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Abstract:

In this paper, we propose an efficient method for estimating the spectral sensitivity of human retina. The proposed method is used for the multiplex image projection by using multi-band projectors. The multiplex image
projection can represent different images to different observers by using the differences of spectral sensitivities of these observers. Although precise spectral sensitivity is required for the multiplex image projection, the
ordinary estimation methods require a lot of time for estimation. Thus, we in this paper propose an efficient
method for estimating the spectral sensitivity of human eye. The experimental results show the efficiency of
the proposed method.

1

INTRODUCTION

Recently, multi-band imaging is widely studied in the
field of computer vision, image processing and many
other applications (Miyake et al., 1999; Tominaga,
1999; Monno et al., 2012; Miao and Qi, 2006; Parmar and Reeves, 2010; Park et al., 2007; Ng and
Allebach, 2006). In particular, multi-band cameras
are used for obtaining precise spectral information of
natural scene. From the multi-band images taken by
the multi-band cameras, we can obtain valuable color
information which can not be obtained from ordinary
RGB color cameras.
On the other hand, multi-band displaying is also
studied in recent years (INFITEC, 2002; Nonoyama
et al., 2013; Miyazaki et al., 2013). Nonoyama et
al.(Nonoyama et al., 2013) showed that it is possible
to represent different images to different observers simultaneously by controlling the spectral distribution
of displayed images precisely by using a multi-band
projector. It is called multiplex image projection. The
difference of observation is occurred by the difference
of the spectral sensitivity of observers. The method
can be applied to various applications, such as 3D displaying system without using special glasses.
In order to represent different images accurately
in the multiplex image projection, it is necessary to
obtain precise spectral sensitivities of the observers.
If the observer is a camera or digital imaging devices,
we can obtain their spectral sensitivity directly from
their observations. However, it is very difficult to ob-

tain the spectral sensitivity of human retina, since we
cannot obtain the observed signals in human retina
numerically. Thus, the efficient method for estimating the spectral sensitivity of human visual system is
required for multiplex image projection.
Traditionally, the spectral sensitivity of human visual system has been measured by using several methods, such as brightness matching, flicker photometry,
etc. The CIE published the standard spectral sensitivity of human visual system. However, the ordinary
measurement method needs a lot of time to obtain precise spectral sensitivity, since many observations are
required to obtain the precise spectral sensitivity.
In this paper, we propose a new parametrization of
the spectral sensitivity of human visual systems. Furthermore, an efficient method for measuring the spectral sensitivity based on this new parametrization is
proposed. In the proposed method, the measurement
time of human spectral sensitivity is much smaller
than that of the ordinary measurement method.

2

METAMERISM

We first consider the relationship among light spectrum, observed signals and spectral sensitivity of observers. In general, ordinary sensors, such as human retina and CCD, cannot receive light spectrum
directly. They encode the light spectrum to a limited number of signals by using their receivers. The
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receivers have characteristic spectral sensitivity, and
thus, received signals depend on their spectral sensitivity and input light spectrum. Each receiver in the
sensors has different spectral sensitivity, and thus, the
encoded signals are different from each other. The
combination of the signals determines observed colors. For example, a human retina has 3 different receivers, x̄(λ), ȳ(λ) and z̄(λ), and each receiver encodes the spectrum of light E(λ) into X, Y and Z as
follows:
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MULTIPLEX IMAGE
PROJECTION

We next consider multiplex image projection proposed by Nonoyama et al.(Nonoyama et al., 2013).
Equations from (1) to (3) represents that there are a
lot of metameric colors for each color, and thus, we
can choose many different light spectrum to represent
a specific color. In addition, the received signal depends not only on input light spectrum, but also on the
spectral sensitivity of the observer. As a result, a pair
of metameric colors for a certain observer may not be
metameric for other observers. Thus, we can change
the observed color for a particular observer without
changing the observed color of other observers by using the metamerism.
If we can control whole light spectrum in image
representation, we can represent arbitrary colors one
184
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where K is a constant for normalization. Note that,
human retina can encode only from about 400nm to
700 nm, and thus, the range of integral is limited as
shown in the above equations.
As described in the above equations, DoF (degree
of freedom) of received signals is much smaller than
that of the input light spectrum. Therefore, the same
set of signals X, Y and Z can be observed, even if
the input light spectrum is different. In this case, we
cannot distinguish these lights, and we recognize that
the input lights have the same color. This property
is called as metamerism and such colors are called
as metameric colors. The metamerism is important
property in this paper. It is used for multiplex image
projection and measurement of human retina sensitivity.
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Figure 1: Light spectrum of ordinary and multi-band projectors.

by one. For example, we can emit a special light
which is recognized as red by an observer, while it
is recognized as blue by the other observer. Thus, we
can represent different images to different observers.
However, the existing ordinary displaying devices, such as displays and projectors, cannot control
the spectrum of light freely. This is because these
devices represent colors by combining few specific
colors, i.e. red, green and blue. In multiplex image projection, they do not have sufficient ability for
exploiting metamerism. Therefore, we construct a
multi-band projector in order to achieve multiplex image projection. The multi-band projector can project
much more color channels to represent colors, and
thus, its DoF of light spectrum is much higher than
that of the ordinary projectors.
Figure 1 shows the example of light spectrum
of an ordinary projector and a multi-band projector.
Each projector represents colors by the combination
of each band lights. In Fig.1, the ordinary projector
can emit three wide-band lights, while the multi-band
projector can emit nine narrow-band lights. Therefore, the DoF of light spectrum emitted from the
multi-band projector is much higher than that of the
ordinary projector.

4

MULTIPLEX IMAGE
ENCODING/DECODING

By using the multi-band projector, we encode multiple images into a single multi-band image. In this
section, we first explain decoding of multi-band images, and then explain encoding of multiple images.
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4.1 Image Decoding
We first explain image decoding from a particular
light spectrum. In fact, we do not need any processes
for the image decoding, since the image decoding
can be realized just by observing images by sensors,
which have different spectral sensitivities. Now let us
consider the projection and observation from an Nband projector. Let Ei (λ) and bi (i = 1, 2, · · · , N) be
the light spectrum and the radiance of i-th band respectively. Suppose the projected light is observed by
M different receivers, whose spectral sensitivities are
x j (λ) ( j = 1, · · · , M). Then, the observed signal X j of
the j-th receiver can be described as follows:
N

Xj = ∑

i=1

Z

bi Ei (λ)xi (λ)dλ.

0

positive negative

Figure 2: Virtual negative intensities.

level x are regarded as negative intensities as shown
in Fig.2.
After this zero level correction, the radiance of the
projection image is computed as follows:
N

(4)

Let C ji be an observed signal when bi = 1 in Eq.(4) as
follows:
Z
C ji = Ei (λ)xi (λ)dλ.
(5)

Virtual
zerolevel

x

{b̂1 , · · · , b̂N } = argmin ||X j − ∑ C ji bi ||
{b1 ,··· ,bN }

i=1

subject to 0 ≤ b j ≤ Imax

(8)

where Imax is maximum value of radians, such as 255
for an 8 bit image.

Then, Eq.(4) is rewritten by using C ji as follows:
N

X j = ∑ C ji bi

(6)

i=1

From these equations, the relationship between the radiance bi of each band and the received signal X j of
each sensor can be described as follows:
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We call the matrix in the right side of the above equation a spectral sensitivity matrix. The equation (7)
indicates that we can control observed signals X j by
changing the projecting radiance bi of the N-band projector.

4.2 Multiplex Image Encoding
We next consider the encoding of multiple images
into a single multi-band image. In order to achieve
multiplex image encoding, we solve Eq.(7) and obtain
projection intensities bi from objective (observed) signals X j and the spectral sensitivity matrix C ji by using least means square method. The equation (7) has
one or more than one solutions, if N ≥ M. However,
the solution bi includes negative values in general. In
ordinary case, general projectors cannot project negative intensities, and thus, we should avoid this problem. For this objective, we use virtual negative intensities, where the values lower than a virtual zero

5

SPECTRAL SENSITIVITY
ESTIMATION

The multiplex image projection can be applied to not
only cameras vs humans, but also a human vs the
other human. Furthermore, it may be applied to the
left eye vs the right eye if there are sufficient difference among their spectral sensitivities. In order to realize them, we should measure precise spectral sensitivities of these receivers. However, ordinary estimation method requires a lot of time, e.g. 1 or 2 hours,
to estimate the sensitivity and thus, it is not easy to
estimate the spectral sensitivity of many people precisely. In order to estimate the spectral sensitivity in
short time, we propose a parametric representation of
the spectral sensitivity. Furthermore, we propose a
new estimation method of spectral sensitivities by using the new representation method. By using the proposed method, the time required for the estimation becomes much smaller than that of the ordinary method,
and thus, we can estimate the spectral sensitivity of
many people easily.

5.1 Measurement of Spectral Sensitivity
We first explain a general measurement of a spectral sensitivities of human retina. As described in
the previous sections, a spectral sensitivity of the human retina is determined by three types of cone cell.
Therefore, we should estimate characteristics sensitivities of them to estimate the spectral sensitivity.
185
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Figure 3: Human spectral sensitivity measurement: radiance of the reference lights are controlled, so that they become a metameric color of the target light.

However, it is not easy to represent the characteristic numerically because the sense of human cannot be
extracted directly. Thus, the metamerism described at
2 is used for measuring the spectral sensitivities.
As described in 2, a human cannot classify the difference of light spectrum when received values X, Y
and Z are the same. By using this property, we can
estimate relative relationship among spectral sensitivities.
For this objective, several reference lights and a
target light is observed simultaneously as shown in
Fig.3. The number of reference light is 3 in general. The spectrum of the target light and the reference
lights are known. In this measurement system, a human observer observes the target light and combined
reference light. Then, the radiance of each reference
light is controlled, so that the reference light is observed as a metameric color of the target light. When
the reference light becomes a metameric color of the
target light, the relationship among the target light ET ,
the reference lights ERi and the spectral sensitivity f j
of the target human observer can be described as follows:
Z 700
400

N

ET (λ) f j (λ)dλ = ∑ bi
i=1

Z 700
400

ERi (λ) f j (λ)dλ

(9)
where ET and ERi denote light spectrum of the target
light and the i-th reference light. N denotes a number of reference lights, and f j indicates j-th spectral
sensitivity of the target human observer. In ordinary
case, human observer has three types of cone cell, and
thus, j = {1, 2, 3}. bi denotes controlled radiance of
i-th light.
When the target person observes a pair of
metameric colors, we have three equation on f j from
Eq.(9). Thus, we can estimate the spectral sensitivity
f j from several number of metameric color observations.
Note that we need large number of equations when
a precise spectral sensitivity is required. For example,
if the spectral sensitivity is sampled for every 10 nm,
31 variables are required for representing the whole
186

Figure 4: Spectral sensitivity defined by CIE (1964).

Figure 5: Representation by using Gaussian Mixture
Model(GMM).

spectral f j . Thus, 31 pairs of metameric colors are required for estimating the sensitivity. In addition, it is
not easy to control radiance for obtaining metameric
colors. Therefore, long measuring time is required for
estimating accurate spectral sensitivity, and thus more
efficient sensitivity estimation method is required.

5.2 Spectral Sensitivity Representation
by using GMM
In order to realize efficient estimation of human spectral sensitivity, we propose a new representation of
the spectral sensitivity. Fig.4 shows representative
spectral sensitivity defined by CIE(1964). As we
can see in Fig.4, the spectral sensitivity of human
observer is similar to the Gaussian function. Thus,
we in this paper utilize Gaussian Mixture Model
(GMM)(Reynolds, 1992) for representing the spectral
sensitivity of human retina. The GMM can represent
general functions by the combination of Gauss function as shown in Fig.5. Especially, the spectral sensitivity can be represented by small number of Gaussian
functions, since the shapes of spectral sensitivities are
similar to the Gaussian function.
By using the GMM, a spectral sensitivities f j (λ)
can be described as follows:
K

f j (λ) =

∑q

k=1

ak j

2πσ2k j

e

−

(λ−µk j )2
2σ2
kj

(10)
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where K is a number of Gaussian functions, ak j is
scale parameter of k-th Gaussian function for j-th sensitivity, µk j and σk j are a center and standard deviation
the function. By using the GMM, the spectral sensitivity can be represented by 3K parameters. Empirically, the number of Gaussian K can be small for representing the spectral sensitivities, and thus, the spectral sensitivity can be estimated stably and efficiently.

Σ=

5.3 Sensitivity Estimation by using
GMM
We next consider the estimation of spectral sensitivity
by using the GMM. Let f (ak j , µk j , σk j ) be a spectral
sensitivity with parameters ak j , µk j , σk j . Then, Eq.(9)
can be rewritten as follows:
Z 700

ET (λ) f j (ak j , µk j , σk j )dλ

400
N

= ∑ bi
i=1

Z 700
400

ERi (λ) f j (ak j , µk j , σk j )dλ (11)

From this equation, an evaluation function EGMM can
be defined as follows:
L

EGMM

=

∑|

l=1

Z 700

N

400

− ∑ bli
i=1

not so large, and thus, we can represent the sensitivities by combining the small number of linear bases.
In this paper, we compute the linear bases by using
PCA (Principal Component Analysis). Let fi denote a
spectral sensitivity of i-th person. The covariance matrix Σ of spectral sensitivities derived from K inputs is
computed as follows:

400

(13)

where f̄ = 1/K ∑Ki=1 fi and it is an average of the sensitivities. The covariance matrix is decomposed into
an orthogonal linear bases Q and a diagonal matrix Λ
by using the eigenvalue decomposition as follows:
σ = QΛQ⊤

(14)

where, Λ = diag(λ1 , · · · , λK ) is from K eigenvalues
λ1 ≥ · · · ≥ λK , and Q = [q1 , · · · , qK ] is a set of eigenvectors qi .
By using the eigenvectors qi , the sensitivity f can
be represented linearly as follows:
J

f = ∑ ci qi + f̄

El (λ) f j (ak j , µk j , σk j )dλ

Z 700

1 K
∑ (fi − f̄)(fi − f̄)⊤
K i=1

(15)

i=1

ERi (λ) f j (ak j , µk j , σk j )dλ|2
(12)

where L is a number of observed metameric colors.
Then, by minimizing the cost function EGMM , we can
estimate the parameters for representing target spectral sensitivities. The DoF of spectral sensitivity is
3 × 3K when j = {1, 2, 3}, and thus, we can estimate
the spectral sensitivities, if 9K ≤ 3L. For example, if
the number of Gaussian K is 2, the spectral sensitivities can be estimated from 6 or more than 6 pairs of
metameric colors.
As described in this section, we can estimate the
spectral sensitivity from much smaller number of observations by using GMM. Therefore, estimation time
can be much smaller than that of the ordinary estimation method.

5.4 Spectral Sensitivity Representation
by using Linear Bases
We next consider another representation of spectral
sensitivities under general statistical assumptions. In
the previous sections, we described that the spectrum
sensitivities of humans are different from each other.
Although this assumption is valid, the differences are

where J(≤ K) is the number of bases and ci is the
coefficient of the i-th base qi . This equation indicates
that the spectral sensitivity f can be represented by J
coefficients.
The coefficients can be estimated from several
number of observations like the previous estimation
methods. By using the linear representation, Eq.(9)
can be rewritten as follows:
Z 700
400

N

ET (λ) f j (c, λ)dλ = ∑ bi
i=1

Z 700
400

ERi (λ) f j (c, λ)dλ

(16)
where f (c) indicates the spectral sensitivity from a set
of coefficients c. Thus, an evaluation function Elin for
linear estimation can be described as follows:
L

Elin

=

∑|

l=1

Z 700
400

N

− ∑ bi
i=1

ET (λ) f j (c, λ)dλ
Z 700
400

ERi (λ) f j (c, λ)dλ| (17)

By minimizing Elin , a set of coefficients c which represents the spectral sensitivity f can be estimated.
The linear representation of the spectral sensitivity is efficient when we have a data set of spectral
sensitivities. By using the linear method, we can estimate the spectral sensitivity with a small computational cost.
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(i) Principal bases for 1st sensitivity ( f1 )

Figure 6: Multi-band projector: This projector is constructed by 8 projectors and 8 different band-pass filters.
Each filter is equipped in front of each projector.

(ii) Principal bases for 2nd sensitivity ( f2 )

Figure 7: Spectral characteristics of the multi-band projector. Each line indicates spectral distribution of each band.
(iii) Principal bases for 3rd sensitivity ( f3 )

6

EXPERIMENTAL RESULTS

6.1 Environment
In this section, we show experimental results by using
our proposed method. At first, we show experimental environment for these experiments. In the series
of experiments, we used 8-band multi-band projector
as shown in Fig.6. This projector was constructed by
8-projectors and each projector equipped a different
band-pass filter. The light spectrum of each projector with band-pass filter is shown in Fig.7 The projectors are calibrated in advance by using homography estimation, and thus, they can project arbitrary
images onto the same area on the screen simultaneously. In general, a characteristic of projected intensities are not nonlinear because projected images include gamma correction. Therefore, these gamma parameters were calibrated beforehand, and thus, linear
image projection was achieved

6.2 Sensitivity Estimation Result
We first show estimation result of a human retina’s
spectral sensitivity. In this experiment, the spectral
sensitivity of the human’s retina was estimated by
(a) general measurement method described in 5.1,
(b) proposed method using GMM and (c) proposed
188

Figure 8: The average and the principal bases of three spectral sensitivities, f1 , f2 and f3 .

method using PCA.
In general method (a), 3 narrow band lights were
used for reference lights. As the target light, 31 lights
were used, and metameric colors for each target light
were observed by controlling the radiance of reference lights. From these observations, 3 spectral sensitivities were derived.
In the proposed method (b) and (c), 8 fixed lights
were used. One of the 8 lights was used as the target light and the other 7 lights were used as reference
lights. The target light was changed in order and 8
sets of metameric colors were observed, and the 3
spectral sensitivities f1 , f2 , f3 were estimated from the
metameric colors.
At first, the spectral sensitivities of 8 persons were
estimated by the general method (a), and their average and principal bases were computed by using the
PCA. The estimated bases and the average are shown
in Fig 8. Then, three principal bases and the average
were used for method (c), Thus, 3 parameters were
estimated in the method (c).
Figure 9 shows the spectral sensitivity of a person
estimated from these three methods. In this figure, the
solid lines indicate results from (a) general method,
the dashed lines indicate results from (b) GMM, and
the dash-dot lines indicate results from (c) PCA. Table
1 shows the time required for these estimations and
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Figure 9: Estimated spectral sensitivity of the target human.
The solid lines show results from the general method, the
dashed lines show results from the GMM and dash-dot lines
show results from the PCA.
Table 1: Estimation time for the proposed method and the
ordinary method.
# of observations

time required

ordinary
60
5 hours

GMM
18
40 min

PCA
18
40 min

the number of metameric colors for each estimation
method. Note, minimum number of metameric colors
required for method (b) and method (c) is different,
since the number of parameters for these estimations
is different. We however used the same number of
the metameric colors for stable estimation in this experiment. Thus, the number of metameric colors and
measurement time for (b) and (c) is the same in the
Tab. 1.
As shown in Figure 9, the results from the proposed methods are very similar to the results from
the ordinary method. These results indicate that the
GMM and the linear bases from PCA can represent
the sensitivity of human retina efficiently, and the proposed methods can work well, even if the number of
metameric colors is small. In addition, Table 1 shows
that the estimation time of the proposed methods is
much smaller than that of the ordinary method. These
results show that the proposed methods can estimate
spectral sensitivity of human retina more efficiently
than the ordinary measurement method.
Figure 10 shows the spectral sensitivity of another
person estimated from the proposed methods and the
ordinary method. These results shows that the proposed method can estimate spectral sensitivity for arbitrary human observers. Furthermore, we can observe the difference between the estimated result in
Fig.9 and Fig.10. The fact indicates that the proposed
method can estimate slight sensitivity difference between two different human observers. Furthermore,
the results shows that there is explicit deference in the
spectral sensitivity of two different human observers.
Therefore, we can use the proposed method for realizing multiplex image projection for human vs human.

Figure 10: Spectral sensitivity estimated by our proposed
methods and the ordinary method.

6.3 Multiplex Image Projection Result
We next show the results of multiplex image projection using the estimated spectral sensitivities. In this
experiment, multi-band images were synthesized for
a camera and a target human. The multi-band images were synthesized from a known camera spectral sensitivity and estimated sensitivity of the human
retina. The spectral sensitivity of the human retina
was estimated by the proposed method and the ordinary method. Result from the ordinary method was
used as ground-truth.
For comparison, multi-band images were synthesized from our two proposed estimation results,
ground-truth and CIE (1964) color function. In this
case, three signals, X, Y and Z, were exchanged to
RGB and displayed as an RGB image. These images
were projected onto the screen and observed by the
target human and the target camera.
Figure 11 shows objective images and observed
results. Note that the observed results of human retina
cannot be represented directly, and thus, these results
show images observed by the ground-truth spectral
sensitivity. From these results, we confirm that the
appearances of these observation results are similar
to the objective images. In particular the observation results in (d) is very close to the objective images
in (a). This is because the multi-band images were
synthesized from ground-truth spectral sensitivity in
(d). The results indicate that multiplex image projection works well, if the spectral sensitivities of the observers are known. The observation results in (b) and
(c) were derived from the proposed methods. In these
results, observed images are slightly different from
the objective images in (a). The difference occurred
from the difference between the estimated spectral
sensitivity and the ground truth spectral sensitivity as
shown in Fig.9. The results indicate that multiplex
image projection is very sensitive to the difference of
spectral sensitivity. However, multi-band images can
be roughly synthesized from our estimated results as
shown in (b) and (c).
The observation results in (e) were derived from
189
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(a) Objective Images

(b) Results by GMM

(c) Results by PCA

(d) Results by General
method

(e) Result by CIE

(i) Images for camera observations in first experiment.

(ii) Images for human observations in first experiment.

(iii) Images for camera observations in second experiment.

(iv) Images for human observations in second experiment.

Figure 11: Objective images and observed results. First and second rows shows experimental results from first experiment
and third and fourth rows shows results from second experiment. The column (a) shows objective images for a camera and a
human. The columns (b) and (c) show observed results of a multi-band image generated from the spectral sensitivity estimated
by the proposed method. The column (d) shows those from the ordinary method. The column (e) shows those from the CIE
standard function.

the CIE color function. In this result, human observations are very different from the objective images.
This is because the CIE color function is very different from the spectral sensitivity of the target person,
and thus, multi-band images could not be synthesized
properly. This means that the spectral sensitivity of
human retina is different one by one, and thus, we
should estimate individual spectral sensitivity for realizing proper multiplex image projection. Although
the proposed method cannot measure the spectral sensitivity completely, the measurement time is much
shorter than the ordinary measurement method, and
thus, our method is very efficient for realizing multiplex image projection.
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6.4 Multiplex Image Projection for
Human vs Human
Finally, we show multiplex image projection results
for human vs human. In this experiment, the CIE
standard function is used for the sensitivity of a human and the estimated sensitivity is used for the other
human. The synthesized multi-band image is virtually
observed by the CIE color function and the estimated
spectral sensitivity respectively. Figure 12 shows images observed by the CIE color function and the target
human. As shown in these results, the two humans
observed different images, since their spectral sensitivities were different from each other. The results

Estimating Spectral Sensitivity of Human Observer for Multiplex Image Projection

(i) for target human
(ii) for CIE
(a) Objective images.

(i) target human
(ii) CIE
(b) Observed images.

Figure 12: Multiplex image projection for human vs human.
(a) shows objective images for two humans, and (b) shows
images observed by these two humans.

indicates that we can present different images to different human observers, if they have different spectral
sensitivities.

7

CONCLUSIONS

In this paper, we proposed a new method for estimating the spectral sensitivity of human observers. In
the proposed method, we represent the spectral sensitivity function by using GMM and linear combining of principal bases. As a result, the number of parameters for representing the spectral sensitivity was
extremely decreased. Therefore, estimation time of
spectral sensitivity is also decreased from 5 hours to
40 minutes. The experimental results show our proposed method is useful for realizing multiplex image projection by using a multi-band projector. We
will consider more efficient and accurate estimation
method in future work.
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