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Abstract: This article is devoted to the theoretical study of THz radiation emission from plasma taking into account the 
kinetic properties of nonequilibrium electron velocity distribution function (EVDF) formed in the process of 
tunnel ionization by the two-color laser femtosecond pulse. The dispersive equation for longitudinal 
oscillations was solved within the framework of elementary and kinetic models of plasma volume. It was 
shown that the accounting of plasma kinetics can lead to essential variation of the spectral characteristics of 
generated pulse thus leading to a change in signal duration. 

1 INTRODUCTION 

The continuing over the years interest in sources of 
terahertz radiation is caused by manifold of their 
applications in various fields, such as spectroscopy, 
material science, biology, medicine, security systems 
and so on (Tonouchi, 2007; Nagai et al, 2006; Liu et 
al, 2010; Fischer et al, 2002; Kampfrath et al, 2013). 
Two-color schemes providing strong THz pulses with 
a very broad spectrum are the most popular among 
the plasma methods of THz generation (Thomson et 
al, 2010; Clerici et al, 2013; Oh et al, 2014; Andreeva 
et al, 2016). In this article we provide the 
generalization of the well-known transient 
photocurrent model of THz generation (Kim et al, 
2007; Gildenburg and Vvedenskii, 2007; Silaev and 
Vvedenskii et al, 2009) by considering the kinetic 
approach for the electron ensemble relaxation during 
the THz waves emission. According to (Kim et al, 
2007; Silaev and Vvedenskii et al, 2009) THz signal 
occurs in a region of the focal waist of two-color or 
ultrashort single-color laser field (it could be Ti-Sa or 
some other mid-IR laser source) caused by the 
residual electric photocurrent and polarization arising 
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from the angular asymmetry of the photoionization 
process.  

2 THz PULSE FORMATION IN 
PLASMA IN FRAMES OF 
ELEMENTARY MODEL 

Let us start from the considering the emission from 
plasma within the elementary model. To produce 
plasma in our simulations we took two-color Ti-Sa 
laser pulse with the sine-squared envelope consisting 
of fundamental and second harmonics (400 + 800 nm) 
and gas xenon. The intensity of fundamental 
harmonic was chosen to be about 3.3 ∙ 10ଵଷ W/cm2 
(for the 2nd harmonic this value was four times less), 
pulse duration is about 100 fs, phase shift between the 
harmonics is π/2. The ionization process was 
considered in frames of tunnel ionization model 
(Delone and Krainov, 1998; Tong and Lin, 2005) 
(authors believe that this model is valid for xenon 
atom as well due to the proximity of xenon and 
hydrogen ionization potentials). The rate of ionization 
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per unit of time in dependence of electric field 
strength 𝑤(𝐸) can be written in a form : 𝑤(|𝐸(𝑡)|) =4𝜔௔(𝐸௔ 𝐸⁄ ) exp(− 2𝐸௔ 3|𝐸(𝑡)|⁄ −12|𝐸(𝑡)| 𝐸௔⁄ ).  

(1)

Here 𝐸௔ = 5.14 ∙ 10ଽ  V cm⁄  and 𝜔௔ = 4.13 ∙10ଵ଺ 𝑠ିଵ  are the atomic units of electric field and 
frequency, respectively. The temporal dynamics of 
the ionization process for the given two-color laser 
pulse is represented in Fig.1 for the xenon at 
atmospheric pressure. Thus, by the end of the laser 
pulse ionization is about 2.7 ∙ 10ିସ which leads to the 
electron concentration about 𝑁௘ ≅ 7 ∙ 10ଵହ cm-3. 

The asymmetry of the ionization process in the 
two-color pulse leads to the formation of longitudinal 
plasma oscillations. To obtain the frequency domain 
of these oscillations one should solve the dispersive 
equation for longitudinal plasma waves: 

Figure 1: Time dependence of the ionization probability in 
xenon (b) under the action of the two-color Ti-Sa laser pulse 
(a). The parameters of laser pulse are listed in the text. 0 = ఠమ௖మ 𝜀(𝜔), (2)

where  𝜀(𝜔) = 1 + 𝑖 ସగఙ(ఠ)ఠ  is the plasma 
permittivity at frequency 𝜔 and 𝜎(𝜔) is the plasma 
conductivity. It should be mentioned that equation (2) 
is written for the longitudinal waves in free space. 

Considering the geometry of plasma volume where 
oscillations occur will lead to the following disperse 
equations (Landau and Lifshitz,1981): 0 = ఠమ௖మ (𝜀(𝜔) + 1)     (3)

in the case of cylindrical plasma formation and 0 = ఠమ௖మ (𝜀(𝜔) + 2)   (4)

for the spherical one. 
In the frames of elementary model of plasma all 

electrons have equal velocities and 𝜎(𝜔) =𝑒ଶ𝑁௘ 𝑚(𝜈௧௥ − 𝑖𝜔)⁄ , where 𝜈௧௥ denotes the transport 
collisional frequency of electrons in the focal volume 
which is assumed to have constant value and 𝑁௘  is 
electron density in plasma. For typical laser plasma 
parameters the longitudinal plasma oscillations occur 
in the THz frequency band and, hence, can produce 
the seed THz pulse. By considering the cylindrical 
shape of plasma (this seems to be closer to the real 
shape of laser focal waist) and resolving equation (3) 
with respect to 𝜔, one derives 𝜔 = ට𝜔௣ଶ/2 − 𝜈௧௥ଶ 4⁄ − 𝑖 ఔ೟ೝଶ . (5)

Here 𝜔௣ = ටସగ௘మே೐௠  is the plasma (Langmuir) 
frequency which is about 5 ∙ 10ଵଶ𝑠ିଵ for the above 
given electron density and belongs to THz frequency 
range. In order to produce signal of several periods of 
oscillations, attenuation in plasma should be less than 
the Langmuir frequency, thus in the first order with 
respect to the parameter ఔ೟ೝఠ೛ < 1 one obtains from (5): 𝜔 ≈ ఠ೛√ଶ − 𝑖 ఔ೟ೝଶ . (6)

Real parts of the expressions (5) and (6) represent 
the frequency of electronic gas oscillations and it can 
be observed that taking into account the geometry of 
plasma volume leads to the shifting of this frequency 
while the imaginary part stands for the collisional 
attenuation of plasma wave. Evolution of plasma 
oscillations after the two-color laser pulse action can 
be described by plasma polarization: 𝑃௦(𝑧, 𝑡) =𝑃଴𝑒ି௭మ ௔మ⁄ 𝑐𝑜𝑠 ቆට𝜔௣ଶ/2 − 𝜈௧௥ଶ 4⁄ 𝑡ቇ 𝑒ି∙ఔ೟ೝ ଶൗ ௧. (7)

Here 𝑃଴ is the value of residual polarization after the 
two-color pulse action, 𝑎 is the size of focal waist of 
two-color laser pulse where the plasma waves are 
effectively excited (in our calculations we assume 𝑎 
is around 0.01 cm). Expression (7) was written under 
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the assumption that in the region of pulse focal waist 
plasma oscillations take place with the same phase. 
Indeed, as the group velocity of the two-color pump 
pulse in plasma is close to the speed of light (here we 
neglect the walk-off between the fundamental and 
second pulse harmonics), one can consider the 
simultaneous excitation of plasma volume after the 
two-color pulse action. In case of proximity of plasma 
frequency and collisional frequency 𝜈௧௥  the THz 
emission spectrum is wide consisting of different 
(both short and long) waves so the plasma can not be 
considered as a point-like source (especially for short 
waves). To obtain the emission of the seed pulse we 
are going to solve wave equation with the polarization 
(7) as the sourсe: డమா(௭,௧)డ௭మ = ଵ௖మ డమா(௭,௧)డ௧మ + ସగ௖మ డమ௉(௭,௧)డ௧మ .   (8)

By applying double Fourier transform to the equation 
(8):  𝐸ఠ,௞ = ׬ 𝐸(𝑧, 𝑡)𝑒𝑥p (𝑖𝜔𝑡 − 𝑖𝑘𝑧)𝑑𝑧𝑑𝑡ஶିஶ ,𝑃ఠ,௞ = ׬ 𝑃௦(𝑧, 𝑡)𝑒𝑥p (𝑖𝜔𝑡 − 𝑖𝑘𝑧)𝑑𝑧𝑑𝑡ஶିஶ  one obtains 
the following relation between the Fourier 
components of the polarization and the wave field: 𝐸ఠ,௞(𝑘ଶ − 𝜔ଶ 𝑐ଶ⁄ ) = ସగ௖మ 𝜔ଶ𝑃ఠ,௞,   (9)

where 𝑃ఠ,௞ = −𝑖𝑃଴ ௔ଶ √𝜋 exp ቀ− ௔మ௞మସ ቁ ×ቆ1 ൭ቆ𝜔 − ට𝜔௣ଶ − 𝜈௧௥ଶ 4⁄ ቇ + ௜ఔ೟ೝଶ ൱ൗ +
+ 1 ൭ቆ𝜔 + ට𝜔௣ଶ − 𝜈௧௥ଶ 4⁄ ቇ + ௜ఔ೟ೝଶ ൱ൗ ቇ      (10)

From (9) the spatial evolution of the plasma emission 
spectrum reads: 𝐸ఠ(𝑧) = ଵଶగ ׬ 4𝜋 ఠమ௖మ ௉ഘ,ೖ௞మିఠమ ௖మ⁄ 𝑒𝑥𝑝(𝑖𝑘𝑧)𝑑𝑘ஶିஶ .  (11)

The solution 𝐸ఠ(𝑧)  of equation (9) for 𝑧 = 0  will 
represent the spectrum which is formed from the 
oscillations of polarization vector (7). Expression 
(11) can be resolved by means of residue theory. By 
choosing only the wave propagating in positive 
direction for the pulse spectrum we finally have: 𝐸ఠ(𝑧)|௭ୀ଴ = 𝑃଴𝑎𝜋యమ ఠ௖ 𝑒𝑥𝑝 ቀ− ఠమ௔మସ௖మ ቁ ×ቆ1 ൭ቆ𝜔 − ට𝜔௣ଶ − 𝜈௧௥ଶ 4⁄ ቇ + ௜ఔ೟ೝଶ ൱ൗ +

1 ൭ቆ𝜔 + ට𝜔௣ଶ − 𝜈௧௥ଶ 4⁄ ቇ + ௜ఔ೟ೝଶ ൱ൗ ቇ. 

(12)

Figure 2: Spectrum (a) and spatial-temporal distribution (b) 
of emitted signal in plasma within the elementary model. 
Plasma electron concentration 𝑁௘ = 7 ∙ 10ଵହ  cm-3. 
Transport frequency in plasma 𝜈௧௥ = 3.75 ∙ 10ଵଶ  s-1. 
Arrow shows the direction of pulse propagation. 

Typical spectrum of emission |𝐸ఠ|ଶ and spatial-
temporal distribution of the produced pulse are shown 
in Figure 2 for the plasma frequency 𝜔௣ = 5 ∙ 10ଵଶ   
s-1 (which corresponds to the electron concentration 𝑁௘ = 7 ∙ 10ଵହ  cm-3), 𝜈௧௥ = 3.75 ∙ 10ଵଶ  s-1 (for 
estimates we selected gas xenon at atmospheric 
pressure and the velocity of electrons was chosen to 
be about 10଼ cm/s). 

3 THz PULSE FORMATION 
UNDER THE INFLUENCE OF 
KINETIC PROPERTIES OF 
NONEQUILIBRIUM PLASMA 

The main issue of this section is the study of influence 
of plasma kinetic properties on the THz pulse 
formation. Within the framework of the two-term 
expansion for Boltzmann kinetic equation the plasma 
conductivity can be expressed as (Ginzburg and 
Gurevich, 1960; Raizer, 1977): 𝜎(𝜔) = ఠ೛మଷ ׬ ௩య(ఔ೟ೝ(௩)ା௜ఠ)ఠమାఔ೟ೝమ (௩൯ஶ଴ ቀ− డ௙డ௩ቁ 𝑑𝑣,  (13)
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where 𝑓(𝑣) stands for electron distribution function 
over absolute value of velocity normalized by ׬ 𝑓(𝑣)𝑣ଶ𝑑𝑣ஶ଴ = 1/4𝜋 . Substituting (13) in 
dispersive equation (3) for the cylindrical plasma 
geometry one obtains the following integral equation 
for longitudinal plasma oscillations: ω = − ଵଶ 𝑖 ସగଷ 𝜔௣ଶ ׬ ௩య(ఔ೟ೝ(௩)ା௜ఠ)ఠమାఔ೟ೝమ (௩൯ஶ଴ ቀ− డ௙డ௩ቁ 𝑑𝑣. (14)

Solution of the equation (14) provides the spectrum 
of plasma waves for the given electron velocity 
distribution function (EVDF) and in general terms 
should be solved numerically. In case of 𝜔௣ > 〈𝜈௧௥〉 
,where 〈 〉  means averaging over the distribution 
function, it is possible to write the analytical solution 
in the first order over parameter  〈𝜈௧௥〉/𝜔: 𝜔 ≅ 𝜔௣√2 − 𝑖2 ∙ (< 𝜈௧௥(𝑣) > + + ଵଷ < 𝑣 డఔ೟ೝ(௩)డ௩ >). 

  (15)

It can be seen that accounting of plasma kinetics 
leads to additional term in the imaginary part of 𝜔 
compared to (6) which could be both positive or 
negative depending on the sign of the derivative 
function డఔ೟ೝ(௩)డ௩  and the expression for the EVDF. 
Thus, taking into account both the velocity 
dependence of transport scattering cross section and 
distribution of electrons enables to describe the 
spectrum of emitted radiation from plasma more 
correctly. 

Figure (3) demonstrates the electron velocity 
distribution functions formed along the polarization 
axis during the tunnel ionization of xenon by two-
color femtosecond laser pulses with fundamental 
wavelengths of 800 and 3900 nm. The duration of 
3900 nm pulse and the intensities of fundamental and 
second harmonics were chosen to be the same as for 
the 800 nm pulse which was considered in the Section 
I. Both obtained distributions are highly 
nonequilibrium and have sharp angular distribution 
along the direction of the electric field of the pulse. 
Below we will call them EVDF1 for the distribution 
formed by the (400+800) nm laser pulse and EVDF2 
for the distribution formed by the (1950+3900) nm 
laser pulse. According to the plasma kinetic theory, 
elastic collisions lead to the isotropization of angular 
distribution of electrons, while the domination of 
electron-electron collisions determines fast 
maxwellization of EVDF. Duration of the 
maxwellization process can be estimated as 𝜏ெ~𝜈௘௘ିଵ, 
where 𝜈௘௘  is the frequency of electron - electron 
collisions. By estimating electron-electron collisional 

cross section as 𝜎௘௘ ≈ (𝜋𝑒ସ 𝜀௘ଶ) × 𝐿⁄  (here 𝜀௘  is the 
electron energy and 𝐿 ≈ 10  is the Coulomb 
logarithm) for 𝜀௘ଵ~ 0.5  eV which corresponds to 
maximum of EVDF1 (see fig.4) and 𝜀௘ଶ~ 12.4 eV for 
the EVDF2, one obtains 𝜏ெଵ~1.4 × 10ିଵଵ  s-1 and 𝜏ெଶ~1.6 × 10ିଽ  s-1. Here 𝑁௘ was chosen to be       7 × 10ଵହcm-3 (obtained by the formula (1) ionization 
degree is approximately the same for both cases). The 
above estimates lead to the fact that for the EVDF1 
fast maxwellization will take place, while for the 
EVDF2 elastic collisions will redistribute electrons 
rather quickly (within the time interval of several 
collisions) leading to the isotropic distribution in 
velocity space. For the transport collisional 
frequencies we derive 𝜈௧௥ଵ ≈ 10ଵଵ  s-1 and 𝜈௧௥ଶ ≈6.6 × 10ଵଶ s-1. 

To estimate the temperature T of the maxwellized 
EVDF1 one can write the following relation ଵଶ ௠൫∆௩∥൯మଶ + ௠(௩బ)మଶ + 2 ∙ ଵଶ ௠(∆௩఼)మଶ = ଷଶ 𝑇.  (16)

which has the sense of energy conservation law 
during the isotropization process in three-
dimensional velocity space. Here 𝑣଴, Δ𝑣|| are taken 
from Fig. 3, Δ𝑣ୄ stands for the transverse distribution 
of photoelectrons formed in the tunnel ionization, 
which is usually assumed to be small compared with 
the electron velocities along the pulse polarizations 
(Delone and Krainov, 1998). In Fig. 4 the obtained 
isotropic distributions are plotted with the function 𝑣 డఔ೟ೝ(௩)డ௩  for xenon to analyse the contribution of 
kinetic effects to the imaginary part of  solution  (15), 

Figure 3: One-dimensional electron velocity distribution 
functions (EVDF) along the polarization of two-color laser 
field with fundamental wavelengths 800 nm (black curve) 
and 3900 nm (red curve). Here 𝑣଴, Δ𝑣||  are the mean 
velocity and velocity dispersion correspondingly.𝑣଴ = 4.2 ∙ଵ଴ళсм௖ , Δ𝑣|| = 5.3 ∙ 10଻ cm/s for 800 nm; 𝑣଴ = 2.09 ∙ 10଼  
cm/s, Δ𝑣|| = 2.46 ∙ 10଼  cm/s for 3900 nm. Distribution 
functions are normalized to unity. 
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Figure 4: EVDF1 after the Maxwellization process (1), 
EVDF2 after the isotropization process (2) and 𝑣 డఔ೟ೝ(௩)డ௩  (3). 
All the functions are scaled (divided by maximum values). 
EEDF1 and EEDF2 represent the velocity distribution in 
three-dimensional velocity space and normalized by 
condition ׬ 𝑓(𝑣)𝑣ଶ𝑑𝑣 = 1/4𝜋. 

 

 
Figure 5: Spectra of emission (a) and spatial-temporal 
distributions of electric field strength (b) for plasma 
characterized by the distribution functions EVDF1 (1) and 
EVDF2 (2). 

which determines the collisional damping of plasma 
waves. The value of transport scattering cross section 
for xenon atom was taken from (Hayashi, 1983). As 
for distribution (2) in Fig. 4 it comes from the 
distribution formed by the (1950+3900) nm laser 

pulse replotted for the velocity module and 
renormalized in three-dimensional velocity space. 
One can see, for example, that for the distribution (2) 
the negative value of function 𝑣 డఔ೟ೝ(௩)డ௩  can decrease 
the value of damping coefficient in (15), thereby 
leading to the formation of longer THz pulses with 
narrower spectrum. 

In case of our consideration plasma frequency is 
close to the transport collisional frequency, so we 
apply numerical methods to the solution of (14). 
Equation (14) was solved by the iterative method, and 
for obtained distribution functions we have the 
following results: 𝜔 ≈ 3.3 ∙ 10ଵଶ − 4.3 ∙10ଵଵ𝑖 s-1 for the EVDF1 𝜔 ≈ 2.5 ∙ 10ଵଶ − 1.9 ∙10ଵଶ𝑖 s-1 for the EVDF2. 

The spectra of emission |𝐸ఠ|ଶ  and spatial-
temporal distributions of electric field strength 𝐸(𝑧, 𝑡) for both distribution functions are shown in 
Fig.5. 

4 CONCLUSIONS 

This article considers the THz pulse generation 
through the longitudinal plasma oscillations arising 
from gas ionization by two-color femtosecond laser 
pulse. The obtained analytical and numerical results 
demonstrate that due to the strong velocity 
dependence of transport scattering cross section of 
gas atoms various velocity distributions of plasma 
electrons can provide sufficiently different spectra of 
emission, which can lead to generation of THz pulses 
with different spectral and spatial widths. The 
performed research will play important role for the 
new approach to obtain high intense THz pulses in 
nonequilibrium plasma of noble gases proposed and 
developed by the authors [Bogatskaya and Popov, 
2013; Bogatskaya et al, 2014; Bogatskaya and Popov, 
2018]. The approach consists in additional 
amplification of seed THz pulse which arises under 
the action of two-color (mid)IR laser in photoionized 
plasma channel formed by femtosecond eximer KrF 
laser pulse. 
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