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Abstract: In the last decade, the demand for renewable energy sources has been increased due to factors which include 
the rising fuel price and pollution, and consequently research on solar energy sources has been increased to 
improve their efficiency. Photovoltaic Thermal (PV/T) system provides electrical power and heat 
simultaneously, which is the promising technology. This research paper illustrates the simulation of the 
comprehensive thermal-based mathematical model of the PV/T system with the joint estimation of the system 
states: the temperature at each node, and disturbance using Fractional-High Order Sliding Mode Observer 
(HOSMO). A fractional-order differential equation describes the PV/T system because of its characterization 
in heterogeneous media and its multilayers structure. Fractional–HOSMO is a robust observer that can be 
used further for the reduced-sensor control of PVT, which can be comparatively cheap. The parameter values 
are derived from the thermal configuration of the layers and the properties of constituents. 

1 INTRODUCTION 

The photovoltaics (PV) system is affected by external 
climatic conditions, so its electrical efficiency 
decreases rapidly as its temperature increases. In recent 
years, researchers have studied PV/T, which combines 
both PV solar cells and thermal collectors to enhance 
the overall efficiency and performance (Lobera, 2013; 
Cui Young, Abd El-Samie and Alayi, 2020). The 
impact and importance of heat transfer fluid like water, 
air, nanofluids, and the other fluid types have been 
described on the characterization and performance of 
the PV/T system (Esfe, Eisapour, Salari and Alayi, 
2020; Jiang Q, 2018). A water-based PV/T system is 
commonly used in domestic because it is quite simple 
and economical as compared to other types. It shows 
improved performance and enhanced efficiency of the 
thermal PV/T from the indoor and outdoor experiments 
(Al-Waeli, 2018). A thermal-based model for the PV 
module, integrated with a solar air collector, is 
presented. The PV module temperature can be 
minimized and controlled from changing the mass flow 
rate of air to optimize the performance of the module 
(Joshi, 2009). The thermal and electrical-based model 
of PVT is designed to study the rational behaviour of 

thermal and electrical parameters such as PV 
temperature, fluid outlet temperature, and open-circuit 
voltage in (Sarhaddi, 2010). A thermal model of 
building and heat transfer in heterogeneous media has 
designed using a fractional-order approach. Fractional 
derivative order is an indicator of the building's heat 
capacity (Skruch, 2013). In (Sierociuk, 2013), general 
equations for heat process in heterogeneous media is 
suggested by considering dispersed heat flux in the air 
around the beam. A fractional-order partial differential 
equation is derived for the sub or hyper diffusion 
process in that particular media. 

Fractional differentiation operator is the 
generalized form of the simple integer differentiation 
operator. It is crucial to model real-world phenomena 
because of its hereditary properties and applications, 
and many basic concepts of control field like 
observability, controllability concepts and stability 
condition has extended to general FOS (Monje, 2010; 
Sabatier, 2012; Birs, Yıldız, Giusti and Acay, 2020). 
A generalized thermal-based PV/T system model is 
discussed in (Ouhsaine et al., 2017). The performance 
of the fractional observer is explained for the 
proposed fractional-order systems for pseudo-state 
estimation (Belkhatir, 2017). Many authors suggest 
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the integer-based high order sliding mode observer 
using Levant differentiator under unknown input 
(Levant, 2007; Chu and Feng, 2020). 

This paper presents the fractional-order thermal-
based model of the PVT system in state-space 
representation. Irradiation factor and PV cell 
parameters, which are very critical to the PV/T, are 
also taken into account in the proposed system. 
System states and disturbances are estimated by using 
fractional order high order sliding mode observer 
from the output temperature state of the PV/T system 
under some disturbance. The impact of the 
differentiator gain of the observer is explained in the 
estimation of states and disturbance. 

The structure of this research paper as follows: 
Section 2 describes the main problem statement and a 
thermal-based model of the PV/T model by 
fractional-order equations in state-space 
representation. Fractional HOSMO is presented for 
the system under disturbance in section 3. Simulation 
is performed to illustrate its performance under 
disturbance for the pseudo-states and disturbance 
estimation of the given system, and the effect of the 
differentiator gain on estimation error in section 4. 
The research paper is concluded and delivers the 
outlines for future work in section 5. 

2 PROBLEM STATEMENT  

External Temperature, Irradiation, and fluid 
temperature are the inputs which have been applied to 
the PV/T system in Figure 1. 

 
Figure 1: Disturbance & States estimation of the system. 

The main objective is to estimate all the 
temperature states of PV/T model design described by 
the fractional-order differential equations because of 
its characterization in heterogeneous media and its 
multilayers structure. 

Fractional- HOSMO is used to estimate all the 
node temperatures of each layer and disturbance 
using the PV cell temperature as output. Fractional 
HOSMO uses differentiators to converge the 
estimated temperature states on the actual 
temperature states. 

3 PVT MATHEMATICAL 
MODELLING 

3.1 System Description 

PV/T converts sunlight into electricity from the solar 
cell, and it captures the residual heat energy and 
eliminates it from the PV module using the solar 
thermal collector. Figure 2 elaborates on the essential 
heat transfer principle and specific arrangements of 
its components in the 2D scheme.  

 
Figure 2: PV/T multilayer structure. 

In the first layer, there is a glass cover that 
provides more extended durability to the solar cells 
and higher design flexibility compared to other 
encapsulating technologies. Then, the second layer is 
made of Ethylene-vinyl acetate (EVA), which is an 
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electrical insulator. The third layer is the PV cell, 
which is the most crucial component to generate 
electricity from solar irradiation. In the fourth layer, a 
copper absorber is employed to absorb the extra heat 
directly from PV cells. After these layers, a heat 
exchanger flows under fixed small channels to extract 
the excessive heat from the system. The use of base 
heat transfer fluid (HTF) is essential to ensure better 
cooling for the PV panel and heat gain for the thermal 
system's output. Then this thermal energy can be 
utilized for domestic use or heating purposes. In this 
particular model, the heat transfer fluid is water. In 
the last layer, there is a thermal insulator, which 
prevents the heat flows through the sink. 

3.2 Mathematical Modelling 

Let assume the HTF (water) temperature is uniform. 
Then, the following equation proposes the dynamic 
behaviour issued from the thermal balances in each 
layer. 

Following equation describes the fractional based 
heat diffusion (Ouhsaine et al., 2017):  

                     𝐻ሺ𝑡, 𝜆ሻ ൌ 𝜅 డഀడ௧ഀ 𝑇ሺ𝑡, 𝜆ሻ                       (1)                      𝜌௜𝑐௜𝑒௜ ௗഀ்೔ௗ௧ ൌ 𝑄௜௜௡ െ 𝑄௜௢௨௧                      (2) 

Where i is the index number for each layer, and 
ρ,c,e correspond to density, heat capacity, and 
thickness of manufacturing materials in each layer, 
respectively     𝜌௜𝑐௜𝑒௜ ௗഀ்೔ௗ௧ ൌ 𝑈௜ିଵሺ𝑇௜ିଵ െ 𝑇௜ሻ െ 𝑈௜ሺ𝑇௜ െ 𝑇௜ାଵሻ   (3) 

Fractional state-space representation: 𝐷௧ఈ𝑥ሺ𝑡ሻ ൌ 𝐴𝑥ሺ𝑡ሻ ൅ 𝐵𝑢ሺ𝑡ሻ 𝑦ሺ𝑡ሻ ൌ 𝐶𝑥ሺ𝑡ሻ 
(4)

Where A is the state matrix, B is the input matrix, 
C is the input matrix of the system. 
 
System matrix (A) is 

 

 
  
 
 

Input matrix (B) is 
 

 
   

Where ( ) [ ]1, 2, 3, ,  7x t T T T T= …  is the 
state vector of temperature at each node, and 

( ) [ ]f, ,Tu t Text G=  is the input vector, here  

f,  &  TG Text  are irradiations, external 
temperature, and fluid temperatures respectively. 

4 FRACTIONAL HIGH ORDER 
SLIDING MODE OBSERVER 

Many sensors are required for the measurement of 
states, so they are costly and complicated. System 
state measurements may be too noisy due to the 
presence of disturbance. Therefore, to solve this 
problem, system states are estimated by the help of 
Fractional HOSMO. The advantage of this observer 
is that it also estimates the disturbance added in the 
system if it is bounded. 

Following assumptions should be satisfied by the 
system (Belkhatir, 2017):  

• Assumption 1: The system should be 
completely observable  

• Assumption 2: The relative degree of the 
system concerning unknown input should be 
n. It shows that the system is strongly 
observable. 

• Assumption 3: The unknown input and its 
derivative should be bounded a function of 
Lebesgue measurable. 

The following equations give fractional HOSMO:         𝐷௧ఈ𝑧ሺ𝑡ሻ ൌ 𝐴𝑧ሺ𝑡ሻ ൅ 𝐵𝑢ሺ𝑡ሻ ൅ 𝐿൫𝑦 െ 𝐶𝑧ሺ𝑡ሻ൯      (5) 
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 (6)  
               𝑥ොሺ𝑡ሻ ൌ 𝑧ሺ𝑡ሻ ൅ 𝐾𝑣ሺ𝑡ሻ                    (7) 𝜉መሺ𝑡ሻ ൌ 1 𝑑ൗ ሾ𝑣௡ାଵ െ ሺ𝑎ଵ𝑣ଵ ൅ ⋯ ൅ 𝑎௡𝑣௡ሻሿ      (8)  

Where z ∈ ℝ୬ and L ∈ ℝ is the vector and gain of 
Luenberger observer (5) respectively, v ∈ ℝ୬ାଵ and 
M is the vector and gain of differentiator (6) 
respectively where the sliding surface is defined, 
constant 𝑑 ൌ 𝐶ሺ𝐴 െ 𝐿𝐶ሻ௡ିଵ ,  xො  is pseudo-state 
estimation vector and K is a correction gain which is 
inverse of observability matrix in (7),  a୧ ∈ ℝ  are 
coefficients of 𝐾ିଵሺ𝐴 െ 𝐿𝐶ሻ𝐾  in the estimation of 
disturbance 𝜁ሺ𝑡ሻ. 

5 SIMULATION  

Table 1: The values of important parameters. 

 
 

The simulation illustrates the performance of the 
observer for the given PV/T system. There are two 
cases: 

I. Disturbance free 
II. Disturbed system 

Now after putting the values of parameters as 
given in table 1, system matrices are as follow: 
 

𝐴 ൌ
⎣⎢⎢
⎢⎢⎢
⎡െ1.19 0.180 0 0 0 0 00.41 െ0.61 0.24 0 0 0 00 0.79 െ1000.5 1001 0 0 00 0 202 െ298 96 0 00 0 0 56.1 െ56.7 0.14 00 0 0 0 2.36 െ2.30 0.010 0 0 0 0 1 െ20.70⎦⎥⎥

⎥⎥⎥
⎤
 

 
The parameter values are taken from the manual 

of the apparatus (PVT system) in the laboratory of 
National University of Sciences and Technology 
Islamabad, Pakistan. 
 

The output matrix will be 
 

[0 0 0 0 0 0 1]C =  
The following system is observable. The system 

is at rest and taking initial condition zero. Inputs is 
[30,900,18]. The different values of input can be 
taken according to the model.  

5.1 Case 1: Disturbance Free 

Differentiator gain is M=5, and the gain of the linear 
observer part is 𝐿 ൌ ሾ500 100 15 20 5 10 5ሿ் 

 
Figure 3: States estimation error without disturbance. 

Figure 3 shows that, in the absence of unknown 
input or disturbance, HOSMO will simultaneously 
ignore modeling ambiguity and easily estimate the 
system states. 

5.2 Case 2: Under Disturbance 

In this case, the system has perturbed by 
incorporating the disturbance in the first state of the 
system. The observer should estimate it accurately so 
that some suitable controller can eliminate its effect 
using this disturbance estimation. The disturbance 
added in the system is 𝜁ሺ𝑡ሻ ൌ 10sin ሺ2𝜋𝑡ሻ .                              
Differentiator gain is M=25. 
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Figure 4: System states under the disturbance. 

Figure 4 shows the effect of the disturbance in 
which systems states have been disturbed. System 
state showing the nonlinear behaviour due to 
nonlinear disturbance. 

 
Figure 5: States 𝑥ଵ, 𝑥ଶ, 𝑥ଷ and their estimated states. 

Figure 5 shows that the estimated states of (T1-
T3) converging on the system states at 0.25 second. 

 
Figure 6: States 𝑥ସ, 𝑥ହ, 𝑥଺, 𝑥଻  and their estimated states. 

Figure 6 shows that the estimated states of (T4-
T7) converging on the system states at 0.15 second. 

It is shown that observer is still estimating the 
status smoothly under the disturbance because all the 
estimated states of the observer are converging to the 
systems states smoothly within 0.25 sec in Figures 5 
and 6.  

 
 

5.2.1 Estimation Error for Observer 

The estimation error is the measure of the 
performance of the given observer. 

 
Figure 7: The estimation error for all the states. 

Figure 7 shows that the estimation error for all 
states is zero when all the estimated states converge 
to the system states within 0.25 second. 

 
Figure 8: The estimation error for disturbance.  

Figure 8 shows that the estimation error for 
disturbance is zero when the estimation of 
disturbance is converging to the actual disturbance 
within 0.3 second. 

It is shown in figures 7 and 8 that states and 
disturbance estimation error is high in the start, but it 
becomes zero at 0.25 sec when estimated states 
converge on system states. Therefore, these graphs 
are evidence of the excellent performance of the 
given observer. 

5.2.2 Effect of the Gain M 

 
Figure 9: State-estimation errors for M=50. 
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It illustrates the effect of the differentiator gain M on 
the convergence and amplitude of error. There exists 
a compromise between convergence and overshoot of 
estimation error. 

 
Figure 10: State-estimation errors for M=200. 

The overshoot of estimation error is increasing 
from 600 to 1000 as gain is increasing from 50 to 200. 
While the convergence in the second scenario will be 
better than in the first scenario  

Figures 9 and 10 elaborate that there exists a 
trade-off between estimation convergence and the 
overshoot of estimation error because, when M gain 
is increased, the overshoot of the estimation error will 
also increase. 

6 CONCLUSIONS  

This paper presents the thermal-based modelling of 
the multilayer structure PVT system by a fractional-
order derivative equation and then its state-space 
representation. Fractional-HOSMO is implemented 
to estimate the disturbance and system states under 
disturbance. Simulation is performed to test the 
performance of the given observer for both cases: 
disturbance-free and disturbed systems. It describes 
the effect of the gain on the performance of the 
observer. It emphasizes on the hardware 
implementation of this system and extends it to the 
multiple inputs and multiple outputs system for future 
work. It will be interesting to make further 
suggestions for improvements in the system. 
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