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Abstract:

Accurate extraction of foregrounds in videos is one of the challenging problems in computer vision. In this
study, we propose dynamic mode decomposition via dictionary learning (dl-DMD), which is applied to extract
moving objects by separating the sequence of video frames into foreground and background information with
a dictionary learned using block patches on the video frames. Dynamic mode decomposition (DMD) decomposes spatiotemporal data into spatial modes, each of whose temporal behavior is characterized by a single
frequency and growth/decay rate and is applicable to split a video into foregrounds and the background when
applying it to a video. And, in dl-DMD, DMD is applied on coefficient matrices estimated over a learned
dictionary, which enables accurate estimation of dynamical information in videos. Due to this scheme, dlDMD can analyze the dynamics of respective regions in a video based on estimated amplitudes and temporal
evolution over patches. The results on synthetic data exhibit that dl-DMD outperforms the standard DMD and
compressed DMD (cDMD) based methods. Also, the results of an empirical performance evaluation in the
case of foreground extraction from videos using publicly available dataset demonstrates the effectiveness of
the proposed dl-DMD algorithm and achieves a performance that is comparable to that of the state-of-the-art
techniques in foreground extraction tasks.
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INTRODUCTION

One of the fundamental computer vision objectives is
to extract accurate dynamic information from video
sequences. The basic application can be the separation of foreground and background information in
videos. This is still considered to be a challenging
task in practice because the true background is often difficult to estimate. To address this issue, various methods have been proposed over the last decade.
For detailed overview of some of the traditional and
state-of-the-art methods, we recommend (Bouwmans
et al., 2017; Sobral and Vacavant, 2014). One of
the most extensively used frameworks to separate a
video into foreground and background information is
decomposing the video frames into a low-rank matrix (background) and a sparse matrix (foreground)
by principal component analysis (PCA) (Oliver et al.,
1999). Variants of this method, such as robust principal component analysis (RPCA), are further discussed in (Candès et al., 2011). The decomposition

of a matrix into low-rank and sparse matrices can
be alternatively solved by dynamic mode decomposition (DMD), which accurately separates a matrix into
the stationary background and foreground motions
by differentiating between the near-zero frequency
modes and the remaining non-zero frequency modes
(Kutz and Fu, 2015). However, there are some limitations in the standard DMD method that often causes
inaccurate extraction of dynamics from the video. In
standard DMD method, image sequences ordered in
time as column vectors are considered as input, such
arrangement of image sequences is unable to extract
complex dynamics in videos. Also a modified version
of standard DMD; compressed DMD (cDMD) have
been proposed in (Erichson et al., 2016). The compressed DMD achieves almost the same results as the
standard DMD method but at low computation cost.
In this study, we advocate the use of DMD via
dictionary learning (dl-DMD) for accurate extraction
of dynamics in videos. For this purpose, a dictionary is learned using random patches of input image

sequences for better approximation of the input signals. Then coefficient matrices are obtained over this
learned dictionary those contain the better representation of underlying dynamics in videos which results
in a sharp extraction of foreground structures from the
background than standard DMD and cDMD.
The remainder of this study can be organized as
follows. First, we provide an overview of the dynamic
mode decomposition in Section 2. Then in Section 3,
we describe a problem formulation and procedure to
perform dl-DMD. Experiments are presented in Section 4 along with performance evaluations. Finally,
Section 5 summarizes and concludes the study.

2

DYNAMIC MODE
DECOMPOSITION

DMD spatiotemporally decomposes the sequential
data via data-driven realization of the spectral decomposition of the Koopman operator (Koopman, 1931).
Spectral analysis of the Koopman operator lifts the
analysis of nonlinear dynamical systems to those of
linear systems in function spaces. Further, we briefly
review the underlying theory.
Consider a (possibly nonlinear) dynamical system:
xt+1 = f (xxt ),
x ∈M,
where f : M → M , M is the state space, and t is the
time index. In this system, the Koopman operator K
for ∀xx ∈ M can be defined as follows:

K g(xx) = g( f (xx)),
where g : M → C (∈ F ) denotes an observable in
function space F . By definition, K is a linear operator in F . Assume that there exists a subspace of
F invariant to K , which can be denoted by G ⊂ F .
Additionally, assume that G is finite-dimensional and
that a set of observables {g1 , . . . , gn } that span over G
are observed to exist. If g = [g1 , . . . , gn ]> : M → Cn ,
the one-step evolution of g for ∀xx ∈ M can be expressed as follows:

Algorithm 1 : Dynamic Mode Decomposition (Schmid,
2010).

Require: Y 1 and Y 2 defined in Eq. (1)
Ensure: Dynamic modes Φ and eigenvalues ∆
V r ← compact SVD of Y 1 .
1: U r , S r ,V
A ← U ∗r Y 2V r S −1
2: Ã
r .
W , ∆ ← eigenvectors and eigenvalues of Ã
A.
3: W̃
Wr
4: Φ ← Y 2V r S −1
r W̃
5: return: Φ , ∆ ;
Algorithm 2: Compressed Dynamic Mode Decomposition.

Y2
Require: Video frames Y 1 ,Y
1: R = rand(pc , m)
. Generate sensing matrix
Y 1 , Y 0c =R
R*Y
Y 2 . Compress input matrix
2: Y c = R *Y
S ,V
V = svd(Y
Y c)
3: U ,S
. SVD
V *SS −1
4: A = U * Y 0c *V
. Least squares fit
∆ = eig(A
A)
5: W ,∆
. Eigenvalue decomposition
V ∗ S −1 ∗W
W . Compute DMD modes
6: Φ c = Y 2 ∗V
Φ,Y
Y 1 ) . Compute amplitudes by least
7: b = lstsq(Φ
square method
g (xxt ) = ∑ni=1 λti c i ,
c i = ϕ i (xx0 )ξi ,
where g is decomposed into modes {cci }, and the modulus and argument of λi express the decay rate and
frequency of c i , respectively. Differing from classical
modal decomposition of linear systems, this decomposition can be applied to nonlinear systems. DMD
computes such decomposition using the numerical
data. Assume the following data matrices of sizes
Cn×T :
Y 1 = [gg(xx0 ), . . . , g (xxT −1 )],
(1)
Y 2 = [gg(xx1 ), . . . , g (xxT )].
Then, the most popular variant of the DMD algorithm is described in Algorithm 1. In compressed
DMD (cDMD) method, data matrices are first compressed by a random sensing matrix and then modes
are reconstructed using the original data matrix. The
algorithm is further summarized in Algorithm 2.

3

PROPOSED METHOD

K g (xx) = g ( f (xx)),
where the finite dimensional K is the restriction of
K to G . An eigenfunction of K can be expressed as
ϕ : M → Cn , and the corresponding eigenvalue can
ϕ(xx). If all
be expressed as λ ∈ C, i.e., K ϕ (xx) = λϕ
eigenvalues are distinct, any value of g can be expressed as follows:
g (xx) = ∑ni=1 ϕ (xx)ξi
with some coefficients ξi . Thus, we obtain

We propose dl-DMD by extending DMD to employ
the dictionary atoms that have been learned using random patches in video frames. The dictionary learning
step allows the reconstruction of input video frames
using a small subset of dictionary atoms. Then, DMD
is performed over the coefficient matrices those are
obtained over the dictionary atoms (explained in subsection. 3.2) which contain the better representation
of underlying dynamics of input video and expected

can be learned by optimizing the coefficient matrix
Z ∈ Rk×l and the dictionary in an iterative manner.
The dictionary and coefficient matrix are estimated to
give a representation to approximate X ∈ Rd×l , which
contains the randomly selected patches {x j }lj=1 in the
columns (Aharon et al., 2006). This can be performed
by solving the following minimization problem:


2
min kX − DZkF
subject to ∀i , ||zzi ||0 ≤ T0 ,
D,Z

(2)
where the coefficient matrix Z = {zz1 , . . . , z l } contains
coefficients that represent each patch and T0 is the
maximum number of non-zero coefficients that can
be used to represent each patch.

3.2
Figure 1:
Illustration of dl-DMD
ground/foreground separation in videos.

for

back-

Algorithm 3: dl-DMD for foreground extraction in videos.

Require: Video frames V, patch size d, dictionary
atoms k.
1: Learn a dictionary D as in Eq. (2).
2: Calculate the coefficient matrices B1 and B2 as in
Eqs. (3) and (4), respectively.
3: Perform DMD over coefficient matrices B1 and
B2 (subsection 3.3).
4: Threshold zero-frequency modes based on the
eigenvalues obtained by Step 3.
5: Reconstruct foregrounds from the approximated
coefficient matrix and dictionary as in Eq. (9).

Coefficient Matrix Estimation

The
coefficient
matrices
B1
=
1 ˜1
1
2
P
˜
˜
˜
{β i,1 , β i,2 , . . . , β i,(T −1) }i=1
and
B2 = {β i,1 ,
P
K×(T
−1)
˜β 2 , . . . , β˜ 2
are learned
i,2
i,(T −1) }i=1 of sizes R
over the trained dictionary to approximate the patches
of image sequences Q1 = {qqi,1 , q i,2 , . . . , q i,(T −1) }Pi=1
and Q2 = {qqi,2 , q i,3 , . . . , q i,T }Pi=1 of sizes RN×(T −1) .
Here, {·}Pi=1 is the vectorized column with the total
number of overlapping patches, P; further, N and
K represent the total number of rows in the aligned
frames and coefficient matrices, respectively. The
patches along all the aligned frames are represented
as Q = {qqi, j }Pi=1 ∈ RN×T for j = 1, . . . , T , and
those approximations can be obtained by solving the
following minimization problems:
1
β1i, j k1
β1i, j k2 + λ1 kβ
β˜ i, j = arg min kqqi, j − Dβ

to cause accurate foreground/background separation
based on the obtained eigenvalues and spatial modes
(explained in subsection 3.3). However, in standard DMD and cDMD methods, DMD is directly
applied over spatiotemporal matrices those are built
from input frames of a video due to which it becomes difficult to extract dynamics and seperate foreground/background information. The overall procedure of dl-DMD is summarized in Algorithm 3, and
the proposed method is further illustrated in Figure 1.
The details of the main steps are described as follows:

where λ1 and λ2 in Eqs. (3) and (4) denote the regularization parameters to control the sparsity in the
coefficient matrices B1 and B2 , respectively.

3.1

3.3

Dictionary Learning

First, in case of a given video frames V ∈ Rn1 ×n2 ×T ,
each frame {v1 , v2 , . . . , vT } is converted to a set of
overlapping patches, and l patches from the entire set
are selected randomly to train a dictionary D ∈ Rd×k ,
where d is the size of a patch and k is the number of
atoms or elements in the dictionary. The dictionary

β 1i, j

(3)

(i = 1, 2, . . . , P, j = 1, 2, . . . , T − 1),
2
β2i,( j−1) k2 + λ2 kβ
β2i,( j−1) k1
β˜ i, j = arg min kqqi, j − Dβ
β 2i,( j−1)

(4)
(i = 1, 2, . . . , P, j = 2, . . . , T ),

Dynamic Mode Decomposition

The dynamic modes are computed by applying Algorithm 1 to the coefficient matrices B1 and B2 . A set
of dynamic modes Φ := {φφ1 , . . . , φ r } and the corresponding eigenvalues ∆ := {Λ1 , . . . , Λr } are obtained,
those represent the spatial and frequency information of the video. Here, r is the number of adopted

eigenvectors. These modes represent the slowly varying or rapidly moving objects at time points t ∈
{0, 1, 2 . . . , T − 1} in the video frames with associated
continuous-time frequencies and can be expressed as
follows:
log(Λ j )
ωj =
.
(5)
∆t
Further, the approximated video frames for low- and
high-frequency modes at any time point can be reconstructed as
r

B̃(t) ≈

Ωt)α
α,
∑ φ j exp(ωω j t)αα j = Φ exp(Ω

(6)

j=1

where φ j is a column vector of the i-th dynamic mode
that contains the spatial structure information and α j
is the initial amplitude of the corresponding DMD
mode. The vector of the initial amplitudes α can
be obtained by taking the initial video frame at time
1
t = 0, which reduces Eq. (6) to {β˜ i,1 }Pi=1 = Φ α . Note
that the matrix of eigenvectors is not square; thus, the
initial amplitudes can be observed using the following
pseudoinverse process:
1
α = Φ † {β˜ i,1 }Pi=1 .

3.4

(7)

Foreground/Background Separation

The key principle to separate the video frames into
foregrounds and the background is the thresholding
of low frequency modes based on the corresponding
eigenvalues. Generally, the portion that represents the
background is constant among the frames and satisω p | ≈ 0, where p ∈ {1, 2, . . . , r}. Typically, a
fies |ω
single mode represents the background, which is located near the origin in the complex space, whereas
ω j |, ∀ j 6= p are the eigenvalues that represent the
|ω
foreground structures bounding away from the origin.
Therefore, the reconstructed video frames can be separated into the background and foreground structures
as follows:
ω pt)α
α p + ∑ φ j exp(ω
ω j t)α
α j,
B̃ = φ p exp(ω
|
{z
} j6= p
{z
}
|
Background

(8)

Foreground

1
where B̃ = {β˜ i,1 , β˜ i,2 , . . . , β˜ i,T }Pi=1 is the reconstructed
coefficient matrix and t = {0, . . . , T − 1} is the time
indices up to (T − 1) frames. Note that the initial
1
amplitude α p = φ †p {β˜ i,1 }Pi=1 of the stationary background is constant for all the future time points,
1
whereas α j = φ †j {β˜ i,1 }Pi=1 , ∀ j 6= p are the initial amplitudes of varying foreground structures. However,

full flattened approximated video sequences are reconstructed with a learned dictionary (in subsection
3.1) by the following equation:
˜ P,T
{q̃qi, j }P,T
i=1, j=1 = D{β i, j }i=1, j=1

(9)

Foregrounds and background separation in a video
is illustrated in Figure 2, that depicts the continuous time eigenvalues and temporal evolution of amplitudes (Erichson et al., 2016). Subplot (a) shows a
set of video frames of a moving boat1 . It can be observed that the boat is absent during the initial and
last frames, whereas the middle frame exhibits a full
moving boat. The representation of these frames into
modes that describe dynamics by applying dl-DMD
provides an interesting insight related to the moving
objects in the foreground, which can be achieved by
factorizing these frames into spatial modes, amplitudes, and temporal evolutions. Subplot (b) exhibits
the different eigenvalues that are based on the information present in the frames. The background is usually static in videos, which corresponds to the zero
eigenvalue that is located near the origin, whereas
the eigenvalues that are located away from the origin confirm the presence of other dynamics. Further,
subplot(c) depicts the amplitude evolution and dictates that the zero-frequency mode which is constant
over time, is the background, and that the remaining modes, which correspond to different frequencies, depict the foreground structures. Additionally,
we note that the amplitude that describes the moving
boat is negative in the initial frames and begins to increase, eventually reaching its maximum at a frame
index of 40 when the boat is almost at the center of
the video, capturing majority of the foreground information. The amplitude begins to decrease when the
boat moves away from the center. The remaining amplitudes with different frequencies describe the other
dynamics of the moving objects in the video.

4

EXPERIMENTAL RESULTS

We empirically investigated the performance of the
proposed dl-DMD using synthetic data (Section 4.1)
and a real video dataset, i.e., BMC (Section 4.2).
For the synthetic data, we compared our proposed dlDMD method with standard DMD and compressed
DMD because the comparative results of other algorithms can be found in (Takeishi et al., 2017).

1 http://changedetection.net/

Table 1: Estimated and the ground-truth eigenvalues.

Ground truth
Standard DMD
Compressed DMD
dl-DMD (proposed)

(a)

(b)

e1
0.99
0.994
0.994
0.991

e2
0.9
0.8319
0.8348
0.90

(c)

Figure 2: Splitting foreground and the background
(Changedetection.net (Goyette et al., 2012) video sequence
“boats”) . (a) five frames of a moving boat. (b) the near
zero eigenvalue corresponds to the background and rest to
other dynamics. (c) temporal evolutions of amplitudes.

4.1

Synthetic Data

We quantitatively evaluated the performance using
the synthetic data that were generated as follows.
First, a sequence of noisy images {st ∈ R128×128 } was
generated using the following equation:
st = et1 p1 + et2 p2 + Nt ,

(10)

where p1 , p2 ∈ R128×128 and Nt is the zero-mean
Gaussian noise with standard deviation σ = {0.3} for
t = 0, 1, . . . , 15. The dynamic modes of the noisefree image sequences are p1 and p2 , where e1 = 0.99
and e2 = 0.9, are the corresponding eigenvalues, respectively. The standard DMD, cDMD and dl-DMD
methods were applied on these noisy sequence of images. The comparison of these methods demonstrates
that the dl-DMD can approximate the underlying dynamics more accurately by estimating the true eigenvalues (e1 , e2 ) even in the presence of noise compared
to the standard DMD and cDMD. Table. 1 shows the
estimated eignevalues by standard, compressed and
dl-DMD method.
To demonstrate the effectiveness of the proposed
method visually, another experiment is performed
on a video of SBMnet2 dataset, where people are
strolling in a terrace with no original background provided in the dataset. To visualize the foreground
structures extracted by the dl-DMD, standard and
cDMD methods we chose 200 consecutive frames
from the video and then applied all those three methods. Figure 3 (first row) shows every 20th frame
of first 100 frames of a video. Second row shows
the foregrounds extracted by standard DMD method.
Third and fourth rows show the foregrounds extracted
by the compressed DMD and the proposed method,
2 http://scenebackgroundmodeling.net/

Figure 3: First-row: original video frames of moving people; second-row: extracted foregrounds with standard DMD
method; Third-row: extracted foregrounds with compressed
DMD; Last-row: extracted foregrounds with dl-DMD (Proposed).

respectively. It can be visualized that dl-DMD can
extract the foreground dynamics more accurately than
standard and cDMD methods. Note that, for this experiment size of sensing matrix in cDMD was set to
pc = (n1 ∗ n2)/2 (see Algorithm 2), since too much
compression will result in loss of spatial information.
Parameters Selection: The parameters of dl-DMD
were tuned manually for best results and set to T0 =
16, λ1 , λ2 = 10−3 , dictionary size = 64 × 128, patch
size 8×8 with overlapping factor 1. A dictionary with
more number of dictionary atoms minimize the reconstruction error after applying the DMD at the cost of
high computation time, whereas a dictionary with few
atoms holds less information that in result increases
the reconstruction error. Figure. 4 shows the decrease
in reconstruction error by increasing the size of dictionary atoms. Another important parameter is the patch
size, the relation between the patch size and the mean
reconstruction error (between the DMD reconstructed
output and input video) is shown in Table. 2. This
relation shows that for a fixed number of dictionary
atoms, increasing the patch size results in increasing
the reconstruction error. Figure. 5 shows some of the
learned dictionaries on BMC dataset.

4.2

Real Video Dataset

We further measured the quantitative performance of
our proposed method on the publicly available BMC
dataset (Vacavant et al., 2012; Sobral and Vacavant,

Reconstruction Error

0.1

Table 2: Relation b/w patch size and reconstruction error.

Patch size
4×4
8×8
12 ×12
16 × 16

0.08

Reconstruction error
0.0326
0.0369
0.0373
0.0411

0.06

0.04

0

20

40

60

80

100

120

140

Number of Dictionary elements

Figure 4: Reconstruction error decreases with increasing
dictionary atoms.

Figure 5: Trained dictionaries on BMC dataset of first three
videos; (001) Boring parking, (002) Big trucks and (003)
Wandering students.

2014). This dataset is a benchmark for background
modeling of various outdoor surveillance scenarios,
such as raining or snowing at different time intervals, illumination changes or snowing at different
time intervals, illumination changes relative to outdoor lighting conditions, long duration of motionless
foreground objects, and dynamic backgrounds (e.g.,
moving clouds or trees).
Some of the foreground extraction results of BMC
videos (002), (003), (005) and (009) are shown in Figure 6 and evaluation results for all the nine videos
on this dataset are presented in Table. 3 (Erichson
et al., 2016). For pre-processing we cropped 200
consecutive frames of each video, and more than one
background is estimated for those videos where background changes with time as in videos (001), (005)
and (008).
These results indicate some of the strengths and limitations of the proposed method. Note that the proposed method is presented as a batch algorithm applied to a set of consecutive frames. Thus, any
changes that occur later in time are difficult to detect, such as the sleeping foreground in video (001),
when the cars are parked for a long period of time;
this reduces the F-measure value. Another factor
that reduces the F-measure value is the presence of
non-periodic backgrounds, such as snow and moving
clouds, which prominently appear in videos (005) and
(008), respectively. However, in case of videos with

Figure 6: Foreground extraction corresponding to BMC
videos: 002, 003, 005 and 009. The top row shows a single frame of each video. The second row shows the estimated backgrounds. The third row shows the difference between the original frames and backgrounds reconstructed.
The fourth row shows the thresholded frames, and the fifth
row shows the extracted foregrounds after applying morphological operations (closing and dilation to fill holes).

little variation in the background, high F-measure
values were obtained. The recall, precision, and Fmeasure metrics were calculated to evaluate the real
videos.
Recall: It measures the ability to accurately detect the
foreground pixels which belong to the foreground.
Precision: It measures the number of accurately detected foreground pixels which are actually correct.
F-measure: It is the harmonic mean of recall and precision that provides an average value when the values
are close, and calculated as
Precision × Recall
,
(11)
Precision + Recall
dl-DMD achieves high F-measure values in videos
(003), (004) and (009) because the backgrounds of
these videos are almost static for the entire duration
and in video (002) background is static at different inF = 2.

Table 3: Evaluation results (BMC dataset).
Measure

RSL De La Torre
(De La Torre and Black, 2003)
LSADM Goldfarb
et al.(Goldfarb et al., 2013)
GoDec Zhou and Tao
(Zhou and Tao, 2011)
Erichson
et al.(Erichson et al., 2016)
dl-DMD (proposed)

Recall
Precision
F-Measure
Recall
Precision
F-Measure
Recall
Precision
F-Measure
Recall
Precision
F-Measure
Recall
Precision
F-Measure

001
0.800
0.732
0.765
0.693
0.511
0.591
0.684
0.444
0.544
0.552
0.581
0.566
0.584
0.587
0.586

tervals of time. dl-DMD can extract small and large
moving foreground objects, such as a running rabbit
in video (004) and the big moving trucks with illumination changes in video (002), respectively; additionally, the competitive F-measure values were obtained.

5

CONCLUSIONS

We proposed dl-DMD for accurate foreground extraction in videos. In dl-DMD, DMD is performed on
coefficient matrices estimated over a dictionary that
is learned on the randomly selected patches from the
video frames. The experiments on synthetic data reveals that the use of dictionary with DMD can extract
complex dynamics in time series data more accurately
than standard DMD and cDMD methods. Also, experiments on real video dataset demonstrates that our
proposed method can extract foreground and background information in videos with comparable performance to other methods.
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