (Benzaouia and Burgat, 1989) and (Vassilaki
and Bistoris, 1989) and references therein. This
approach consists of giving conditions on the
choice of the stabilizing regulator (5) such that
model (6) remains valid. Thisisonly possibleif the
state is constrained to evolve in a specified region
defined by:

D(F(t), 0, ) = {x e R /-, < FOX(M) <q;q,q, € int ERT}
)
Note that this domain is unbounded where m<n.
In this case, if x(t)e D(F(t),ql, q2) we may get
X(t+A)e D(F(t),ql, qz), VA =0. Note that the

main property of this set in the stationary case is not
validin our case that isthe set x(t) e D(F(t),ql, qz) .

In particular, domain D(Im, a, qz) can be described
with function

v(z) = max max[iz—'] ©)
i a2

ie, D(_.q,q,) = {Ze R/ v(z) < 1}.

It follows from above that the main result of this
note is to give the necessary and sufficient
conditions under which the nonsymmetrical
polyhedral domain  is positively invariant w.r.t.
motions of system 6.
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2 PRELIMINARIES

In this section, we present some definitions and
useful results for the sequel. Consider a continuous-
time non-linear system

2(t) = f(z(t)), ze R ,f(0) =0 (10)
Definitions 2.1: i) Consider a function
VIR SR with v(0) = O and assume that v is
directionally differentiable at each direction and
define v(z) by:

u(z(0) = 9= [vizt) ] = M z(0: 1) ]

v(z + €f(2)) — v(2)
€

= lim
e—0"
V(z) is the directional derivative of function v at z

in the direction f(z) (Hahn, 1967), with f(0) =0 and
z(t) =f(z(t)). ii) If function v is a Lyapunov

(11)

function of system (10) on a st S ¢ R then
domain D defined by

D={ze 3/v(2 <cc>0}

is astability domain of the system.

Lemma 2.2 (Desoer and Vidyasagar, 1975):

LetA, Be C ", we have:

a) Re(ki(A)) <WA),Vi=1,..,n.
b) u(cA) = cu(A),vc=0

¢ WA+ch)=puA)+c, vceR
d) uA +B) < w(A) +u(B)

e u: c™ - R isconvexon C

HAA +(1-2)B) < Mu(A) + (1-2)u(B),

VA e[0,1]

Definition 2.3 (Benzaoiua, 1988): A differentiable
non-zeros vector et) is said to be the extended-
eigenvector (x-eigenpair) of the nxn matrix G(t),
associated with the extended-eigenvalues A(t) (a
scalar time function) if it satisfies,

G(t)e(t) = A)e(t) + &(t)

Consider the following continuous non-stationary
system,

2(t) = HOz(t), ze SR and Oe IntS  (12)
The necessary and sufficient condition of function v

defined by (9) to be a Lyapunov function for system
(12) is given by the following result.
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Theorem 2.4

zt oz

Function v(z) = max max _I|_I| with
! a1 92

q,>0,0q,>0, which is continuous positive

definite, is a Lyapunov function of system (12) on
the set 3 and domain:

m
D(Im,ql,qz):{ze% /—qZSZSql}gS

isastability domain of the system if and only if :

H()g<0, Vt>0 (13)
- Ho  H© q
HO=| ? ,q=[1],Vtzo
Ho H® a,

hii(t) =] 0 i=]
H.(t) = yH ) =1 - o
1 h;(t) i £ | 2 h(® %]
Proof: (If) The same as (Benzaouia and Hmamed,
1993), with:

H H | H H |
\'/(z)Smiaxma{( (09, %), (109, H0q,) V(Z)}

ql q2
vVt >0 (14)
From condition (13), we have:

V@) <0, Vze SR
Consequently, from (Hahn, 1967), we conclude that
domain D(Im,ql,qz) is a stability domain of the

system.
(Only if): Assume that function v(z) is a Lyapunov
function of system (6) and condition (13) does not
hold, i.e., thereexist only i € [1,m] such that,
h (g, + i {h+(t)qj +h (0 } >0
i L | YT Y 2
j=1,j=#i
At this step, we follow the proof given in
(Benzaouia and Hmamed, 1993).
Remarks
1) When ¢(t) =1, we obtain the result given in
(Benzaouia and Hmamed, 1993).
2) It iswell known that a stability domain for system
(12) isalso apositively set for the system
3) The relation (13) is equivalent to the following
matrix measure:
uH@) <0, vt>20 (15)
Induced by the vector norm:
z z
2] = mexmax —,—- (16)
| 9 9

CONTROL

For more detail, see Appendix 1.
4) If there exist € > 0 such that w(H(t)) < -§, we
have:

Y(2) < -&v(9) 17
and then from (Hahn, 1967), system (12) is
asymptotically stable.

The symmetrical caseis obtained directly by :
Corollary 2.5

Z.
Function V(Z) =max M is a Lyapunov
| ql
function of system (12) on the set 3 and domain
D(l_.a.9) = {ze SRm/—qS z< q} R3IF is Va
stability domain of the system if and only if:
h.(®) i=j
W A
‘hij(t)‘ I # ]

Proof: Follows readily from Theorem 2.4.

Hi)g<0 withﬂz{ >0

3 MAINRESULTS

In this section, we apply the results of Theorem 2.4
to the problem of the constrained regulator described
in Section |.

Consider system (1) with the feedback law given by
(5). The system in the closed loop is then given by
(6). Let us make the change of variables,

2(t) = GOF XM, e R (18)

= FOx()
with matrix FO given by (5) and (7). It follows that:

2(t) = [B(O)R + o(ORy (A + 0()BR) K (1)

- q)(t)Fo[% |+ A+ 0(DBF, }x(t)

If there existsamatrix H(t) e K™ such that:

ot)
F@O)A+BFt) | =| Ht) - 551 |Ft), VE>0
ol ®] [ (t) o0 'n (t)

(19
Then, the change of variables (18) allows us to
transform dynamical system (6) to dynamical non-
stationary system (12). The study of the stability of
system (6) with x D(F(t),ql, q2) defined by (8),
becomes possible by the use of system (12) and
Theorem 2.4, with ze S = D(l.,0,9,) = Q.
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Before giving the main result, we present al the
necessary Lemmas. The first concerns (19), which is
to befor every t.

For this, let us define the set X (F) of the matrix F(t)

asfollows:
R(F) = {x(t) e R/ FOXD=0, Vt >0, F(t)e mmxn}l
n the stationary case, X(F) = Ker(F)

h(t) = H(t) - “’8 i and

We note

A = A +BF().
Lemma3.1
If amatrix H{t)e R satisfying (19) exists, then

n-m stables extended eigenvectors common to
matrices A and Ao(t) belongto X(F).

Proof:
Let a matrix #(t) satisfying equation (19) exists.
Consider an extended eigenvector e(t) of matrix
Ao(t) corresponding to an extended eigenvalue
A(t), (Min-Yen, 1982), i.e

A De(t) = Ab)e(t) + &(t) (20)
Equation (19) allows usto write

FIOA  (De(t) = MO FDeD) + (FHEW) (21)

= () (FHe(t)

Then F(t)e(t) is an extended eigenvector of matrix
h(t) corresponding to the same extended eigenvalue

AY). Marix a@®eR " could admit only m

extended eigenvalues from the set of extended
eigenvalues of matrix Ao(t). Let us note

o(A,M)=A=A UA,, with o (~t)c C" and

A2 c Cn_

Where 6(A O(t)) (o(n(t)) ) denotes a set of extended
eigenval ues of Ao(t) (respectively n(t)).

Then, for de A, we should have,

A O(t)w(t) = d(t)w(t) + w(t) (22)
then
F(OA Ow(t) = S(A)(Fw(t) + (FOW(t))
= n(t)(F(w(t)) (23)
Implies,
Fiw(t) =0, Vt > t (29
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For w satisfying Ao(t)w(t) = ow(t) + W(t) .

Since A 0(t) = A(t) + B(t)F(t) , we should also have:
A(Dw(t) + BE)F(E)w(t) = d(t)w(t) + w(t)

From (24), we obtain A(t)w(t) = d(t)w(t) + wWw(t),
and then A, (A1) .

If 8§=0, then from (23), (d/dt)(F(t)w(t))=0,
implies F(t)w(t) = cste. In this case, vector w(t) do
not belong necessarily to X (F). Further, condition
(7) ensures that u(AO(t))s—a, £>0, Vt>t,
using the fact that Re(ki (AO(t)) < u(AO(t)) ,
(Benzaouia, 1994), then, the set of extended
eigenvalues of matrix Ao(t) is stable. Consequently,

A2 contains n-m stable and non-null extended

eigenvalues corresponding to n-m common extended
eigenvectors to matrices A(t) and Ao(t) and

belongingto X (F).
We now give two lemmas on the X(F) with

Fe R
Lemma 3.2

and rank(F(t)) = m

There exists a matrix H(t) € R satisfying
relation (19) if and only if the existence of t >0
such that x(t)e X(F) impliesx(t+1)e X(F),
vVt >0, Vt.

Proof: (If): Assume that there exists a matrix

He R satisfying (19) and let x(0)e X (F),
that is,

F(0)x(0) =0 (25)
Let us present the solution for system (6) in the
following form,

j (A+¢(1)BF)dt

x(t) = €° x(0), Vt >0 (26)

Using the fact that,

j[ (A+¢(t)BR)dt oo

k
t

e Z{ j A+¢(t)BF0)dT}
k=0l0

k
-1+ {} A+ q)(t)BFO)dT}
=10

By using (19) and the following relation obtained
from (19)

j(A+¢(r)BF Ydt J.LMHH(T)

Foe v }Fo
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then,
t

| (A+6(0)BF ) j[—%lmm}n
F(t)e’ x(0) = €’ Foq)(t)x(O)
By using (25) and the fact that ¢(t) = O, Vt =2 0, we
obtain
q)(t)FOx(t) =0,vVt=>0,i.e, x(t)e X(F), Vt=>0.
(Only if): Assume that the existence of t>0 such
that x(t) € X(F) implies x(t+1) e R(F), VT>0,
and show that condition (19) holds. Let, that is
q)(t)FOx(t) =0,Vt>0. It is clear that

(d/dt)Fx(t) =0 and obviously
d)(t)FOx(t) + O(HFX(t) = 0,Vt > 0.
We obtain:
OOFX(® =0
,Vt>0 (27)

o) _
’{q)(t) I+ A+ q)(t)BFO}X(t) 0

In this step, we can generdlize the results of
(Benzaouia and Hmamed, 1993) to the relation (27).
This implies the existence of H()e R such
that (19) is satisfied.

Lemma 3.3

If domain D(F(t),q,,q,) is positively invariant w.r.t.
system (6), Vt>0, then if x(t)e X(F),
Xt+1)e X(F), Vi>0.

Proof: Letx(0)e X(F), it is clear that
x(0) € D(F(t), a,. q2) . From (26), we can deduce

j (A+o(1)BF, )dt
Ftx(t) = F(t)e’ x(0), VT > 0.
At this step, we can use the proof given in
(Benzapuia and Hmamed, 1993) as the proof
remains unchanged. We can deduce that
F(t)x(t) =0, Vvt = 0.
We are now able to give the main result of this

paper.
Theorem 3.4

Domain D(F(t),ql,qz) is positively invariant w.r.t
system (6) if and only if there exists a matrix

H)e R, such that:

)F[A +oBR |- {H(t) —%In}%, 20

(28)

i) H)g <0, Vt=0 (29)

CONTROL

with matrix F|(t) and vector q are defined by (13).

Proof: The proof is the same as given in (Benzaouia
and Hmamed, 1993) and is omitted for brevity.
Remark:

When ¢(t) =1, we obtain the result given in

(Benzaouia and Hmamed, 1993).

The symmetrical case is obtained directly by
Corollary3.5.

Corollary 3.5

If a,=0d,=p, domain D(F(t),ql, q2) is positively

invariant w.r.t system (6) if and only if there exists a

matrix Ht) e R, such that:

. bt

i) FJA+0(0BF |- {H(t) —% |n}|:0, V>0

i) H)g< 0, vt = 0.

matrix H is givenin Corollary 2.4.

The result of this Theorem is based on the existence
of a matrix HM)e R satisfying (19). A
necessary and sufficient condition of the existence of
amatrix H(t) isgiving by the following Theorem.
Theorem 3.6

There exists a matrix H(t) € R solution of (29

or (28), where F0 e R and rang(FO) =m, m<n
if and only if :

R
ran{ ] =m (30)
FOA

Proof: We change only matrix A by (%I + Aj

in the proof given in (Porter, 1977) and by observing
that:

' R N 0 F
() =1 o
FIl Z21+A =L |
o) of) LA
The proof remains unchanged.
In order to ensure a rate of increase of the system
dynamics, one should impose to matrix H(t) :
H(t)g < —eq, Vt 20
where ¢ isapositivereal number (e = 0).
Comments
Conditions (28) and (29) guarantee that domain
D(F(t),ql, q2) defined by (8) is positively invariant
w.r.t system (1)-(7), despite the existence of non-
symmetrical constraints on the control, but these
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conditions are very difficult to verify, because we
can not compute the matrix H(t) for all t. Then, we

propose to employ only H(0) and H(e) to handle
such situation.

Before proving the Proposition 3.7, we first need the
following assumptions about the function ¢(t) :

(@ ot)>0,Vvt=0
(b) o(t) isanondecreasing function.
o) o 9(0) [ o(t) — d(=)
© 50 = 60 (¢(0) ~o(>) j =0
Remarks
1) From assumption (&) and (b), we have:
0<¢(0) <o(t) <d(e0), VE >0
It follows that,

O(t) — ¢(=)
0< 0 o S1r V20

2) From (b), we have ¢(t) >0, Vt > 0, then from
(a), we can conclude that:

a(t)
W >0,VvVt=>0
3) Giving the inequality (c), and taking its limit as t
tends to infinity, one has:
0 o 9(0) [ 0() — 0()
o = o) (¢<o> ~0(=) J

Itisclear that: % <0, Vt=>0.

Combining this condition and the condition giving

by Remark2, (i.e.%z 0, Vt=>0), this implies

that:% =0. From assumption (a), one has
d(ec) =0. This suffices to
0(0) = cste =K.

Proposition 3.7

The polyhedral set defined by (8) is a positively
invariant w.r.t. system (6) if and only if there exists
H(0) and H(e) such that:

conclude that:

FlA+o08F |- {H(O) - % N }FO 31)

F A +o()BF |- {H(oo) -0y }FO (32)

O(c0)
H@O)g<0 (33)
H(e)q < 0 (34)
Proof:

(IF) It follows from (31), (32) and (19) that:

220

FA = HOF, - F g%lm N q)(O)BFO} (35)

- H()F, - F{%% n q)(eo)BFO} (36)
- H(OF, - F{%Im " q)(t)BFO} @7

Then the full rankness of the matrix Fo leads to the
following equation,

HE=) - 21 - o) B = HO) - 201 - 000R B

0(=) 6(0)
(38)

Then,

H(>) = H(0) [ 0~ 0o }I [0(0) - 9(=2) ]F, B (
39)

From (37) and (38), we have:
H(D) = (1_( 0(t) — 0(c2) DH(‘”) +( o(t) ~ 0(=2) )H(O)

9(0)— 0(=) %(0) — 0(=)
O (5 (00 =) ) o) (0D — o) ) KO
+Lp(t) (1 (¢(0)—¢(oo) )] o) (¢(0)—¢(oo)j¢(0) }'m

(40)
We note:
_ () = ¢(e)
0 = 50— o(=) (1)
Then

u(HE®) = n(1-e) H=) +eHO) + el ) (42
where:

_ ()

“O=%0
and e(t) isgiving by (41).

By applying Lemma 2.2 ©, we have,

HH(®) = n(1- et) Hie) + e)H(0)) +c(t) (44)
o(t) is chosen to satisfy (a), (b) and (c), then by
applying Lemma 2.2 to equation (44), we obtain,

U(H®) < (1 &t) i(H(e)) + eu(H(O)) + c(t) (45)
where c(t) is giving by (40) and e(t) by (41).
Furthermore,

H(H(®) < max(@(H(0), u(H(e)) + c() , c(t) < 0 (46)
It follows that if (33) and (34) holds, from the above
results, one should obtain ﬁ(t)q <0, Vt>0.
(Only if): We assume that the polyhedral (8) is
positively invariant w.rt. system (6). By using

(1- e(t))%— e(t)% <0 (@3)

Theorem3.4, there exists H(t) € R such that:
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A+ oBF |- [H(t) - % | n}FO
Hi)g<0 Vt>0

In particular, for t =0 and t — -, we obtain:

_ ()
FO[A + ¢(O)BFO]— [H(O) —Wln}%

A +o()BF, |- [H(oo) —% |n}|:0

HO)q <0

H(e)q < 0

Remarks

1) The symmetrical caseis easily deduced.

2) In order to augment the system dynamics, one
should impose to matrices H(0) and H(co) :

H(O)q < —&q (47)
H(eo)q < —q (49)
where € isapositive number € > 0.
Comments:

When the regulator F, is changed to F_= ¢(-)F;,

the eigenvalues of H(e) will be placed in a region
of the left half-complex space, which makes them
more stables than the eigenvalues of H(O).
Furthermore, the control law increases the gain as
the trajectory converges towards the origin.

o(t) ischosen to satisfy assumptions (a), (b) and (c).
This means that the dynamics amelioration cannot
be made with enough liberty.

4 APPLICATION

The assumption (@), (b) and (c) institute the class of
regulator, which permit to achieve the desired
performance. In particular, we can choose ¢(t) in

the form:

o) =1+ B(l-e ™), a,p 20

Itis clear that the assumption a)-c) are satisfied.

The aim of this kind of regulator is to permit to start
with a slow dynamics very close to the regulator
with the gain F0 and to force this dynamics to

increase until it reaches the one of the regulator with
the gain (1+ [_’))Fo at asymptotic behaviour. In

addition, this permits the boundless of the time-
varying control gain ¢(t) .

CONTROL

In this case, equation (31) and (32) become the
following:

F(A+BF) = { H(O) - ocBIm}FO
FJA +(1+ B)BF] = H(=)F,
with :

H@t) =1(1— e “YH(e) + & “H(0)

—ot .

+ [L—Oﬂ_ OtBe_a ] |
1+B(l-e )

and

H(0) = H(=) + ol - BF.B

Two parameters must be found to satisfy assumption
(8, (b) and (c) with:

o) ope” 4O _ 4 o)
(])(t) 1+ B(l_ e—oct) ' ¢(0) ’

e
From (45), we have:
u(HD) < (1- e “Yu(H(=)) + e *'u(H(0)

) 0(]326_0“(1— e—oct)
1+pa-e ™

In order to recapitulate all the steps required to
satisfy our purpose, we present the following
agorithm.
Algorithm
Step0: Verify that A possesses (n-m) stable
eigenvalues. When it is not the case, we proceed to
an augmentation of the vector entries without losing
assumption (3a), this technique is given in
(Benzaouia and Burgat, 1989 - a).
Stepl: Give &, o, =0 and a matrix H(0) such
that;

H(0O)g < —&q
Step2: Solve equation (31) by using the inverse
procedure detailed in (Benzaouia, 1994) to obtain
F.

0
Step3: Solve equation (32) to obtain H(eo) .
Step4: If I:I(oo)q < —eq holds, then use o, B and

FO to redlize a time-varying regulator. If not, we

,Vt2>0

return to stepl.

5 COMPUTER SIMULATION

In this section, we present severa numerical
examples illustrating the performance of the
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proposed regulator.
Examplel
Consider the second order system (1) given by:

A:[1 _2]; B:H, q=[13 5[ .
-3 -05 1

o(A) = {-2.3120,2.8117}

Wechoose, o0 = 0.21, B =3 and € = 0.3 and let:
H(0) = -0.39.

The resolution of equation (31) gives:

R, = [-9.674 5.8422]

and then:

F=+p)F, = [-38.69 23.36]
According to  (32), H(<o) is
by: H(eo) = —12.4554 and

given

~ T

H(eo)o= [-161.9202 -62.2770] < —eq

We obtain the desired results given by:

o(A +BF) = {- 2.3120,-0.9998 }

o(A +(1+B(1-e ")BF),_, ={-23120-11.0358 }
o(A +BF ) = {-2.3120-12.5152 }

Note that the eigenvalues -2.3120 is common to A
and A + BF0

According to the result given in (Benzaouia and
Baddou, 1999), we choose N=3 and H ; such that
FoA + FOBF0 = HoFo and Hoq < -eq, which
implies from (31) that HO = H(0) — ofl = -1.02.
From (Benzaouia and Baddou, 1999), if we choose
Oy = 1.01, we obtain the following results, with:
o(A + BF) = {- 0.9998,-2.3120 }

(A + (o, )BF) ={-1.0581 2312} .

(3]
o(A + (a[3])23|:0) ={-1.0968 ,-2.3120 }.

3
o(A + (oc[3]) BF) = {-11359 2312},

Finally, the dynamics amelioration is guaranteed by
the choice of thisregulator. The state and the control
components for time varying control, piece-wise
control (Benzaouia and Baddou, 1999) and for a
fixed gain chosen to be F_, the initial gain is

represented in figure4 and figure5 respectively.
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Example2
Consider the system (1) with:
1 -2 -3 1 0.2
A=|045 -4 4 1,B=/03 -1
2 -09 15 0 -05

Matrix A is unstable,
i.e, o(A) = {1.5046, 14.2937, - 3.7983 }

q=[37 26 258 7 .
Wechoose o =0.1and f=2.

Let:
[—0.4 o]

H(0) =
0 -03

By applying the agorithm, the resolution of
equation (31) gives:
—-4.5443 1.9614

F =
~1.7706

3.9817 31.0186

- 17.4774}

and

-136329 58842
F =(1+B)F, =

- 524322]

119451 -53118 930558

If we choose € = 0.1, according to (32), we obtain:
-85118 11.7369

H(e) =

6.9010 —26.3847
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With : 6(H(e)) = {~4.7653,-30.1312} and :

H(w)q=[-9.772 -4306652 -137.4461 -6.6471] T
<—eq

Finally, we obtain the following results:

o(A+BF)= {-0.6,-0.5,-3.7984}

o(A+(+p(i-e ")BF)_ ={-192356-3227537984}

o(A +(1+B)BF) = {-30.1312,-4.7653,-3.7984}

Notethat -3.7984 isacommon eigenvalues of A,

A+ BF0 and A + (1+ B)BFO.

Furthermore,

Re(ki(H(eo)) < Re(ki(H(O)) ,i=1...,m

Which means that in the control, the dominant

eigenvalues of H(e) is more stable than the

eigenvalues of H(O) .

According to the result given in (Benzaouia and
Baddou, 1999), we choose N =3 and a diagonal

matrix H0 such that F0A+FOBFO:HOF0 and

H od < —€q, which implies from (31) that:

-06 O
HO=H(0)—0cBI=[ ]
0 -05

From (Benzaouia and Baddou, 1999), we obtain

< i =
3] <1.0260, if we choose a[s] 1.025, we

obtain the following results, with:
o(A + BF) = {~0.6,-0.5,-3.7984}

o(A + (0, )BF) = {- 0.6361,-0.9117,-3.7983} .

(3]
o(A + (oc[sl)zBFO) = {- 0.6955,-1.3119,-3.7983}
o(A + (oc[3])3BF ) = {- 0.7546,-1.7247,-3.7983}

Then, compared to the results given in (Benzaouia
and Baddou, 1999), the dynamics amelioration with
a time-varying regulator is guaranteed and is better
than that derived in (Benzaouia and Baddou, 1999).

The state and the control components for time
varying control, piece-wise control (Benzaouia and
Baddou, 1999) and for a fixed gain chosen to be F_,

the initial gain is represented in figure2 and figure3
respectively.

CONTROL
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—Tievayingreg
- % Fecewisecatrd

Iritial gein A

; — Tinevayirgreg
25 --=--Fecewisereglaa

2
2
1
1
0
0f -+~ Iitid gpin FO

[ - D L
A0 1 23456780910 01 2 3 4 5 6 7 8 9 10

Tirre Time

Time
Figure 2: Space state
Tigetcreck (1) Tigatoreck 29

M 2345678090 2 4 6 8 D©
o Tems
Figure 3: Control Evolution

6 CONCLUSION

In this paper, a time varying regulator is derived
for linear continuous time systems. Necessary and
sufficient conditions for domain D(F(t),ql, q2) to

be a positively invariant set w.r.t. system (6) are
given. The proposed technique guarantees the
admissibility of the control and enables system in
the closed loop to admit the largest non-
symmetrical constrained control. The asymptotic
stability of the origin is aso guaranteed. The
results have been shown to be better than the
literature ones.
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APPENDIX |

Matrix norm ML

The matrix norm given by the vector norm:

[2]., = mexmaq 2 5
I

9 9
isgiving by
M = max |[Mz
ML = s Iz,
then :
+ _
Mz). (M2).
[z = maxmag 0 82
|
9 4,

For this, we use the result of (Benzaouia and Burgat,
1989 -h, ¢)

M) M) M) +0) |

|M2_ =maxm
|

9 %

Thus, M|, =
j j j j

max m %im+ q—z T'zq—.lm 2 m"
. J:lq'l ij qll ij J_llz ij Q, ij
APPENDI X I

NOTATIONS: If x is avector of E)in then:

xiJr = sup(x,,0) and x, =sup(-x,0), i =1,...,n

We will further note the following: for two vectors x, y of
%n :
X £y (Respectively, X < V) if X; < Y, (respectively,

X; <yi) i=1,...,n.

nxn
|n istheidentity matrix of R}~ ; G(A) denotes the spectrum
of matrix A; Re(A) the real part of the eigenvalue A and
ki(A) the ith eigenvalue of A. LL(A) the measure of A ,

m m
Int(R, ) is the interior of R, whereas 0D denotes

the boundary of D. Ker F isthe null space of matrix F.



