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Abstract:

The Computational Pan-Genomics Consortium (Consortium, 2016) described the role of coordinate systems
in genomics as follows: “A pan-genome defines the space in which (pan-)genomic analyses take place. It
should provide a ‘coordinate system’ to unambiguously identify genetic loci and (potentially nested) genetic
variants.” The most natural representations of pangenomes are graphs. The Computational Pan-Genomics
Consortium identified desirable properties of the linear reference genome model that graphical frameworks
should attempt to preserve: spatiality, monotonicity, and readability. In this paper, we introduce a coordinate
system for DAGs that has these properties. It is based on the level function and a minimum path cover of the
graph. Moreover, we describe a new method for finding a minimum path cover in a DAG, which works very
well in practice.

1

INTRODUCTION

Since de novo assembly of mammalian and plant
genomes is still a serious problem, a reference-based
approach is usually used to assemble the genomes of
several individuals of the same species. In this approach, a high quality genome assembly of a single
selected individual (or a mixture of several individuals) is produced, and this assembly is used as a reference for genomes of the same species. Such a linear reference provides a coordinate system: the location of a genetic element is defined by its coordinate
(starting position) in the reference genome. In resequencing experiments, a high-throughput sequencer
produces DNA-fragments (called reads) of a certain
length (which depends on the technology used) and
each read is then mapped to the locus in the reference genome at which it fits best. A read can be
mapped correctly if it is similar enough to a subsequence of the reference genome. However, since the
reference genome does not represent all known variations, read mapping tends to be biased towards the
reference and mapping errors may thus occur. For that
reason, reference genomes are more and more being
replaced by pangenomes, which contain the whole genomic content of a certain species or population. The
genomes of individuals of the same species are usually very similar. Hence a pangenome often consists
of a reference genome (in form of a DNA sequence
for each chromosome) and a catalog of variations. A

prime example is the human species. The first draft of
the human reference genome, in which known variable regions were poorly represented, was released
in 2001 (Consortium, 2001). To produce a catalog
of all variations in the human population, the 1000
Genomes Project (The 1000 Genomes Project Consortium, 2015) started in 2008. Its original goal was to
sequence the genomes of at least 1000 humans from
all over the world. From the 2504 individuals characterized by the 1000 Genomes Project, it is estimated
that the average diploid human genome has around
4.1 – 5 million point variants such as single nucleotide
polymorphisms (SNPs), multi-nucleotide polymorphisms (MNPs), and short insertions or deletions (indels). Moreover, it carries between 2100 and 2500
larger structural variants (SVs) such as large deletions
(or, to a lesser extent, insertions), duplications, copynumber variation, inversions, and translocations (The
1000 Genomes Project Consortium, 2015). It is quite
natural to model a pangenome as a graph, in which
subsequences that are shared by several individuals
are represented by the same path. The Computational
Pan-Genomics Consortium (Consortium, 2016) described the role of coordinate systems in genomics as
follows: “A pan-genome defines the space in which
(pan-)genomic analyses take place. It should provide
a ‘coordinate system’ to unambiguously identify genetic loci and (potentially nested) genetic variants.” If
a pangenome representation is constructed from a ref-
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erence genome and its variants, the reference genome
can still be used as a coordinate system provided there
is a strict correspondence between positions in the reference genome and positions in the graph (Dilthey
et al., 2015). However, a graph representation of a
pangenome contains more information than a reference genome and one should benefit from a coordinate system based directly on the graph. According to
the Computational Pan-Genomics Consortium (Consortium, 2016) there are desirable properties of the
linear reference genome model that graphical frameworks should attempt to preserve:
• Spatiality: nucleotides that are physically close
together within a genome should have similar coordinates.
• Monotonicity: the genome graph coordinates of
successive nucleotides within a genome should be
increasing.
• Readability: coordinates should be compact and
human interpretable.
Rand et al. (2017) further distinguish between horizontal and vertical spatiality. Two vertices are horizontally close if their bases are close to each other
in the genome and they are vertically close if they are
variants of each other (in this case, they appear on different paths). For example, the nucleotides G and C
of the sequence TGCG are horizontally close to each
other and the T of the sequence ATAG is vertically
close to the G of the sequence AGGAG; see Fig. 1.
Rand et al. (2017) propose to partition the graph into a
set of non-overlapping sequences, called region paths.
Their approach is still based on a reference genome.
They distinguish two different ways of dividing the
reference genome into region paths:
• Hierarchical partitioning: choose one main region
path through the graph and describe alternative
loci as alternative region paths.
• Sequential partitioning: divide the main region
path whenever an alternative path starts or stops.
Hierarchical partitioning does not fulfill spatiality,
whereas sequential partitioning does. Rand et al.
(2017) also suggested naming schemes and came to
the conclusion that it is difficult to meet all three criteria. The main drawback of their approach is that it
still depends on the existing linear coordinates. It is
still an open problem how to define a non-reference
based coordinate system for a pangenome graph because graphs admit multiple paths that may have complex relationships. In this paper, we propose a new
kind of coordinate system for directed acyclic graphs
(DAGs). For organisms with linear chromosomes
the restriction to DAGs seems quite natural. Unlike
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Figure 1: Nucleotide graph that represents the sequences
TGCT, TGAG, ATAG, and AGGAG. The graph has a minimum path cover of size 3.

the linear DNA of most eukaryotes, however, typical
prokaryote chromosomes are circular. In this case,
one needs either a linearization of the chromosomes
(for instance by cutting them at the replication origin) or a “linearization” of the pangenome graph to be
able to apply our method. It should be stressed that a
property like monotonicity can hardly be fulfilled for
cyclic pangenome graphs and therefore a restriction
to non-cyclic graphs seems necessary.

2

BACKGROUND

2.1 Pangenome Graphs
There are several different pangenome representations, e.g. sets of (un)aligned sequences, nucleotide graphs, de Bruijn graphs, and bidirected
graphs (Consortium, 2016; Paten et al., 2017). A
nucleotide graph is a directed graph G = (V, E)
(where V denotes the set of vertices and E ⊂ V ×V the
set of edges), in which walks encode a nucleotide sequence (a walk is a sequence of vertices v1 , v2 , ..., vk ,
with (vi , vi+1 ) ∈ E for 1 ≤ i < k). That is, a nucleotide
graph is a directed graph equipped with a labeling
function V → {A,C, G, T }; see Fig. 1 for an example. Here, we assume that every vertex is labeled with
a single nucleotide, but the ideas described in the following can be adapted to graphs with labeling functions that label vertices with nucleotide sequences. In
this paper, we will focus on nucleotide graphs that
are directed acyclic graphs (DAGs). In a DAG, every walk is a path: if a vertex vi would occur twice in
a walk, then there would be a cycle in the graph. The
length of a path P equals the number of edges of P
and is denoted by |P|.

2.2 Level Function
Let G = (V, E) be a DAG with a unique source s ∈ V
(the only vertex with in-degree 0). The function
level : V 7→ N maps a vertex v to its maximum distance to s (Equation 1); see Fig. 2 for an example.
The level of a vertex can also be defined in a recursive way (Equation 2). The recursive definition yields
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an iterative method to calculate the levels of all vertices, which we will use in our algorithms. For the
rest of the paper, we call level(v) the level of v.

path
G

3

level(v) = max{|P| : P = (s, ..., v) is a path in G}

2.3

v=s
v 6= s
(2)

Minimum Path Cover Problem
(MPCP)

A path cover PC = {P1 , ..., Pk } of a DAG G = (V, E) is
a set of paths, so that each vertex v ∈ V is part of a path
Pi ∈ PC. The size of a path cover PC is defined as the
number of paths in PC. Since a single vertex defines a
path, V itself is a path cover of size |V |. The minimum
path cover problem is the problem of finding a path
cover PC of minimum size p∗ . The minimum size p∗
is called the width of G.

3

P3

P2
(1)

(
0
level(v) =
max({level(u)|(u, v) ∈ E}) + 1

G

(2, 3) (3, 3)

COORDINATE SYSTEM FOR
ACYCLIC NUCLEOTIDE
GRAPHS

To identify a locus in the pangenome, we need a coordinate for each vertex of the nucleotide graph. In this
paper, we propose a new coordinate system for nucleotide graphs that meets the requirements of monotonicity, readability, and (horizontal and vertical) spatiality. The coordinate of a vertex v in our new coordinate system is a pair of two integers. The first
component of the coordinate is the level of vertex v
in the DAG, which measures the distance from the
source to v. The second component is an identifier
of a path to which v belongs. In order to use as few
path identifiers as possible, we will solve the minimum path cover problem. In what follows, we elaborate on this idea and provide an algorithm that generates such a coordinate system. For technical reasons,
we deal with DAGs that have a unique source s and
a unique sink t (the only vertices with in-degree and
out-degree 0, respectively). Graphs without a unique
source or sink can be modified by adding a super
source s and a super sink t to V , plus edges from s
to all former sources and edges from all former sinks
to t; see Fig. 2. In a graph with a unique source and
sink every vertex lies on some path from the source
to the sink and every path can be extended to a path
from s to t. Hence, there is always a minimum path
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Figure 2: Nucleotide graph with super source and sink,
which represents the sequences TGCT, TGAG, ATAG and
AGGAG. The set {P1 , P2 , P3 , P4 } is not a minimum path
cover, but {P1 , P2 , P3 } is. The paths in this figure all start
at s and end at t.

cover that solely consists of paths from s to t. If ` is
the length of the longest path in the nucleotide graph
G and PC∗ = {P1 , ..., Pp∗ } is a minimum path cover
of G (w.l.o.g. all paths in PC∗ start at s and end at t),
then the coordinates of s and t will be (0, 1) and (`, 1)
respectively and the coordinates of all other vertices
are elements of {1, ..., ` − 1} × {1, ..., p∗ }. For a vertex v ∈ V and a path cover PC, we denote the set of
all paths that include v by PC(v). One of the paths in
PC(v) is chosen to be the representative of v. A possible choice is the path with lowest id, hence the coordinate of a vertex v is (level(v), min(PC∗ (v))). Figure 2
depicts a DAG with a path cover and the coordinates
of its vertices.
The two coordinates can be thought of as a horizontal and a vertical coordinate. The horizontal
coordinate—similar to the coordinate in a linear reference genome—is the offset to the start of the chromosomal DNA sequences. The vertical coordinate is
a path identifier, which can be chosen in such a way
that it carries useful information. For example, one
could assign the vertices of the most likely genome
(the reference) to the path with id 1, the vertices of
the second most likely haplotype to the path with id
2, etc.
Moreover, this coordinate system satisfies the criteria mentioned above. Having only two coordinates,
which both carry useful information, can be called
’readable’. Monotonicity follows directly from the
use of the level function in the first coordinate: the
genome graph coordinates of successive bases within
a genome are increasing. Finally, the coordinate system also meets the requirement ’spatiality’. If two
vertices represent a variant of each other, for instance
a SNP, then they will be at the same level and share
their first coordinate. Thus, we have vertical spatial23
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ity. Two vertices that represent nucleotides that are
close to each other in the genome will be at levels
close to each other. If they belong to the same haplotype, they will be covered by the same path. In this
way, horizontal spatiality is achieved.
To generate such a coordinate system, we calculate the level of each vertex and solve the MPCP. The
coordinate of a vertex can then easily be reported as
a combination of its level and the identifier of a path
that covers it.

Algorithm 1: Calculate an initial path cover. An entry

path[i] in the array path is a list of all vertices that are
contained in path i.

1
2
3
4

4

SOLVING THE MPCP

The classical solution of the MPCP works as follows.
The MPCP is reduced to a maximum cardinality bipartite matching problem, which in turn is reduced to
a maximum flow problem; see Cormen et al. (2009).
Since the latter can be solved by the Ford-Fulkerson
method, this method can also solve the MPCP. This
approach takes O (n3 ) time (in this paper we assume
|V | = n and |E| = m).
Mäkinen et al. (2015) described a different
method to solve the MPCP. They reduced this problem first to a minimum cost flow problem, and then
to a minimum cost circulation problem. Overall, their
solution takes O (nm + n2 log(n)) time.
Kuosmanen et al. (2018) introduced an algorithm that first generates an initial solution by using a method based on a classical greedy set cover
algorithm and then optimizes that solution with a
flow algorithm. They showed that the initial path
cover has the size p ≤ p∗ log(n), where p∗ is the
width of the DAG. Therefore, their algorithm runs in
O (m p∗ log(n)) time.
We will use a method comparable to the latter.
First, an initial path cover PC of size p will be calculated in O (p m) time using a heuristic algorithm.
Then a network flow algorithm, which makes use of
the Ford-Fulkerson method, is employed to reduce
the path cover to minimum size. A description of
the network flow algorithm can be found in Kuosmanen et al. (2018, Section 2) and will not be repeated
here. Minimizing the flow takes O ((p − p∗ )m) time
because finding and adding a flow requires O (m) time
and p− p∗ flows will be added. To report a path, O (m)
time is needed. Since there are p∗ paths, reporting all
paths takes O (p∗ m) time. In total, our method generates a minimum path cover in O (p m) time, where p
is the size of the initial path cover.
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Data: DAG G = (V, E) with source node s,
a vector din of size |V | containing the
in-degree of each node
Result: An array level of size |V | containing the
level of each node, a set Rv for each node
v, which contains all candidate paths for v.
level[s] ← 0
l ← 0, Ql ← {s}, Ql+1 ← 0/
p←0
while Ql 6= 0/ do
for v ∈ Ql do
/* choose a path to cover v
*/
Rv ← 0/
for (u, v) ∈ E do
for i ∈ Ru do
last ← last element of path[i]
if level[last] < level[u] ∨ last = u
then
Rv ← Rv ∪ {i}

15

if Rv = 0/ then
/* add a new path
p ← p+1
Rv ← {p}
path[p] ← [v]

16

else

12
13
14

17
18
19
20
21
22
23
24

25
26
27

*/

/* the path min(Rv ) is chosen
to cover v
*/
i ← min(Rv )
find the path P from the last node of
path i to v
append P to path[i]
for (v, w) ∈ E do
din [w] ← din [w] − 1
if din [w] = 0 then
level[w] ← l + 1
Ql+1 ← Ql+1 ∪ {w}
l ← l +1
Ql ← Ql+1
Ql+1 ← 0/

4.1 Generating an Initial Path Cover
Algorithm 1 generates an initial path cover. It traverses the graph level-wise from s to t and the path
cover is computed iteratively by extending the current partial path cover to the next level. At level 0 the
source vertex s is covered by path 1. While visiting
the vertices of level l, the vertices of level l + 1 are
calculated. Furthermore, the algorithm tries to cover
all vertices of level l by extending paths that end at a
level < l with a vertex of level l. If no suitable path
can be found for a vertex, the algorithm will add a
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new path. In the following, it will be explained how
the level of a vertex is calculated and afterwards how
the path cover is generated.
The array level stores the level of each vertex v,
i.e. level[v] = level(v). The queue Ql contains all vertices of level l. Initially l is 0, Ql = {s} and level[s] =
0 because the source is the only vertex in level 0. Furthermore, there is an array din , which initially stores
the number of incoming edges for each vertex. When
a vertex v at level l is encountered, din [w] is decremented by one for each successor w of v. If din [w] = 0,
then all predecessors of w have been visited before.
In this case, level(w) = level(v) + 1 = l + 1 because
v has highest level among all the predecessors of w.
Lines 23-24 of Algorithm 1 handle this case by setting level[w] = l + 1 and adding w to the queue Ql+1 .
When all vertices of level l have been dealt with, the
algorithm will start the next iteration with the vertices
of the level l + 1 (lines 25-27). With this method, the
vertices are visited level by level. We now explain
how the algorithm covers the vertices with paths.
The counter p stores the number of paths used so
far (upon termination, p is the size of the path cover)
and for each path identifier i, 1 ≤ i ≤ p, there is a
list of vertices path[i] in the array path. In the first
iteration, the algorithm will add the path path[1] = [s].
This means that the first path consists of the vertex s.
Moreover, the algorithm calculates a set Rv for
each vertex v, which contains the identifiers of all
candidate paths for v, i.e. all paths that can potentially cover v. A path that covers v must be selected
from this set Rv . In the following, we choose min(Rv )
to be that path. A condition for a path i to be in
Rv is that i was a candidate for a predecessor u of v
i.e. i ∈ RuS
. It follows as a consequence that Rv is a
subset of (u,v)∈E Ru , but in general
the sets are not
S
equal. For example, a path i ∈ (u,v)∈E Ru might have
already been used to cover a vertex w 6= v at level
l = level(v). We use a case distinction to find the candidate paths. Let i ∈ Ru , where u is a predecessor of
v, and let last be the last element of path[i]. If (a)
level[last] < level[u], then i was a candidate path for
u that was neither chosen to cover u nor one of its successors. Hence it is a candidate path for v. If (b) path i
ends at u (i.e. last = u), then i is also a candidate path
for v.
Algorithm 1 calculates Rv by the case distinction
described above (lines 8-11). If Rv is empty after this
step, none of the existing paths can be used to cover
v. In this case, the algorithm adds a new path with
identifier inew = p + 1 and uses this to cover v (lines
13-15). Otherwise, if Rv is non-empty after this step,
the path with identifier i = min(Rv ) is chosen to cover
v and path[i] is updated accordingly (lines 17-19). To

this end, one must find a path P (implemented as a list
of vertices) from the last vertex last of path i to v. This
is done be tracing a path from v back to last. Initially,
the list P just contains v. Then vertices are added at
the front of the list until the vertex last is reached.
A vertex u can extend the path P at the front if (a)
it is a predecessor of the current front, (b) i ∈ Ru , and
(c) level[u] > level[last]. If we repeat this process, we
will ultimately reach last because the condition at line
10 of Algorithm 1 ensures that, among all vertices at
level level(last), only last can propagate the path i.
Upon termination of Algorithm 1, the paths in array path form a path cover. However, we are solely
interested in paths from s to t. In what follows we
explain Algorithm 2, that extends the paths on both
ends. Let v1 and v2 be the first and the last vertex of
path[i], respectively. We have to add a subpath from s
to a predecessor of v1 and a subpath from a successor
of v2 to t to obtain a path from s to t. We can find
such subpaths by a depth first search in linear time, or
we can copy them from other paths. Note that path
1 is a path from s to t already, since 1 is the smallest
path identifier and will therefore be used continuously
from vertex s to t. For i 6= 1 all predecessors of v1
are covered by paths < i because v1 is the first vertex
covered by a path ≥ i. Likewise, all successors of v2
are covered by paths < i because i was not chosen to
cover one of them. These observations lead to an iterative process for finding the subpaths that shall be
copied. When extending path i, all paths < i are paths
from s to t. Among all predecessors u of v1 , we select
the one that is covered by the path with the smallest
identifier j. Since j < i, j is a path from s to t and we
can copy the subpath from s to u. In the same way, we
can find a path from a successor of v2 to t. Algorithm
2 extends each path to be a path from s to t.
Algorithms 1 and 2 compute an initial path cover
in O (p m) time, where p is the size of the cover and
m is the number of edges in the DAG. This is because
every edge is considered exactly once in line 7 of Algorithm 1 and the loop in line 8 of Algorithm 1 is
iterated at most p times. Moreover, the overall time
required by line 18 of Algorithm 1 and Algorithm 2
is also O (p m) because for each of the p paths each
edge is considered at most once. (If one wants to calculate the minimum path cover as described above,
one could directly insert flow into the flow network
instead of storing and reporting a path.)

4.2 A Simple Heuristic
In general, Algorithms 1 and 2 do not deliver a minimum path cover; see Fig. 3. This is because the order
in which vertices are covered by paths plays a key
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Calculated path cover:

Algorithm 2: After iteration i, path[i] is a path from s

to t. Since j and k must be smaller than i, these paths
are already paths from s to t.

1

2
3
4
5
6
7
8
9
10
11
12
13
14
15

Data: DAG G = (V, E), path array path and candidate sets RV after applying Algorithm 1
Result: Path array path contains paths from s to t
for i ← 2 to p do
/* path 1 is already a path from s to t
*/
j, k ← ∞
u j , uk ← ⊥
v1 ← first element of path[i]
v2 ← last element of path[i]
for (u, v1 ) ∈ E do
if min(Ru ) < i then
u j ← min(Ru )
uj ← u
for (v2 , u) ∈ E do
if min(Ru ) < k then
k ← min(Ru )
uk ← u
Prepend the vertices of the subpath from s to u j
of path[ j] to path[i]
Append the vertices of the subpath from uk to t
of path[k] to path[i]

a)
{1}

{1}

s

26

t

v
{3}

{1}
{2}

{1,2,3}
{2,3}

b)
{1}

{1}

{1}

s
{1}

t
{2}
{3}

{4}
{2,3}

{1,2,3,4}

{2,3}

Minimum path cover:
c)
{1}

{1}

{2}

{1}

s

t

{1}

{1}
{2}

role. For example, in level 3 of the graph depicted
in Fig. 3.a, the vertices u and v must be covered with
paths. The candidate paths for vertex u are 1 and 2,
whereas only path 1 reaches vertex v. Algorithm 1
will first cover vertex u with path 1 because this is the
smallest candidate (i.e. min(Ru ) = 1). It follows that
vertex v cannot be covered by path 1 and consequently
a new path 3 must be added to cover this vertex. A
better solution would be to cover vertex u with path
2 and vertex v with path 1, as shown in Fig. 3.c. It is
possible to improve the size of an initial path cover (in
many cases) by modifying the way in which a path is
chosen to cover a vertex (i.e. it is not necessarily the
path with identifier i = min(Rv )).
To get a locally optimal solution (i.e. an optimal
solution for a fixed level l), we could solve a maximum cardinality bipartite matching problem. Define
a bipartite graph as follows. Let X beSthe set of all
vertices in Ql and let Y be the set Y = v∈X Rv . Furthermore, there is an edge between v ∈ X and i ∈ Y
if and only if i ∈ Rv . Now the problem is to find a
maximum cardinality matching in the bipartite graph,
i.e. a matching that contains the largest possible number of edges. However, the example in Fig. 3.b and
3.d shows that the locally optimal solutions do not
yield a globally optimal solution. This is because one
of the two solutions to the maximum cardinality bipartite matching problem at level 2 in Fig. 3.b would
cover the upper vertex with path 1 (the only possibility) and the lower vertex with path 2. In level 3,

u
{1,2} {1,3}

{1,2}
{2}

d)
{1}

{1}

{1}

s
{1}

t
{2}
{3}

{2}
{3}

{1,2,3}

{3}

Figure 3: Different examples of path covers. For each vertex v, the set Rv is shown below v. The path covers depicted
in a) and b) are calculated by Algorithms 1 and 2, whereas
c) and d) show the corresponding minimum path covers.

however, it becomes clear that a globally optimal solution (a minimum path cover) can only be obtained
if the lower vertex at level 2 is covered with path 3.
Since the computation of locally optimal solutions
is time-consuming and does not yield a globally optimal solution anyway, we will use a simple heuristic
to obtain local solutions. In each level l, we use a
bucket sort to sort the vertices v in Ql in increasing
order by the number of candidate paths (the cardinality of Rv ). Then we process the vertices v in that order
as follows:
1. If Rv is empty, assign a new path to v and continue
with the next vertex.
2. Otherwise, take the first element i from Rv .1
1 In our implementation R

v is implemented as an ordered
set and the elements are processed in that order.
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• If i was already used to cover another vertex at
the current level, remove i from Rv and continue
at (1).
• Otherwise, assign i to v and continue with the
next vertex.
The intuition behind this procedure is simple. For a
singleton set Rv = {i}, there is no choice: we must
assign i to v. Once we have done this, i cannot cover
another vertex from Ql , but a vertex u with a big candidate set Ru has more options than v. Thus, if we
start with small candidate sets, there is a fair chance
that a big candidate set Ru still contains a path that can
be assigned to u when it is u’s turn.

5

EXPERIMENTAL RESULTS

We implemented the algorithms described above and
built a prototype, that generates a coordinate system for a DAG. The software and scripts to replicate
the experiments are available at: www.uni-ulm.de/
in/theo/research/seqana. The program takes a graph
in GFA format as input, computes a path cover and
the corresponding coordinate system, and outputs the
graph (in which vertices are aligned with their coordinates) in DOT format.
Three different strategies were used to compute an
initial path cover:
• the greedy set cover method (gsc) proposed by
Kuosmanen et al. (2018),
• our level-wise computation of the cover (lev), and
• our simple heuristic (sh).
The calculation of the minimum path cover was tested
with real world data and generated data. All experiments were conducted on a Ubuntu 16.04.4 LTS system with two 16-core Intel R Xeon R E5-2698 v3 processors and 256 GB RAM.
We used the variation graph toolkit vg (Garrison et al., 2018) to construct a graph from the
FASTA2 and VCF3 files for the first human chromosome provided by the 1000 genome project (The 1000
Genomes Project Consortium, 2015). In vg, vertices
are not labeled with single nucleotides (as required
here), but with nucleotide sequences. That is why our
program replaces each vertex in the vg graph by a path
of vertices with nucleotides as labels. The resulting
graph has more than 255 ×106 vertices and 262 ×106
2 Available

at: ftp://ftp.1000genomes.ebi.ac.uk/vol1/ftp
/technical/reference/phase2 reference assembly sequence/
3 Available at: ftp://ftp.1000genomes.ebi.ac.uk/vol1/ftp
/release/20130502/

edges. Since the graph has a relatively simple structure, all three strategies deliver an initial path cover
of size 9 and the initial path cover is a minimum path
cover already. Using the gsc strategy, the overall calculation of the coordinates takes 48 min. The other
strategies lev and sh require 64 and 94 min, respectively.
To get more complex graphs, we generated graphs
in two different ways. The first method is inspired
by the well-known Erdos-Renyi model (Erdős and
Rényi, 1959) in which a graph is chosen uniformly
at random from the collection of all graphs which
have n vertices and m edges. We modified the model
in such a way that acyclic graphs with a unique
source and sink are generated. The set of vertices
is V = {1, . . . , n} and the set of edges E initially is
{(1, u), (u, n)|u ∈ {2, . . . , n − 1}}. This ensures that 1
is the unique source and n is the unique sink. Then
two vertices u and v are chosen uniformly at random
from V \ {1, n}. If u < v then (u, v) is added to E, if
v < u then (v, u) is added to E, and if u = v no edge
is added to E. This process is repeated until the graph
contains m edges.
Our second method tries to generate pangenome
graphs that are more complex than the currently available pangenome graphs (as the one described above).
The parameters of this model are the number n of vertices, a maximum size p for a path cover, and a path
length `. Again, V is {1, . . . , n}. The set of edges
E is a union of the edges of p generated paths. The
first p − 1 paths are generated by choosing ` + 1 (pairwise different) vertices from {2, . . . , n − 1} uniformly
at random.
The ` + 1 vertices are then sorted in increasing order, say u1 < · · · < u`+1 . Finally, the edges (1, u1 ),
(ui , ui+1 ) for 1 ≤ i ≤ `, and (u`+1 , n) are added to E.
The last path initially contains all vertices of V that
are not part of any of the previous paths. If this path
smaller than `, randomly chosen vertices are added
to the path until it has the length ` (depending on the
parameter, the last path can be significant longer than
`). This generates a DAG with the unique source 1
and the unique sink n. Furthermore, it is clear that the
width of the graph is at most p.
We generated 200 graphs with each model. In the
Erdos-Renyi model, we used n = 106 vertices and between 2 × 106 and 4 × 106 edges. The number of levels in the generated graphs varied between 420 and
830. In our second model, the parameter for the number of vertices was also n = 106 . The number of paths
was varied between 100 and 200 and the path length
was varied between 5,000 and 10,000. The graphs
generated in this way have between 1×106 and 2×106
edges and between 150,000 and 600,000 levels.
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Figure 4: Comparison of the different approaches: the
greedy set cover (gsc), our level-wise computation of the
cover (lev), and our simple heuristic (sh). On the top:
graphs generated by the Erdos-Renyi model. In the middle:
graphs generated by the second model. On the bottom: the
graph generated from real world data using the vg toolkit.
Recall that p∗ denotes the width of the graph (the size of a
minimum path cover).

In our experiments, we measured the size of the
initial solution and the time to calculate the coordinate system (this includes the time for flow minimization). The distributions of the measured values are
shown in Figure 4. It can be seen that our method
calculates smaller initial path covers than the greedy
set cover strategy and that the simple heuristic further
improves the result. To be more precise, in each of
the 400 test cases, the initial path cover constructed
by our strategy was smaller compared to that generated by greedy set cover strategy. Furthermore, in
98% of the test cases the simple heuristic sh returned
a smaller initial path cover than the lev method. We
would like to stress that the overall run-time strongly
depends on the time required for flow minimization,
i.e. the smaller the initial path cover the better. That
is why the simple heuristic outperforms the other approaches in most cases. However, the cost of using the
simple heuristic cannot be compensated by the faster
flow minimization in all cases.
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DISCUSSION

In this paper, we proposed a new coordinate system
for acyclic nucleotide graphs, which meets the requirements monotonicity, readability as well as horizontal and vertical spatiality. The first part of the
coordinate is the level of a vertex, which in essence
is the offset from the start of the genomic sequence
(chromosome). The second part is a path identifier,
which can be interpreted as a vertical coordinate. By
using a minimum path cover, the number of path identifiers is reduced to a minimum, which leads to more
comprehensible coordinates.
The minimum path cover can be calculated by an
algorithm that first finds an initial solution and then
transforms this solution into a minimum path cover.
The run-time of the algorithm strongly depends on
the quality of the initial solution. Our algorithm sh
generates the smallest initial solutions. The lev strategy is the fastest in finding an initial solution in the
generated graphs. In graphs with low width p∗ , such
as the graph constructed by vg using a FASTA and
VCF file, the gsc strategy is faster. Since all strategies are already finding minimum solutions in such
graphs, the initialization, instead of the minimization,
is the crucial step. Therefore, using the gsc strategy is
best for the tested real world data. In more complex
graphs, the strategy sh is superior.
It should be investigated how additional information like haplotypes or frequency of alleles can be incorporated into the second coordinate, because this
would make the coordinate systems even more informative.
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