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Roundabouts pose complex challenges for autonomous vehicles. Approaching and crossing them safely re-

quires a significant amount of information, much of which is typically unavailable. With autonomous vehicles
becoming increasingly prevalent on the roads, new approaches are necessary to address these upcoming is-
sues. While platoons and distributed control have been extensively studied in the past decade, roundabouts
have received less attention. This paper presents a distributed Nonlinear Model Predictive Control (NMPC)
approach using the Alternating Direction Method of Multipliers (ADMM) to utilize virtual platooning and
enhance the throughput of a roundabout without requiring approaching vehicles to come to a stop. Instead, it
manages the velocity of each vehicle while maintaining a safe distance. The proposed approach is validated

through two case studies.

1 INTRODUCTION

Platoons represent a fundamental step in autonomous
driving to group vehicles by similar paths and in-
crease road throughput.

Concerning autonomous driving, the additional
degree of complexity in automating the displacement
of multiple vehicles at once is given by the coordi-
nation that they need to provide overtime to avoid
collision and ensure optimal behaviour for the other
agents on the road. When dealing with highway sce-
narios, many works of literature provide techniques
to handle one-dimensional displacement over time
(Bozzi et al.,, 2021) comes up with a robust algo-
rithm to optimally space and enhance safety on high-
ways, while (Bengtsson et al., 2015) proposes proto-
cols for highway platoon merge. On the other hand,
one of the main bottlenecks in autonomous driving
is represented by intersections. Huge efforts have to
be put into designing safe and high-performing algo-
rithms to handle the travelling order. Cooperative ap-
proaches may help in improving intersection through-
put (Wei and He, 2022), even if when vehicles ap-
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proach roundabout they usually are independent of
the others. Thus, if they happen to share the same
path after the intersection, a coordination mechanism
is needed to merge them into a platoon for consequent
road sections. Order criteria should consider both the
distance from the insertion point and the long-term
efficiency properties that a specific formation has, as
stated in (Alam et al., 2014) (i.e. vehicles should
be ordered by braking capacity). Control strategies
can be applied to tackle intersection coordination with
the ultimate goal of reducing the travel time of ve-
hicles inside those areas (Wang et al., 2022). How-
ever, from the intersection perspective, the main goal
surely remains the choice of platoons’ order based on
their arrival at the intersection. Afterwards, several
works that analyse manoeuvres within a platoon may
be considered to modify the initial formation (Lam
and Katupitiya, 2013; Bozzi et al., 2022). In (Masi
etal., 2022), virtual platooning is implemented to pre-
dict future situations of a roundabout by creating oc-
cupancy intervals and making decisions to avoid col-
lisions.

The aforementioned works deal with the design
of feasible trajectories for vehicles to pursue. As a
matter of fact, to physically prompt input, the vehi-
cle’s dynamics should be taken into account. This is
needed to ensure more reliable behaviour over time.
With this aim, Model Predictive Control (MPC) is ex-
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ploited in different scenarios of autonomous driving.
For instance, (Tang et al., 2020) couples the MPC
with a kinematic model for path-tracking purposes,
while (Graffione et al., 2022) uses a nonlinear MPC
(NMPC) to handle both longitudinal and lateral dis-
placement in the insertion and exit of a vehicle pla-
toon.

In control engineering, the Alternating Direction
Method of Multipliers (ADMM) is widely used to
guarantee a robust, method for solving large prob-
lems by iteratively solving corresponding subprob-
lems, which ensures a sort of coordination between
each agent, as implemented in (Liu et al., 2022) for
energy resources. There exists also a consensus-based
approach in which agents communicate with each
other until convergence. A recent example with multi-
robot teams can be found in (Haksar et al., 2022).

The scalability and feasibility of the ADMM have
been also tested in an urban traffic problem (Li and
De Schutter, 2021). A distributed model-free adap-
tive predictive control has been proposed for multi-
region urban traffic networks. The proposed method
has been tested in a real case study in China in the
traffic network of Linfen. The simulation results show
that the distributed model proposed yields better per-
formance than the fixed-time control and centralized
MPC controller.

In the management and control of a fleet of fuel
cell cars, a comparison of three different distributed
control strategies based on dual decomposition has
been shown (Alavi et al., 2019). The partial method
has the most negligible loss of performance when the
number of cars in the system is small.

This work proposes a dual-level controller to han-
dle the crossing of roundabouts and consequent merg-
ing as a platoon. The high-level controller exploits the
consensus-based ADMM to coordinate independent
vehicles to form the platoon, while the decentralized
low-level MPC tries to pursue the optimal trajectory
for each element to respect the scenario provided by
the other controller.

This paper is organised as follows: Section 2
presents the problem formulation and the proposed
approach, while Section 3 introduces the two case
studies analyzed and the results that validate the ef-
fectiveness of the work. Finally, the final remarks are
in Section 4.

2 METHODS

This section will focus on the methods used to imple-
ment distributed control through virtual platooning.

296

2.1 Simulation Environment

Let’s consider a roundabout with four approaching
and leaving roads. Each road (roundabout included)
has only one lane and is described by a sequence of
points called ”Joints” connected between each other
with an ”Arc”. Each ”Arc” is defined by a sequence of
points, derivatives, lengths and directions (approach-
ing lane, leaving lane or in a roundabout). Fig. 1
shows a roundabout used in this paper.

Figure 1: Roundabout example. Each big dot represents a
Joint and each line connecting the two joints is an Arc. The
smaller black dots are the points describing the Arc. The red
Joints are the “’Critical Joints” where a collision may occur.

Given an Arc length / and a path for each vehicle
defined by a series of Arcs, the curvilinear distance
d; j between vehicle i and the "Critical Joint” J is

dig=Y I (1)

keP;

Given N homogeneous autonomous vehicles, the
goal is to exploit virtual platooning to make a clean
passthrough of the roundabout for all vehicles. It
is also supposed to have a central unit placed in the
roundabout with the sole objective of computing the
platoon order and being a communication bridge be-
tween vehicles.

2.2 Vehicle Model

The vehicle in this work is described with a second-
order differential equation that considers only the lon-
gitudinal displacement and velocity with acceleration
as input. Thus, the discrete-time model for vehicle i
is

Vilk+ 1) = Vi(k) + Ata;(k) 2)

{Si(k+ 1) = si(k) + AtVi(k) + 1A, (k)
Where £ is the time instant, At is the sample time, s
is the longitudinal displacement, V is the longitudinal
speed and a is the longitudinal acceleration.
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The model (2) for vehicle i can be written in state
space form X;(k+ 1) = AX;(k) + BU;(k) where X; (k) is
the state vector at time k, U;(k) control vector at time
k and A and B are state and control matrices. How-
ever, to have a general formulation of the approach,
the following notation is chosen

X; = fi(X;,U;) 3)

Which is discretized through the Euler method, result-
ing in

Xi(k+1) = Xi(k) + Acf(Xi(k), Ui(k)) (4

2.3 Virtual Platooning

Virtual platooning makes it possible to represent mul-
tiple vehicles inside a road infrastructure as a platoon
moving in one direction. The goal is to find an order
of vehicles such that it would be possible to enter a
roundabout without stopping.

The controller’s goal is to adjust the distance be-
tween platoon members ensuring safety during the
roundabout crossing. Various studies discuss which
technique and which information should be consid-
ered to make a platoon effective and stable. In this
work, each member will consider the distance from
the preceding vehicle and the leader as in (Graffione
et al.,, 2022). This configuration reduces the oscil-
lation caused by a string-like formation while giv-
ing great results in terms of stability and convergence
time.

A platoon can be defined as a concatenation of each
vehicle’s system as follows

Xk+1)=(I®A)X(k)+(I®B)U (k) 4)
Where X and U are the state and control vector of
the platoon, N is the number of vehicles, [ is an iden-
tity matrix of size N and the symbol ® represents the
Kronecker product. The proposed algorithm (Alg. 1)
to compute the virtual platoon is supposed to be exe-
cuted by a central infrastructure in the roundabout and
then propagated to the involved vehicles. Fig. 2 is an
example of the application of the algorithm.

2.4 Platoon Distance Controller

The platoon obtained by the algorithm 1 needs to be
controlled to keep its formation and safety distance
while each member is approaching the roundabout.
Consider N vehicles indexed as 1,2,...,N where
1 is the leader and the exchange of information is
managed by a central unit placed in the roundabout.
The information used by vehicle i is the distance be-
tween its preceding vehicle and the leader of the pla-
toon. Thus, the proposed control model aims to min-
imize the square divergence of the longitudinal speed

foreach Time instant do

Search for common critical joints j
among vehicles based on their path;

Check curvilinear distance d; ; between
each vehicle i and common critical joint
Js

Find the closer critical joint J and the
corresponding vehicle /;

Sort the distance vector d, , resulting
order is the platoon formation;

end
Algorithm 1: Virtual Platooning Algorithm.

-- dl,J
2)
- d3’J

el s )
4 1 2 3
Figure 2: Example of virtual platooning. The distances of
each vehicle from the critical joint J define the order of the
virtual platoon and the initial condition for the controller.
This process is repeated every time step by a centralized an-
tenna that works also as an Access Point for all vehicles.
Each member of the virtual platoon will consider its pre-
ceding vehicle and the leader as a reference for the inter-
vehicular distance control.

of each vehicle to a reference value and the intra-
vehicular distance between each member of the pla-
toon i and its preceding vehicle and the leader. The
proposed approach employs a non-linear predictive
approach where the model (linear or non-linear) is
used to predict the trajectory state along a time hori-
zon to optimize the control action to the predicted
state and the desired state.
The cost function at time k is defined as follows:

Hp—1 N
J(X(k),U(k)) = kz (2241 (s1(k) = si(k) = (i — 1)daes)*+
—1 i=
+q1(si(k) = si-1(k) — daes)*+
+q2(Vi(k) = Vres)?)+
+r1a,-(k)2
(6)
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Where H), is the prediction horizon of the controller,
q1, 92, q3 and r; are weight parameters, dg.s is the
safety distance and V. is the reference speed.

Remark 1. The reference speed of the leader is Vi.r
as well. The difference from the other vehicles lies
in the fact that it does not consider the distance from
other vehicles since it is in the front of the platoon.

The minimization of the cost function defined in
(6) is minimized every time step k, resulting in the
following Non-Linear Model Predictive Control ap-
proach

ml}I}l’n[}lze J(X(k),U(k)) (72)
subject to equation(5), (7b)
Vinin < Vi(k) < Vina, (7¢)
amin < ai(k) < amax, (7d)

Amin < si(k) — si—1(k) (Te)

Where for constraint (7b) k = 1,...,H, and for con-
straints (7¢),(7d),(7e) k = 1,...,H, with H. < H,,.
Value H, is the control horizon in which the control
is optimized, which is usually between 10% and 20%
of the prediction horizon. For k > H,,, the optimal
control action is kept constant with the last computed
value of U. To ensure safety and avoid collisions, it
has been added a minimum distance between vehi-
cles that consider the length of the vehicle. To im-
prove the efficiency and accuracy of the controller, a
Direct Multiple Shooting Method is used (Bock and
Plitt, 1984). This approach approximates the time
horizon in a set of n sub-intervals [t;.Ti11]. At each
sub-interval, the initial condition of the state vector
and control are parametrized as

Uk)=V; for t€lttit1]
X(kj) = hi
i=0,1,....n—1
(8)
Thus, to ensure the continuity of the solutions, two

other constraints are added to the problem, and the
cost function is slightly changed:

n—l ey
10=% [TIw.vimd o)

Jj=17%

mi}r}i’nlljize J(X;(k),V)) (10a)
subject to  hp—X(0) =0, (10b)
hjo1—X(kjs1,h;,V)) =0,  (10c)
8(hj,Vj) =0 (10d)

Where constraint (10b) is the initial condition con-
straint, (10c) is the continuity constraint that assures
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that the computed solution is coherent among subin-
tervals, (10d) contains all the constraints defined by
(7¢),(7d) and (7¢) and other non-linear constraints if
required.

2.5 Distributed Control

In a real-case scenario, a distributed control would
be the best choice to handle such a computationally
heavy problem. Thus, to design a Distributed NMPC,
a distributed control approach based on the Consensus
Alternating Direction of Multipliers is proposed.

The Consensus ADMM is employed in scenarios
where multiple agents share a common objective but
simultaneously face conflicting interests. By defining
the common global variable 7 and the local decision
variables x;, the problem is defined as follows

N
minimize ; Silxi)

(1)
subjectto x;—7z=0 i=1,...,N

The problem (11) is computed on each agent i and its
result consists of an optimal control ;(k) and a state
estimation of other agents (depending on the agents’
interconnection in the system). All of these estima-
tions are used to estimate an average state value for
each agent resulting in a new value of 7 to use in the
next optimization step for each agent i. The platoon
members will agree only with the vehicles they are in-
terested in. Thus, the ADMM algorithm is as follows

! =min () ot Sl 21B) 020

Al :mZin (Z (_y{gTZi_,_%Hx{;Jrl —Zi%>> (12b)
i—1

W =yt 2t (12¢)

Where equation (12a) is the local variable optimiza-
tion step, (12b) is the z-update step that results in the
average of the agents according to the agents’ inter-
connection and finally (12c¢) is the dual variable up-
date. From an implementation point of view, steps
(12a) and (12c) can be dragged out in parallel on each
agent. Instead, step (12b), requires synchronization of
the information exchange or some kind of prediction
in case of missing data. In this paper, it is supposed
that the vehicles are synchronized without data loss.
Further work will include this event.

In order to use the ADMM formulation (12), it
is required to define the functions f;(x;) and the set
of local variable x; for each agent from the central-
ized cost function (9). Local variables for the platoon
leader are related only to the leader itself since it is in
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front of the platoon. The second vehicle has only the
distance from the preceding vehicle which is also the
distance to the leader. All the other vehicles will have
both distances from the leader and the preceding ve-
hicle. According to this reasoning, the local variables
are as follows

; X
X=X, x= {Xé]

X (13)

Xi = Xl'fl withi=3,...,N

X;

and the functions f;(x;) are

Hp
fi) =Y @2(Vi = Veey)? + 1107
k=1

. (14)
P
fil) =Y (X — %) 0i(X — Xi) + U RiU;
k=1
where i =2,...,N. Thus
§1—52 dies a
X = 1% XnZ = Vref Uy, = l:a2:|
\%) Vref
Q> =diag(q1,92,q2) R> =diag(ry,r2)
$1—8i—1 dges (15)
S1— S8 (i - l)ddey
s Si—1 —Si ym = dde: U = aa.l
T V] i — Vref [ ;—1
\%3 Vref !
V3 Vre_f

0; = diag(q113x3,9213x3)  R; = diag(ry,r2,13)

3 RESULTS

The proposed algorithm has been tested and evalu-
ated in two different scenarios. The two case studies
are reported to show the effectiveness of the proposed
method. The case study does not consider real-size
vehicles but Wheeled Mobile Robots (WMR) 25 cm
long and 18 cm wide because further development in-
cludes a real-time implementation of physical steer-
ing WMR to validate the approach even in a real case
scenario. However, this does not invalidate the results
since vehicles and road sizes are simply scaled, ensur-
ing consistency in the whole execution.

The first case study (Fig. 3) consists of three vehi-
cles, two in the roundabout and one on an approach-
ing lane, the second one (Fig. 4) consists of five vehi-
cles, one inside the roundabout and four vehicles on
three different approaching lanes.

Numerical simulations have been conducted on
Matlab with a variable number of vehicles inside and
outside the roundabout.

Figure 3a shows the initial condition of the round-
about where each vehicle has an initial speed of 0.1
m/s and an inter-vehicular distance that does not re-
spect the bounds defined in Table 1.

Table 1: Main parameters used.

Param | Value | Unit | Description
q1 1 Gain on platoon distances
q 10 Gain on state variable V
{123} 1 Gain on control variable a
Ts 0.1 s Sampling time
H, 10 Prediction Horizon
H, 2 Control Horizon
Ayes 055 | m Inter-vehicular distance
doin 045 | m Minimum safety distance

In the first instant of the simulation, the algorithm
1 defines the order of vehicles as (1 —3 —2), and
then the ADMM is initialized on each one (Fig. 3a).
The estimation of other vehicles is initialized on each
agent as a zeros state. At this point, the control makes
vehicles 1 and 2 respectively accelerate and decelerate
(as shown in the first seconds of Fig.5c) to create more
space for vehicle 3 to enter. In the meanwhile, the ve-
locity of all vehicles converges to the reference even if
the distances have priority for safety reasons. Figure
3c shows the instant when vehicle 3 enters the round-
about, already at a safe distance from the other vehi-
cles, finally able to continue on its path while main-
taining the formation (Fig. 3d. The results shown in
Fig. 5 prove the convergence of both distance and
speed through the simulation.

The second case study considers vehicles at an ini-
tial speed of 0.1 m/s. The computed platoon’s order is
(4 —3 —5—1-2), indicating critical inter-vehicular
distances between vehicles 1 and 5, as well as be-
tween 3 and 5. Conversely, vehicles 3 and 4 have
substantial distances to reduce to mitigate congestion.
Fig. 4a shows the initial position of vehicles and
6b shows in detail the initial distances. As a conse-
quence, the required control action of each agent is
stronger resulting in a slower convergence time (about
15 seconds against 10 seconds in the first case study).

Fig. 4b and Fig. 6b show that vehicles 1 and 2
slow down to increase space between 1 and 3 and let
5 enter the roundabout. Vehicle 2 slows down as a
consequence of vehicle 1 deceleration. Fig. 4c shows
moments before vehicle 1 enters the roundabout, fol-
lowed by vehicle 5 which is placed right before in the
platoon order. Finally, Fig. 4d shows all vehicles in
formation and continuing their programmed path (ve-
hicle 4 is leaving the roundabout).
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(a) Initial condition of the
roundabout.

(b) Vehicles 1 and 2 create
more distance to let vehi-
cle 3 enter.

(d) All three vehicles pro-
ceed along the roundabout
keeping a safe distance.

(c) Vehicle 3 successfully
enters the roundabout.

Figure 3: First case study. Two vehicles were inside the
roundabout and one on the approaching lane.

(a) Initial condition of the
roundabout.

(b) Vehicles create more
distance to let the vehicles
outside the roundabout en-
ter.

(c) Vehicle 3 successfully (d) All vehicles success-
enters the roundabout and fully enter and proceed
vehicles 1 and 5 are close along the roundabout

to enter. keeping a safe distance.

Figure 4: Second case study. Five vehicles are involved in
this scenario. Four vehicles are approaching the roundabout
and the last one is already in it. Fig. 6b shows the distances
during the simulation. Fig. 6c shows the speeds during
simulation.

4 CONCLUSIONS

The proposed approach consists of a distributed
NMPC through ADMM exploiting virtual platooning
to let vehicles enter a roundabout without stopping.
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Figure 5: Results of the first case study. Fig. S5a shows

the longitudinal displacement of vehicles and the platoon’s
order. Fig. 5b and Fig. Sc show the distances and speeds.

Two case studies with three and five vehicles are pro-
vided to prove the effectiveness and broadly assess
the scalability of the algorithm. The results demon-
strate satisfactory performance, despite the simplic-
ity of the algorithm used to construct the virtual pla-
toon. Improvements can be made by considering the
initial inter-vehicular distance to ensure a smoother
response from the controller. Additionally, incorpo-
rating “’time-to-arrival” prediction would be essential
for assessing collision risks caused by the controller’s
slow convergence.

Although the results consider a case study with a
limited number of vehicles, it is crucial to anticipate
unexpected behaviors when scaling up to accommo-
date a larger number of member. Further studies will
be conducted to evaluate the effectiveness of this im-
plementation depending on the number of vehicles in-
side the roundabout.
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Figure 6: Results of the second case study. Fig. 6a shows
the longitudinal displacement of vehicles and the platoon’s
order. Fig. 6b and Fig. 6¢c show the distances and speeds.
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