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Abstract:

In classification, a large number of features often make the design of a classifier difficult and degrade its
performance. This is particularly pronounced when the number of examples is small relative to the number
of features, which is due to the curse of dimensionality. There are many dimensionality reduction techniques
in the literature. However, most these techniques are either informative (or minimum information loss), as
in principal component analysis (PCA), or discriminant, as in linear discriminant analysis (LDA). Each type
of technique has its strengths and weaknesses. Motivated by Gaussian Processes Latent Variable Models, we
propose a simple linear projection technique that explores the characteristics of both PCA and LDA in latent
representations. The proposed technique optimizes a regularized information preserving objective, where
the regularizer is a LDA based criterion. And as such, it prefers a latent space that is both informative and
discriminant, thereby providing better generalization performance. Experimental results based on a variety of
data sets are provided to validate the proposed technique.

1

INTRODUCTION

In machine learning, a large number of features or
attributes often make the development of classifiers
difficult and degrade their performance. This is particularly pronounced when the number of examples
is small relative to the number of features, which is
due to the curse of dimensionality (Bellman, 1961).
It simply states that the number of examples required
to properly compute a classifier grows exponentially
with the number of features. For example, assuming
features are correlated, approximating a binary distribution in a d dimensional feature space requires estimating O(2d ) unknown variables (Breiman et al.,
1984).
Many machine learning problems are fundamentally related to the problem of learning latent representations or subspace learning, which potentially
benefits many applications (Banerjee and Peng, 2005;
Peng, 1995; Heisterkamp et al., 2000; ?). The goal of
subspace learning is to discover the geometric properties of the input space, such as its Euclidean embedding, intrinsic dimensionality, and connected components from a set of high dimensional examples. Subspace learning is also related to embedding. Subspace
learning techniques can be categorized into linear and
non-linear techniques. In this paper, we are mainly

interested in linear techniques for simplicity and reduced computational complexity.
There are many dimensionality reduction techniques in the literature (Belhumeur et al., 1997; Fukunaga, 1990; Huo and et al, 2003; Howland and Park,
2004; Peng et al., 2013; Aved et al., 2017; Zhang
et al., 2005). However, most these techniques are either informative (or minimum information loss), as
in principal component analysis (PCA), or discriminant, as in linear discriminant analysis (LDA). Each
type of technique has its strengths and weaknesses.
For example, PCA is unsupervised, while LDA is supervised. Thus, it seems that in classification, LDA
should be able to outperform PCA. However, it has
been shown that PCA can outperform LDA in classification problems, given insufficient training data per
subject (Martinez and Kak, 2001).
Motivated by Gaussian Processes (GP) latent
variable models (Lawrence, 2005; Rasmussen and
Williams, 2005; Urtasun and Darrell, 2007) and locality preserving projections (He and Niyogi, 2003; Cai
et al., 2006), we investigate linear projection models
that exploit the characteristics of PCA and LDA in
latent representations. The latent representation computed by PCA is most informative in terms of minimum information loss. On the other hand, it does
not take into account class label information. Thus,
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it is less discriminant in general. By combining the
characteristics of both PCA and LDA, it is expected
that the resulting latent can be both informative and
discriminant, thereby providing better generalization
performance. Experimental results using a variety of
data sets are provided to validate the proposed technique.

2

RELATED WORK

Many techniques have been proposed to take the advantage of the inherent low dimensional nature of the
data (Darnell et al., 2017; Harandi et al., 2017; Sarveniazi, 2014; Xie et al., 2017). Two major linear subspace learning techniques are PCA and LDA. Both
are capable of discovering the intrinsic geometry of
the latent subspace. However, they only compute the
global Euclidean structure.
Linear techniques based on graph Laplacians such
as locality preserving projections (LPP) can model
the local structure of the latent subspace (He and
Niyogi, 2003). These techniques construct an adjacency matrix that captures the local geometry of the
latent space from class label information. The projections are then computed by preserving such an adjacency structure. However, the basis functions obtained from LPP are not guaranteed to be orthogonal,
which makes the data reconstruction more difficult.
Orthogonal LPP (OLPP) is a linear dimension reduction technique that has been proposed to address
the problems associated with LPP (Cai et al., 2006).
Similar to LPP, OLPP computes an adjacency matrix that preserves locality information. On the other
hand, OLPP computes its basis functions that are
guaranteed to be orthogonal, Orthogonal basis functions preserve the metric structure of the latent space.
It is shown OLPP outperforms LPP (Cai et al., 2006).
GP latent variable models are probabilistic techniques for computing low dimensional subspaces
from high dimensional data (Gao et al., 2011;
Lawrence, 2005; Urtasun and Darrell, 2007; Jiang
et al., 2012). These techniques have been applied to
many problems such as image reconstruction and facial expression recognition (Abolhasanzadeh, 2015;
Cai et al., 2016; Eleftheriadis et al., 2015; Song et al.,
2015a).
GP latent variable models are generative and compute a latent subspace without taking into account
class label information, as in (Lawrence, 2005). They
are useful for visualization and regression analysis.
And as such, the resulting latent space may not be optimal for classification. One way to address this problem is to introduce a prior distribution such as the uni-

form prior over the latent space to place constraints on
the resulting latent space (Urtasun and Darrell, 2007).
One of the main problems associated with GP latent
variable models is that for a given test example, a separate estimation process must take a place to compute
the corresponding latent position. This inference introduces additional uncertainties in the entire GP latent variable model computation and added computational complexity.
Integrating PCA and LDA for dimension reduction has been discussed in the literature (Yu et al.,
2007; Zhao et al., 2011). These techniques formulate
an objective as a linear combination of PCA and LDA
criteria. On the other hand, we optimize the PCA objective with LDA as regularizer. This regularization
view has a well established foundation in Gaussian
Process latent variable models.

3

GAUSSIAN PROCESS LATENT
VARIABLE MODELS

Gaussian Process (GP) latent variable models compute a low dimensional latent representation of high
dimensional input data, using a GP mapping from the
latent space to the input data space. Here we briefly
describe GP latent variable models to motivate the introduction of the proposed technique.
Let
X = [x1 , x2 , · · · , xn ]t
be a set of centered data, where xi ∈ ℜd , and t denotes
the transpose operator. Also, let
Z = [z1 , z2 , · · · , zn ]t
represent the corresponding latent variables, where
zi ∈ ℜq , and q ≪ d. A typical relationship between
the two sets of variables can be described by
x = W z + ε,

(1)

where W is a d × q matrix, and ε denotes the error
term. Assuming that p(ε) = N(0, β−1 I) (i.e., isotropic
Gaussian), we have the following conditional probability distribution over the input space
p(x|z,W, β) = N(W z, β−1 I).
This implies that the likelihood of the data can be
written as (matrix normal distribution)
n

p(X|Z,W, β) = ∏ p(xi |zi ,W, β).
i=1

Here it is assumed that xi are independent and identically distributed (i.i.d.). Probabilistic PCA solution
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for W can be computed by integrating out the latent
variables (Tipping and Bishop, 1999).
A dual approach is to integrate out W and optimize the latent variables (Lawrence, 2005; Urtasun
and Darrell, 2007). First, we specify a prior distribution p(wi ) = N(0, α−1 I) for W , where wi is the ith
row of W . Then
d

p(W ) = ∏ p(wi ) =
i=1

1
1
exp(− tr(αW t W ))
Cd
2

dq

=

α2

(2π)

dq
2

1
exp(− tr(αW t W )).
2

(2)

where Cd is a normalization constant. Therefore, the
marginalized likelihood of X can be computed by integrating out W
p(X|Z, β) =
∝
where

Z

p(X|Z,W, β)p(W )dW

1
1
exp(− tr(K −1 XX t )), (3)
d/2
2
|K|

K = (α−1 ZZt + β−1I).

Thus, the distribution of the data given the latent variables is Gaussian. It can be shown that the solution
Z, obtained by maximizing the GP likelihood of the
latent variables (3), is equivalent to the PCA solution
(Lawrence, 2005; Tipping and Bishop, 1999).
One can place additional conditions on the latent
variables Z by introducing priors over Z. For example, if we place a uniform prior on Z, the log prior
becomes
1 n
ln p(Z) = − ∑ zti zi .
2 i=1
Such a prior prefers the latent variables close to the
origin (Urtasun and Darrell, 2007). In classification
context, one can incorporate class labels into the prior
(Eleftheriadis et al., 2015; Song et al., 2015b). This
can be accomplished based on discriminant analysis (Fukunaga, 1990). For example, LDA J(Z) =
tr(Sw−1 Sb ), where Sw and Sb denote the between and
within class matrices in the latent space, can be imposed. Here tr denotes the matrix trace. The prior
thus becomes (Urtasun and Darrell, 2007)
p(Z) = C exp(−J −1 ).
One of drawbacks associated with GP latent models is that for a given test example, a separate estimation process must take a place to compute the corresponding latent position. This inference introduces
additional uncertainties in the entire GP latent model
computation and added computational complexity.
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4

INFORMATION PRESERVING
DISCRIMINANT
PROJECTIONS

In this section, we develop a novel algorithm that
combines some of the best features of Gaussian Process latent models and locality preserving projections.
As discussed above, the optimization of the likelihood (3) results in the PCA solution to the latent variables Z in the GP latent models. By introducing priors
over latent variables p(Z), one obtains the log posterior (terms that the posterior depends on)
1
d
L = − ln |K| − tr(K −1 XX t ) + ln p(Z). (4)
2
2
As noted in (Rasmussen and Williams, 2005; Urtasun
and Darrell, 2007), in a non-Bayesian setting, the log
prior ln p(Z) can be viewed as a penalty term. And
the maximum a posterior estimate of the latent variables can be interpreted as the penalized maximum
likelihood estimate. If one introduces a discriminant
prior, (4) represents a trade-off between informative
(as in PCA) and discriminant (as in LDA) representations. A major drawback is that a separate estimation
process must take place for each test example.
To overcome this problem, we introduce a simple
linear projection technique that preserves the representation balance shown in (4), without a separate inference process for test examples. Recall that PCA
finds the projection p by maximizing
J(p) = tr(pt XX t p),

(5)

where XX t denotes the covariance matrix, assuming
the data are centered. Projection p has the property
that the loss
n

∑ kxi − ppt xik2
i

is minimum. Thus, PCA solutions are entirely informational in that the resulting latent representation preserves the maximum information.
To encourage the latent space to be discriminant,
we appeal to the idea behind GP latent variable models, where the prior over the latent variables place
constraints on variable positions in the latent space.
As noted above, the log prior can be simply interpreted as a regularizer. Along this line, we can introduce a regularizer in (5)
J(p) = tr(pt XX t p) + λr(p),

(6)

where r(·) represents a regularizer and λ is the regularization constant. r(·) plays the role of the log
prior in GP latent models that places a constraint in
the resulting latent space. In this work, we introduce
the following regularizers: Laplacian and Linear Discriminant Analysis (LDA).

Information Preserving Discriminant Projections

4.1 Information Preserving Projections
with Laplacian Regularizer

4.2 Information Preserving Projections
with LDA Regularizer

A locality preserving projection (LPP) builds a graph
of the input data that preserves local neighborhood information (He and Niyogi, 2003). LPP then computes
a linear projection from the Laplacian of the graph.
Let W be a n × n weight matrix, where

exp(−tkxi − x j k2 ) i 6= j and l(xi ) = l(x j )
Wi j =
0
otherwise.
(7)
Here xi represents the ith training example, l(·) denotes the label of its input, and t is a kernel parameter.
Let p be a projection such that zi = pt xi . LLP computes a linear projection by minimizing the following
ojective
∑(zi − z j )2Wi j .

We can similarly introduce the LDA regularizer

i, j

A penalty is incurred when examples xi and x j that
are in the same class are projected far apart. It turns
out that the above objective can be rewritten as
1
(zi − z j )2Wi j
2∑
i, j

=

1
(pt xi − pt x j )2Wi j
2∑
i, j

= pt X t LXp,

(8)

where L = D − W is the graph Laplacian, and D is
a diagonal matrix with diagonal entries Dii = ∑ j Wi j .
Since Dii indicates the volume of zi , LLP places the
following constraint on the objective
min pt X t LXp

(9)

p
t t

p X DXp = 1

s.t.

The optimal solution can be obtained by solving the
generalized eigenvalue problem
X t LXp = λX t DXp.

(10)

LPP has been shown to be effective in practice (He
and Niyogi, 2003; Cai et al., 2006).
In LPP (He and Niyogi, 2003), the optimal projection p is computed by minimizing pt X t LXp. Therefore, the proposed Laplacian regularized PCA becomes
J(p) = tr(p XX p) + λtr(p (X LX) p).
t

t

t

t

−1

(11)

Thus, p can be computed by maximizing
JIP−Lap = tr(XX t + λ(X t LX)−1 ).

J(p) = tr(pt XX t p) + λtr(pt Sw−1 Sb p),

(13)

where
nc

C

Sw =

∑ ∑

(xi − mc )(xi − mc )t

c=1 i=1,xi ∈c

and
C

Sb =

∑ (mc − m)(mc − m)t

c=1

are the between-class and within-class matrices. Here
m represents the overall mean, mc denotes the mean
of class c, and t represents the transpose operator.
Projection p can be computed by maximizing
JIP−LDA = tr(XX t + λSw−1Sb ).

(14)

We call the resulting projection Information Preserving LDA Projection, or PLda. Similar to PLap (11),
(13) can be interpreted as a regularized PCA, where
LDA is the regularizer. Or it can be viewed as a regularized LDA, where the regularizer is PCA.

5

EXPERIMENTS

We now examine the performance of the proposed
techniques against competing techniques using several examples.

5.1 Methods
The following methods are evaluated in the experiments.
1. PLap–Information Preserving Projection with
Laplacian regularizer (Eq. 12).
2. PLda–Information Preserving Projection with
LDA regularizer (Eq. 14).
3. PCA–Projection that maximizes (Eq. 5)
J(p) = tr(pt XX t p).
4. LDA–Projection that maximizes

(12)

We call the resulting projection Information Preserving Laplacian Projection, or PLap. Note that (11) can
be interpreted as a regularized PCA, where LPP is the
regularizer. Or it can be viewed as a regularized LPP,
where the regularizer is PCA.

J(p) = tr((pt Sw p)−1 pt Sb p),
where Sw and Sb are the within and between matrices, respectively.
5. OLPP–Orthogonal Laplacian Projection (OLPP)
proposed in (Cai et al., 2006).
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Figure 1: Oil flow data projected onto two dimensional
spaces. The left column (top to bottom) shows the two dimensional representation of the training examples by PCA,
LDA, PLap, PLda, and OLPP, respectively. The right column shows the two dimensional representation of the test
examples by PCA, PLap, PLda, LDA, and OLPP, respectively.

Note that OLPP is along the line of LPP (9). It is
known that the solution to (10) may not be orthogonal.
To address this problem, OLPP first projects the data
onto the PCA subspace, where it computes the solution to (10) that preserves orthogonality. It is shown
in (Cai et al., 2006) OLPP outperforms LPP. Thus, we
compare the proposed technique against OLPP in our
experiments.
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We have carried out an experiment to visually examine our proposed techniques. The data set is the multiphase oil flow data (Bishop and James, 1993). This
data set contains examples in 12 dimensions. The data
set has three classes corresponding to the phase of
flow in an oil pipeline: stratified, annular and homogeneous. In this experiment, for illustration purposes,
we randomly sampled 100 examples as the training
data, and additional 1000 examples as the test data.
Figure 1 shows the two dimensional projections
by the five competing techniques. The left column
(top to bottom) shows the two dimensional representation of the training examples by PCA, LDA,
PLap, PLda, and OLPP, respectively. The right column shows the two dimensional representation of the
test examples by the corresponding techniques. For
PLap and PLda, regularization constant λ was to 100.
Kernel parameter t in Laplacian (9) was set to 0.01
for both PLap and OLPP. The plots show that the
proposed techniques provided better class separation
than the competing methods in the latent space.
Figure 2 shows two dimensional projections of the
test examples by PLap and PLda as a function of regularization constant λ: 20, 40, 60, and 80. The top
panel shows the representation by PLap, and the bottom panel shows the representation by PLda. As λ increases, the resulting latent space becomes more discriminant. That is, as λ varies, the latent representations show the characteristics from PCA to LDA, as
expected.

5.3 AR Face Data
This experiment involves the AR-face database (Martinez and Kak, 2001). The precise nature of the data
set is described in (Martinez and Kak, 2001). For this
experiment, 50 different subjects (25 males and 25
females) were randomly selected from this database.
Images were normalized to the final 85 × 60 pixel arrays. Sample images are shown in Figure 3.
This experiment follows the exact setup of the
Small Training Data set experiment described in
(Martinez and Kak, 2001), where it is shown that PCA
can outperform LDA, given insufficient training data
per subject. Here we want to see how the proposed
techniques fare against PCA in such situations.
In this setup, the first seven images from each subject are selected, resulting in a total of 350 images. To
highlight the effects of a small training data set, two
images from each subject are used as training and the
remaining five are used as testing. Following (Martinez and Kak, 2001), we use all 21 different ways of
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Figure 2: Two dimensional representation of the test examples by PLap and PLda as a function of regularization parameter λ:
20, 40, 60 and 80. The top panel shows the representation by PLap, and the bottom panel shows the representation by PLda.
As λ increases, the resulting latent space becomes more discriminant.

5.4 Additional Data Sets
Additional data sets are used to illustrate the generalization performance by each competing technique.

Figure 3: AR sample images.

partitioning the data into training and testing for the
results reported here. The original images of 85 × 60
pixels are first transformed via PCA into a space of
350 dimensions spanned by the 350 face data. All the
methods see their input from this space.
1
PLap
PLda
LDA
OLPP
PCA

0.9

Average Error Rate

0.8

1. MNIST Data (MNIST). The MNIST dataset consists of handwritten digits from the US National
Institute of Standards and Technology (NIST)
(yann.lecun.com/exdb/mnist/). Each digit is a 28
by 28 pixels of intensity values. Thus each digit is
a feature vector of 784 intensities. In this experiment, we randomly selected 100 examples from
each digit, for a totla of 1000 examples.
2. Cat and Dog data (CatDog). This image data set
consists of two hundred images of cat and dog
faces. Each image is a black-and-white 64 × 64
pixel image, and the images have been registered
by aligning the eyes. Sample cat and dog images
are shown in Figure 5.
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Figure 4: Average error rate registered by PLap, PLda,
LDA, OLPP, and PCA with increasing dimensionality on
the AR face data.

Figure 5: Sample images of the cat and dog data.

The average error rates in a subspace with 49 dimensions over the 21 runs are shown in the first row
in Table 1. Figure 4 plots the average error rates registered by the competing methods over 21 runs on the
AR face data as a function of increasing dimensions.
On average both PLap and PLda clearly outperform
PCA across the 49 subspaces, and consistently perform better than the competing methods.

3. Multilingual Text (MText). This data set is a multilingual text data set (Amini et al., 2009). It is
from the Reuters RCV1 and RCV2 collections.
The data set consists of six categories of documents: 1) Economics, 2) Equity Markets, 3) Government Social, 4) Corporate/Industrial, 5) Performance, and 6) Government Finance. Each document in English has a corresponding document
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in French, German, Italian and Spanish, translated
using PORTAGE (Ueffing et al., 2007). The documents in English are used in this experiment,
where each document is represented by a bag of
words model in 21531 dimensions. In this experiment, we randomly selected 100 examples from
each class. Thus, the data set has 600 examples in
21531 dimensions.
4. Iris Data (Iris). The iris data set is a publicly
available WVU multimodal data set (Crihalmeanu
et al., 2007). The data set consists of iris images
from subjects of different age, gender, and ethnicity, as described in (Crihalmeanu et al., 2007).
The data set is difficult because many examples
are low quality due to blur, occlusion, and noise.
Sample iris images are shown in 6. The evaluation
was done on a randomly selected pair of subjects,
where one subject has 27 examples, and the other
subject has 36 examples for a total of 63 examples.
To compute features, iris images are segmented
into 25 × 240 templates (Pundlik et al., 2008).
Since Gabor features have been shown to produce better representation for iris data (Daugman,
2004), these templates are convolved with a logGabor filter at a single scale to obtain a 6000 features.

6. Feret Face Data (FeretFace). The FERET face
data set consists of 50 subjects, randomly chosen from the Feret face database (Phillips, 2004).
Each subject has 8 instances. Therefore, we have
a set of 400 facial images. The images used here
involve variations in facial expressions and illumination. Each image has 150 × 130 pixels. Sample
images are shown in Figure 8.

Figure 8: Normalized Feret sample images.
Table 1: Average error rates registered by the competing
methods on the 7 data sets.

ARFace
MNIST
CatDog
MText
Iris
Finger
FeretFace
Ave

PCA
0.307
0.143
0.492
0.405
0.480
0.466
0.088
0.340

PLap
0.245
0.152
0.216
0.217
0.133
0.378
0.042
0.198

PLda
0.245
0.143
0.210
0.232
0.133
0.387
0.042
0.199

LDA
0.394
0.402
0.457
0.365
0.141
0.444
0.092
0.328

OLPP
0.314
0.148
0.286
0.305
0.136
0.467
0.098
0.251

Figure 6: Sample Iris images.

5.5 Experimental Results
5. Fingerprint Data (Finger). Similar to the iris
data set, the finger data set is obtained from publicly available WVU multimodal data sets (Crihalmeanu et al., 2007). The data set consists of
fingerprint images from a randomly chosen pair
of subjects. Again, the data set is difficult because
many examples are low quality due to blur, occlusion, and noise. Sample fingerprint images are
shown in 7. This data set has 124 examples, where
one subject has 61 instances, while the other has
63. To represent fingerprints, ridge and bifurcation features are computed using publically available code (sites.google.com/site/athisnarayanan/).
Resulting feature vectors have 7241 components.

Figure 7: Sample fingerprint images.
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In the additional six data set experiments, all training
data have been normalized to have zero mean and unit
variance along each dimension. The test data are similarly normalized using training mean and variance.
In the resulting latent space, the one nearest neighbor
rule is used to perform classification. The regularization constant λ and the kernel parameter t in Laplacian (9) were chosen through five fold cross validation. Table 1 shows the 10-fold crossed validated error rates of the five competing methods on the 6 data
sets described above.
The table shows that on average both PLap and
PLda outperformed all the competing techniques examined here. And PLap and PLda performed similarly on these data sets. The results show that classification performed in a space that is both informative
and discriminant provides better generalization performance than in either the PCA or LDA subspace
alone.

Information Preserving Discriminant Projections

Figure 9 plots the 10-fold error rates computed by
each method on the Feret face data as a function of increasing dimensions. As can be seen, both PLap and
PLda consistently outperform the competing methods across the 49 subspaces, again demonstrating that
classification performed in a space that is both informative and discriminant provides better generalization performance.

than 62.9% higher than the best error rate. This is followed by PLda. In the worst case PLda was no worse
than 69.1%. In contrast, PCA has the worst distribution, where the worst case was 360.9% higher than
the best error rate.
3.5

3

5.6 Robustness of Performance
2.5

PLap and PLda clearly achieved the best or near best
performance over the 7 data sets, followed by OLPP.
It seems natural to ask the question of robustness.
That is, how well a particular method m performs on
average in situations that are most favorable to other
methods. We compute robustness by computing the
ratio bm of its error rate em and the smallest error rate
over all methods being compared in a particular example:
bm = em / min ek .

2

1.5

1
PCA

PLap

PLda

LDA

OLPP

Figure 10: Error distributions of PCA, PLap, PLda, LDA,
and OLPP over the 7 data sets.

1≤k≤5

Thus, the best method m∗ for that example has bm∗ =
1, and all other methods have larger values bm ≥ 1,
for m 6= m∗ . The larger the value of bm , the worse
the performance of the mth method is in relation to
the best one for that example. The distribution of the
bm values for each method m over all the examples,
therefore, seems to be a good indicator of robustness.
1
PLap
PLda
LDA
OLPP
PCA

0.9

Average Error Rate

0.8
0.7
0.6
0.5

6

SUMMARY

We have developed information preserving linear discriminant projections for computing latent representations. The proposed technique exploits the characteristics of PCA, LDA, and graph Laplacian to compute latent representations that are both informative
and discriminant. As a result, the proposed technique
provides better generalization performance. Experimental results are provided that validate the proposed
technique. We note that the proposed technique is linear. We plan on extending this technique to the nonlinear case by incorporating kernel tricks in our future
work.
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