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Abstract: We present an approach for performing linear discriminanatyesis (LDA) in the contemporary challeng-
ing context of high dimensionality. The projection matrik LA is usually obtained by simultaneously
maximizing the between-class covariance and minimizimgwithin-class covariance. However it involves
matrix eigendecomposition which is computationally exges in both time and memory requirement when
the number of samples and the number of features are largiealavith this complexity, we propose to use a
recent dimension reduction method. The technique is bas&asbapproximate singular value decomposition
(SVD) which has deep connections with low-rank approxioratf the data matrix. The proposed approach,
appSVD+LDA, consists of two stages. The first stage leadssit af artificial features based on the original
data. The second stage is the classical LDA. The foundafionrapproach is presented and its performances
in term of accuracy and computation time in comparison witims state-of-the-art techniques are provided
for different real data sets.

1 INTRODUCTION size matrices. Dimension reduction strategies consist
in eliminating irrelevant information. The most popu-

Linear Discriminant Analysis (LDA) is a well-known  lar techniques proposed for dimension reduction with
supervised technique for feature extraction (Fried- l2rge scale data sets are principal component analysis
man, 1989), (Duda et al., 2012), (Welling, 2005). (PCA_)(Lee et al., 2012) and random projection (RP)
It has been widely used in many applications such (Achlioptas, 2003), (Cardoso and Wichert, 2012).
as face recognition (Chen et al., 2005), handwritten  In this paper, we use a dimension reduction strat-
code classification (Hastie et al., 2001), text classi- €gy which uses fast approximate singular value de-
fication (Moulin et al., 2014). The traditional LDA composition (SVD) (Menon and Elkan, 2011). This
seeks a projection matrix so that data points in dif- technique was also used in (Boutsidis et al., 2015).
ferent classes are far from each other while those in The principle is to reconstruct sontedimensional
the same class are close to each other, thus achievingeature space onto its best rakkapproximation for
maximum discrimination. To find such optimal pro- somek < d. After dimension reduction, it becomes
jection matrix, LDA involves eigendecomposition of ~practically easy to handle data in the new reduced fea-
the scatter matrices. For face recognition and docu-ture space. Hence, the proposed appSVD+LDA ap-
ments classification for example, the intrinsic struc- proach deals with a multi-class supervised classifica-
ture of samples can make a scatter matrix singular tion problem. It consists of outperforming the tradi-
since the data sets are from a very high-dimensionaltional LDA in a new artificial subspace constructed by
space. In high dimensional context, the singularity fast approximate SVD.
problem and eigendecomposition complexity of the The remainder of this paper is organized as fol-
scatter matrices make LDA infeasible. lows: in section 2, we give a brief description of LDA
Many approaches have been proposed to outper-and fast approximate SVD methods. In section 3,
form LDA in high dimension (Yu and Yang, 2001) we describe the proposed approach appSVD+LDA.
(Ye and Li, 2004) and (Ye et al., 2005). A common In section 4 numerical results supporting the perfor-
way to deal with the curse of dimensionality is to de- mance of the proposed approach compared to some
termine an intermediate subspace where optimizationstate-of-the-art methods are presented. Finally in sec-
problems can be solved efficiently with much smaller tion 5 we conclude the paper.
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2 A BRIEF REVIEW OF LDA AND X¢ || st. rank(Xc) = k whereF indicates the Frobe-
FAST APPROXIMATE-SVD nius norm.
Approximate SVD can be seen as a process of
. . .. finding a rankk approximation as forcing the origi-
2.1 Classical Linear Discriminant nal matrix to provide a shrunken description of itself.
Analysis(LDA) The problem is used for mathematical modeling and
data compression. L&t € RN*9 be the data matrix,
In this section, we give a brief LDA basics. Con- and let the SVD oK be of the form :
sider the following supervised multi-class classifica- T
tion problem : we dispose of a set Nflabelled data X=Uzv @)
belonging toK classeqC1,Cs, ...,Ck } with class size  yhere,U € RN*N, v € R9%d and = € RN*Y. The

{N1,N2,...,Nk }, whereN; + N, +o ANk =N. matricedJ andV are orthogonal is a semi-diagonal
X = {X1,Xz,...,.Xn} wherex; € R™% is the observed  matrix with non-negative real numbers entris>
sample andyi}i-1..n, ¥i € L..K is the given class > g, 0 (singular values) whe< min{N,d}.
membership fox. The goal is to build a classifier Giving a value ok < min{N,d} and by using (3),

based on the training skt RN*9 to predictthe class  the truncated forn¥ of X is defined by :

label of a new unlabelled set, = {x{,x3,...,X}, }-

The LDA objective function is to seek a projection Xy = Z:;luiViTGi = UV, (4)
matrix W such that the data points in the new space )

which belong to the same class are very close while Where only the firsk column vectors o, V and
data points in different classes are far from each other the k> k sub-matrix are selected. The for¥g in

(Welling, 2005) W maximizes the following ratio (4) is mathematically guaranteed to be the optimal
approximation ofX (Boutsidis et al., 2015). Due to

_ de(W'S;W) the orthogonality ofJy, Vi, the matrixX\iVic" (resp.
J(W)_arg\]Nmax detWTS,W) " @) UUk™X) has rank at most equal t& and ap-

S is the between class scatter matrix &gdis the proximatesX. The computation complexity of (4)

within class scatter matrix defined by iriir?{E\INg}rigirl]gr\ldg}) BN U |y if

K ] To speed up the computation of the best r&rap-
S = Z N (my —m) " (my —m), proximation ofX, it is possible to use a fast approxi-
( = mate SVD algorithm. This algorithm, recently used in
. Ty, (Boutsidis et al., 2015), uses random projection. The
Sw= ;X_é (xj = my)" (x; —m), (2) principle is the following (Menon and Elkan, 2011) :
-

we consider the subspace spanned by a random pro-

wherem= % 3N, (x) is the total sample mean vec- jectionY = X x RwhereRis ad x p random matrix.
tor, my is the mean vector of the i-th class. Itis shown that by projecting onto the column space

The optimal discriminative projection matri/ of Y, and then finding the best rakapproximation
can be obtained by computing the eigenvectors of the to this new space (i.e. the truncated SVD), we get a
matrix S,'S, (Chen et al., 2005). Since the rank good approximation to the best raklepproximation
of S is bounded byK — 1, there are at mod€ — 1 of X itself. Thus the algorithm of fast approximate
eigenvectors corresponding to non zeros eigenvaluesSVD takes as input the matriX and integerk and
The time complexity and the memory requirementin- p such that < k < rank(X) andk < p < d. The er-
crease witiN andd. Then, wherN andd are large  rorin the approximation is directly linked fo(details

(ordis large), it is difficult to perform LDA. about the error bound can be found in (Boutsidis et al.,
2015)). The fast approximate SVD (Fast-AppSVD)
2.2 Fast Approximate-SVD algorithm is the following:

o _ _ 1. Generate ad x p random matrid® ~ A((0, 1),
Low-rank approximation or approximate SVD is a 5 C te th triX — X
minimization problem, in which the cost function - Compute the matriX = XR,
measures the fit between a given matrix (the data) 3. Orthonormalizé&/ to obtain Q of sizeN x p,
and an approximating matrix (the optimization vari- 4. setG (of sized x k) as the topk right singular
able), subject to a constraint that the approximating  vectors ofQ"X.
matrix has a reduced rank. The problem aims to
find a low-rank matrixXy which approximates the
matrix X in some lower rank such asiny, || X —

ThenG can be used as a projection matrix.
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3 THE PROPOSED APPROACH

The proposed approach proceeds in two steps. Firstly,

we perform a feature selection by applying the fast
approximate SVD described in the previous section.
k-dimensional space obtained in the first step. The
proposed approach allows to perform the linear dis-
criminant analysis with very large matrix. The algo-
rithm 1 gives the main steps of our method.

Algorithm 1: appSVD+LDA algorithm.
INPUTS :X,NY, p, k, andp
OUTPUT :W

1. ComputeG = Fast-AppSVDX, p,k),
2. ProjectX usingG to obtainX = XG,
3. CalculateSy andS, from X,
4

. FindW as the eigenvectors dy) 'S, if Sy is not
singular and of Sy + plp) 1S, else,

. Returnw.

If the scatter matrixSy is singular, we perform a
regularized process to solve the singularity problem,
i.e, we compute S, + ulp)‘1§0 wherep is a regular-
ized term. Note thatS, + pl)~* involves to add a di-
agonal term t&y to make sure that very small eigen-

Linear Discriminant Analysis based on Fast Approximate SVD

with W = GW. The new LDA objective function can

be rewritten as follows:
defWTSW)  detWSWw)

W) = S WTa) ~ detWTSW)

()

The optimal projection matrixV (for simplicity we
do not usaV* for the optimal value) is formed by the
largest eigenvalues &,'S.

Then the obtained projection matti¥ should be
a good approximation oV as far aX is a good ap-
proximation ofX.

4 EXPERIMENTAL RESULTS

In this section, the performances of the proposed algo-
rithm appSVD+LDA are given. The experiments are
based on real data sets including face recognition and
text classification which can be download at http://
www.cad.zju.edu.cn/home/dengcai/Data/data.html.
All the experiments have been performed on P4
2.7GHz Windows7 machine with 16GB memory. We
have used Matlab routine for programming.

4.1 Data Sets

values are bounded away from zero, which ensuresTwo images data sets ORL, COIL20 and two texts

the numerical stability when computing the inverse of
Sw-
It can be demonstrated that the projection matrix
W is a good approximation &¥. The data covariance
matrix in thed- original space is given by
1

S= N(X—m)T(X—m).
The Fast-AppSVD algorithm provideS such that
XGC:T is a low rank approximation oX. The ma-
trix X = XG is a new representation of the original

data sets TDT2, Reuters21578 have been used in our
experiments. The image data have been normalized
to have L2-norm equal to 1. For text data, each docu-
ment have been represented as a term-frequency vec-
tor and have been normalized to have L2-norm equal
to 1. The statistics of these data sets are listed in Ta-
ble 1.

COIL20. This data set contains 1440 sample images
of 20 different subjects. The size of each image is
(32x 32) pixels.

ORL. This data set contains 10 different poses of 40

data matrix in the reduced feature space. In the newdistinct subjects with 4096-dimension (6464 pix-

space, the covariance matfcan be written as

L1 e
S:N(X—m)T(X—m)

:%(XG—mG)T(XG—mG)

—%GT X—mT(X—mG=G'SG (5)
Similarly we get :

Sy=G'S,G and $=G'SG (6)

Then
WTSW =WTG'S,GW = WS W

els). The images were taken at differenttimes, ranged
from full right profile to full left profile.

TDT2. (Nist Topic Detection and Tracking corpus)
This subset is about 9394 documents in 30 categories
with 36771 features.

Reuters21578. These data were originally collected
and labeled byCarnegie Group, Inc. and Reuters,
Ltd. The corpus contains 8293 documents in 65 cate-
gories with 18933 distinct terms.

4.2 Experiments

For COIL20, TDT2 and Reuters21578 data sets, a
subset TN = [10%, 30%, 50%] of samples per class
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Table 1: Statistics of data sets and value of the chosen paeam

Statistics of data sets size of
data sets | samplesNl) | dim (d) | # of classes|| dim-Red ()
COIL20 1440 1024 20 20

ORL 400 4096 40 50
Reuters21578 8293 18933 65 80
TDT2 9394 36771 30 80

with labels was selected at random to form the train-
ing set. For ORL data, we randomly selected TN =
[2, 4, 6] samples per class for training. The rest of
samples were used for testing.

We set the regularized parametes 0.5 andk =
p for fast approximate SVD on the assumption that
K—-1<k< p<d. Table 1 shows for each data set
the dimensionp that we chose for the intermediate
space. Sinc& — 1 directions can be generated by
LDA, we finally retainK — 1 vectors ofW and then

classify the transformed data in the new space of di-

mensionK — 1.

can be seen, appSVD+LDA presents the best accu-
racy (for 4 and 6 samples) and a low running time.
As the dimension in this case is relatively large, the
computation time for DLDA is very large (see Table
5).

Reuters21578 and TDT2 are very large data sets.
As DLDA needs memory to store the centered and
scatter matrices in the original features space, it is
infeasible to apply DLDA in these cases. Tables 6
to 9 display only the performance results for NovRP,
LDA/QR and appSVD+LDA. The NovRP method
gives the most efficient time (see Tables 7 and 9)

In order to access the relevance of the proposedwhereas its accuracy is by far the lowest. It can be

method appSVD+LDA, we have compared its perfor-

mance with three other methods which are listed be-

low :

e Direct LDA (DLDA) (Friedman, 1989) which
solves the LDA problem in the original space.

e LDA/QR (Ye and Li, 2004) which is a variant of

seen that the chosen value pfis widely sufficient
for appSVD+LDA to recover nearly 86% of accuracy
for Reuters21578 and 95% for TDT2 and the compu-
tational time is quite small (see Tables 7 and 9). In
the whole results appSVD+LDA significantly outper-
forms LDA in running time and its accuracy perfor-
mance let believe in its effectiveness and efficiency

LDA that needs to solve the QR decomposition of compared to other methods.
a small size matrix.

e NOVRP (Liu and Chen, 2009) which is an ap- 44 Parameter Tunning

proach that uses sparse random projection as di-

mension reduction before performing LDA. The There are three essential parameters in the proposed

parametergiandp have been set in the same way method which argi, p andk. pis used for the reg-

as our approach. ularization process of the scatter matrix is the
dimension of the new feature space where LDA is
performed. p is the dimension size of the interme-
diate subspace where the original features are ran-
domly mapped. A sensitive way of the proposed
The experimental results are given from Table 2 to 9 appSVD+LDA is the choice op. This parameter
for all data sets highlight above. In these tables the should guarantee a minimum distortion between data
results are averaged over 20 random splits for eachpoints after random map. In the final dimensional
TN(%) and report the mean as well as the standard space each point is represented dsfaature vector
deviation. As the running time is nearly constant we that leads to a faster classification process. In our ex-
just report the mean value. periments, we choske= p. To illustrate the impact

Tables 2 and 3 show the performance results on of this parameter, we take various valuespof The

COIL20 data. DLDA achieves the best accuracy in accuracy and the training time as a functionpcdyv-
this case whereas its running time is significantly the eraged over 20 random splits are plotted on figures
highest. appSVD+LDA presents a quite good accu- 1 and 2. The methods DLDA and LDA/QR do not
racy performance and its running time is nearly 100 depend orp contrary to appSVD+LDA and NovRP.
times smaller than that of DLDA. The running time In figure 1 (right), as the training time of DLDA is
of NovRP is the most efficient in this case whereas widely high, we have not plotted it. It can be seen that
its accuracy is the lowest one. For ORL data, exper- the accuracy of the proposed method is good for small
imental results are displayed on Tables 4 and 5. As values ofp (p = 80) and it increases slowly witp

4.3 Performance
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Table 2: Accuracy on COIL20 (Meah Std-Dev %).

TN

DLDA

NovRP

LDA/QR

appSVD+LDA

10%

85.88+ 1.78

73.05+£ 2.55

80.88+1.83

84.37+ 2.22

30%

94.144 1.02

79.65+ 2.59

88.28+ 2.45

90.43+0.97

50%

95.42 + 0.89

81.42+ 2.04

90.3H4 1.84

91.89+ 1.25

Table 3:

DLDA
2.152
2.189
2.242

Computational time on COIL20 (s).

NovRP [ LDA/QR | appSVD+LDA
0.006 | 0.009 0.017
0.007 | 0.030 0.019
0.008 | 0.050 0.022

TN
10%
30%
50%

Table 4: Accuracy on ORL (Meatt Std-Dev %).

DLDA NovRP LDA/QR appSVD+LDA
69.70:3.45 | 46.52+3.07 | 7450+ 2.11 | 67.412.79
84.65-2.29| 75.75:2.50 | 85.90+2.85 | 89.35+1.88
90.12£2.50 | 84.814+2.93 | 90.69£1.49 | 92.94+1.87

TN
2x 40
4x 40
6x 40

Table 5: Computational time on ORL (s).

DLDA | NovRP | LDA/QR | appSVD+LDA
93.223| 0041 | 0.065 0.225
93.340| 0042 | 0.104 0.228
93.584| 0045 | 0.145 0.235

TN
2x40
4x 40
6x 40

Table 6: Accuracy on Reuters21578 (Mearstd-Dev %).
DLDA NovRP LDA/QR appSVD+LDA

TN

10%

48.771.55

75.540.73

83.27+0.76

30%

48.75+1.99

83.1A 0.62

86.72+0.58

50%

46.81+1.81

86.52£0.44

86.53+£0.55

Table 7: Computational time on Reuters21578 (s).

TN

NovRP

LDA/QR

appSVD+LDA

DLDA
10% —

0.271

3.038

1.873

30%

0.282

10.190

2.286

50%

0.296

19.101

2.494

Table 8: Accuracy on TDT2 (Meatt Std-Dev %).

TN

DLDA

NovRP

LDA/QR

appSVD+LDA

10%

58.92+ 1.40

92.45+ 0.70

94.07+ 0.91

30%

62.68£1.28

95.2%+ 0.23

95.11+0.66

50%

63.33+:1.22

95.744+0.28

95.23+0.77

Table 9: Computational time on TDT2 (s).

TN | DLDA | NovRP | LDA/QR | appSVD+LDA
10% - 0.539 4.066 3.891
30% — 0.574 11.618 4.552
50% - 0.582 18.591 4.627

while the computation time increases quickly with slowly. For Reuters21578, the best accuracy is ob-
For NovRP, the context is oppositeg, the accuracy  tained with appSVD+LDA for any value gb in the
increases quickly witlp whereas the time increases considered range between 80 and 250.
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Accuracy vs Dimension p

Dimension p

Time vs Dimension p
T T

Dimension p
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Figure 1: Accuracy vs Dimension p (left) and Time vs Dimengio(right) on COIL20 data set for TN=50%.
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Figure 2: Accuracy vs Dimension p (left) and Time vs Dimengiq(right) on Reuters21578 data set for TN=30%.
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