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Developing from a concern in bioinformatics, this work analyses alternative metrics between partitions. From

both theoretical and applicative perspectives, a useful and interesting distance between any two partitions is
HD, which counts the number of atoms finer than either one but not both. While faithfully reproducing the
traditional Hamming distance between subsets, HD is very sensible and computable through scalar products
between Boolean vectors. It properly deals with complements and axiomatically resembles the entropy-based
variation of information VI distance. Entire families of metrics (including HD and VI) obtain as minimal
paths in the weighted graph given by the Hasse diagram: submodular weighting functions yield path-based
distances visiting the join (of any two partitions), whereas supermodularity leads to visit the meet. This yields
an exact (rather than heuristic) approach to the consensus partition (combinatorial optimization) problem.

1 INTRODUCTION

Partitions or clusterings are key instruments in a vari-
ety of fields at the interface of computer science, ar-
tificial intelligence and engineering, including pattern
recognition/learning, web mining and bioinformatics.
Quantitative clustering comparison is essential for as-
sessing the proximity between and superiority among
diverse partitions of a given set (Meila, 2007; Pinto
Da Costa and Rao, 2004).

In bioinformatics, measuring the distance between
clusterings of populations, either natural or experi-
mental, is fundamental for sibling relationship recon-
struction. Apparently, attention has been placed for
the most on a unique distance measure, here denoted
by MMD, which relies on maximum matching (Kono-
valov, 2006; Berger-Wolf et al., 2007; Sheikh et al.,
2010; Konovalov et al., 2005b; Konovalov et al.,
2005a). After its appearance (Almudevar and Field,
1999), MMD was shown (Gusfield, 2002) to be com-
putable via the assignment problem (Korte and Vy-
gen, 2002, p. 236). Another partition distance re-
cently tested in this setting (Brown and Dexter, 2012)
is the variation of information VI, obtained axiomati-
cally from information theory (Meila, 2007).

In this work, the distance between partitions is
measured in quite different ways, since the aim is to
have consistency and generalizations in terms of lat-
tice theory. The primary objective is to reproduce
the traditional Hamming distance between subsets,
given by the cardinality of their symmetric differ-
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ence (Bollobas, 1986, p. 3). Such a benchmark is
extended from Boolean to geometric lattices by fo-
cusing on atoms and join-decompositions of lattice
elements (Aigner, 1997; Stern, 1999). While every
subset admits a unique such a decomposition, involv-
ing a number of atoms equal to the cardinality of
the subset, a generic partition admits different join-
decompositions, most of which redundant. The num-
ber of atoms involved in the unique maximal join-
decomposition of a partition is here defined to be the
size of that partition. The size is an integer-valued lat-
tice function, like the rank. In fact, the two coincide
for Boolean lattices but differ crucially for geometric
lattices. Roughly speaking, replacing the rank with
the size yields the Hamming distance HD between
partitions proposed below. While achieving combi-
natorial congruency, HD shares with VI important
characterizing axioms and is computed through sim-
ple scalar products between Boolean vectors, avoid-
ing any algorithmic issue. Finally, HD also has a large
range which provides fine measurement sensitivity.
The traditional Hamming distance between two
subsets is also the length of any shortest path between
them in the associated Hasse diagram, which is the
unit hypercube. This latter is a graph with subsets as
vertices and edges linking any two subsets whenever
one covers the other (in terms of set inclusion, see
(Bollobas, 1986; Godsil and Royle, 2001) and below).
In order to have an analog for the Hamming distance
between partitions defined here, it is necessary to look
at the lattice of partitions of a n-set as the polygon ma-
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troid of the complete graph K, on n vertices (Aigner,
1997, pp. 259, 274). In other terms, partitions of a
n-set may well be regarded as those graphs on n ver-
tices each of whose components is complete (i.e. a
clique). In this way, the partition lattice is seen to
be strictly included in the (})-dimensional unit hyper-

cube: the set {0, 1}@ of hypercube vertices identifies

the 2(%) distinct graphs on n vertices, while linear de-
pendence (Whitney, 1935) entails that partitions only

span B, < 2(5) hypercube vertices, where Bell num-
ber B, is the number of partitions of a n-set (Rota,
1964a; Graham et al.,, 1994). The convex hull of
these ‘B, vertices identifies a polytope, and the graph
of this polytope (Griinbaum, 2001, pp. 212-16) is in
fact the Hasse diagram of the partition lattice. Yet,
while the covering relation between subsets assigns a
unitary weight to each edge of the hypercube (Sebd
and Tannier, 2004, p. 384), edges of the polytope
of partitions must be weighted through the size (see
above), as this latter quantifies precisely the number
of hypercube edges that collapse into a unique edge
of the polytope. With such a weighting, the Ham-
ming distance between two partitions (like between
two subsets) quantifies the minimum weight of a path
connecting them.

The approach allows for generalizations in that
the size may be replaced with any alternative order-
preserving lattice function, such as the rank (or the
entropy of partitions). Then, polytope edges have
weights obtained as the difference between the greater
and the smaller value taken by the chosen order-
preserving function on the associated endpoints. Ac-
cordingly, the distance between two lattice elements
is the minimum weight of a path connecting them.

2 DISTANCES, LATTICES AND
GRAPHS

For a finite set N = {1,...,n}, let (2¥,N,U) and
(PN, A, V) be the associated subset and partition lat-
tices, ordered by inclusion O and coarsening >, re-
spectively. Both are atomic and atomistic; the fomer
is distributive while the latter is geometric (Aigner,
1997; Stern, 1999). A graph G = (V,E) consists of a
vertex set V = {vi,...,v;,,} and an edge set E C V5 in-
cluded in the (§)-set V5 := {{v;,v;} : 1 <i< j<m}
of unordered pairs of vertices. The complete graph on
m vertices (see above) is K, = (V,V2). The Hamming
distance HD(P,Q) between partitions P,Q € PV pro-
posed here aims at reproducing the traditional Ham-
ming distance |AAB| between subsets A, B € 2"V while
keeping into account that partitions of a n-set N are in
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fact graphs with vertex set V = N and whose compo-
nents are each a complete subgraph (Aigner, 1997).

Distances within a ordered set must be measured
via the order relation, while distances between el-
ements of any set are called ‘Hamming distances’
when such elements are represented as arrays and the
distance between two of them is the number of entries
where their array representations differ. The Ham-
ming distance between subsets A, B € 2V is

IAAB| = |A\B| + |B\A| = r(AUB) — (ANB), (1)

r:2N — 7. being the rank function: r(A) = |A|. It
counts how many i € N are included in either A or
else B, but not in both. Elements i € N, or 1-cardinal
subsets {i} € 2V, are the atoms of lattice (2¥,N,U),
and (1) is a Hamming distance since subsets A € N
are represented as Boolean n-vectors x4 € {0, 1}" or
vertices of the n-dimensional unit hypercube [0,1]".
This achieves through their characteristic function
x4 : N — {0,1}, defined by x4(i) =1 if i € A and
x4(i) = 01if i € N\A. Thus the distance between any
A,B €2V is the number |AAB| of entries where 34 and
% differ (Bollobas, 1986; Aigner, 1997).

A partition P = {Aj,...,Ajp/} C 2V of N is a col-
lection of pairwise disjoint subsets, called blocks (or
clusters), whose union yields N. Any subset A € 2V
has a unique complement A = N\A. For all parti-
tions P € PV and all non-empty subsets 0 C A C N,
let PA = {BNA:B€ P0+#BNA} denote the parti-
tion of A induced by P. Two non-Hamming distances
between partitions are now briefly introduced. Max-
imum matching distance MMD(P,Q) between two
partitions P,Q € PV is

MMD(P,Q) =min{|A°| : 0 CACN,P* = 0"}. (2)

This is the minimum number of elements i € N that
must be deleted in order for the two residual induced
partitions to coincide. Also, MMD(P, Q) “is the mini-
mum number of elements that must be moved between
clusters of P so that the resulting partition equals
Q7 (Gusfield, 2002, p. 160). It is computable as
a maximum matching or assignment problem (Korte
and Vygen, 2002, chapter 11). In a graph a match-
ing is a set of pairwise disjoint edges, i.e. the end-
points are all different vertices. Now consider the bi-
partite graph G = (PU Q,E) with |P| 4 |Q| vertices,
one for each block of each partition, and join any two
of them A € P and B € Q with an edge {A,B} € E if
ANB # 0. In addition, let |A N B| be the weight of
the edge. Then, determining MMD(P, Q) amounts to
find a maximum-weight matching E* in G, that is one
where the sum Y4 p)cg+ |A N B| of edge weights is
maximal. In fact, the minimum number MMD(P, Q)
of elements that must be removed for the two residual



partitions to coincide is the sum Y4 p)cp+ [AAB| over
all selected edges of the cardinality of the symmetric
difference between the associated endpoints.
Another important measure of the distance be-
tween two partitions P, Q is the variation of informa-
tion VI(P,Q), obtained axiomatically from informa-
tion theory (see (Meila, 2007, expressions (15)-(22),

pages 879-80)). Entropy e(P) = —Y scp % log (‘Al

n
of a partition P (binary logarithm) enables to measure
the distance between P,Q € PV as

VI(P,Q) =2e(PNQ) —e(P)—e(Q), ()

where P A Q is the coarsest partition finer than both
P and Q (while V is the ‘finest-coarser-than’ op-
erator). Notice that while the range of MMD is
{0,1,...,n—1} C Z,, VI ranges in a finite subset of
interval [0,logn] C R,..

Apart from MMD and VI, there exist several other
partition distance measures (see (Deza and Deza,
2013, sections 10.2 and 10.3, pp. 191-193) and
(Day, 1981; Hubert and Arabie, 1985; Warrens, 2008;
Mirkin, 1996)). One was proposed as the Ham-
ming distance between (matrices representing) parti-
tions (Meila, 2007; Mirkin and Cherny, 1970; Mirkin
and Muchnik, 2008), and thus shall be briefly dis-
tinguished from the object of this paper. A bi-
nary relation X on N is a subset X C N X N of
ordered pairs (i,j) of elements i,j € N. The col-
lection of all such binary relations is subset lattice
(2NN A ). If symmetry (i,j) € R = (j,i) € R
and transitivity (i, j),(j,h) € R = (i,h) € R hold,
then R is an equivalence relation, or a partition of
N into equivalence classes: maximal subsets A € 2V
such that (i,j),(j,i) € R for all i,j € A are pre-
cisely its blocks. A binary relation % is represented
by a matrix MX € {0,1}"" with entries Ml-g} =1
if (i,j) € R and M¥ =0 if (i,j) ¢ R. Let two
equivalence relations & , R have associated partitions
P,P’ and matrices MR, M®'. The distance d(®,R’)
between subsets R, R’ € 2"V can be computed as
d(R,R') = |RAR/| = |R UR’| — | RN R'|. This
is the number of 1s in matrix MXAR' = y& 4 Y&
modulo 2 (see (Aigner, 1997, p. 338)). While pro-
viding a distance between partitions P and P’, this
is a Hamming distance between certain subsets that
correspond to partitions only in quite special cases,
as lattice (2V*V, M, U) contains 2" — B, elements, or
binary relations, that do not correspond to partitions,
or equivalence relations. The argument also applies
when partitions are represented as Boolean n X n-
matrices through the complement of equivalence re-
lations, namely apartness relations R = (N X N)\R.
(Ellerman, 2013b; Ellerman, 2013a). This is detailed
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in subsection 4.1 below.

However regarded, partition lattice (P, A,V) is
compressed into a larger subset lattice, with which
some elements are shared while some others are not.
This feature is maintained even when partitions are
decomposed as joins of atoms, for they generally
admit several such decompositions. Nevertheless,
when regarded from this perspective partition lat-
tice (PN, A, V) is seen to be included in subset lat-
tice (22,N,U), with the two sharing the same (})
atoms. In fact, (22,M,U) is the minimal subset lat-
tice including the partition lattice. Accordingly, the
Hamming distance between partitions HD proposed

below relies precisely on representing partitions as
n

Boolean (})-vectors, although only B, < 2(5) distinct
such vectors correspond to partitions. In particular,
HD is the traditional Hamming distance |EAE’| be-
tween edge sets E,E' € 2N with these latter cor-
responding to partitions only when in both graphs
G = (N,E),G' = (N,E’) each component is a com-
plete subgraph.

3 HAMMING DISTANCE

The rank function r: PV — Z for partitions is r(P) =
n—|P|, where P, = {{1},...,{n}} is the bottom ele-
ment: (P, ) = 0. Atoms are immediately above, with
rank 1, in the associated Hasse diagram. This latter
is ordered by coarsening >, with coarser partitions in
upper levels (Meila, 2007; Aigner, 1997; Stern, 1999)
and P > Q meaning that every block of Q is included
in some block of P. Hence atoms are those partitions
consisting of n — 1 blocks, namely n — 2 singletons
and one pair. These () unordered pairs {i, j} € N>
are the same atoms as in subset lattice (22,1, U). For
notational convenience, let [ij] € PV denote the atom
where the unique 2-cardinal block is (unordered) pair
{ij} € lif].

Consider v € {0,1}" as the n-vector with all en-
tries equal to 1 and denote by (x,y) the scalar prod-
uct between x and y. The Hamming distance between
subsets A, B € 2V is |AAB| = |A| +|B| —2|ANB| =

= (X, %) + (B xN) —2(%a, %) - “4)

In order to replace subsets A with partitions P, let
EP(A{) ={[ij]: 1 <i < j<n} be the (})-set of atoms
of the partition lattice, i.e. EP{\IS ~ N,. The ana-

log of characteristic function x4 is indicator function
Ip: LP(IY) — {0,1} defined, for P € PV [ij] € LPI‘{), by

(
. 1if P> [ij e (s
Ip([ij]) = { 0 ;fP % Eﬁ . In words, if pair {7, j} is

included in some block A of P (ie. {i,j} CA€P),
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then partition P is coarser than atom [ij], and the
corresponding position Ip([ij]) of indicator array Ip
has entry 1. Otherwise, Ip([ij]) equals 0. Top el-
ement P = {N} for partitions yields /7, i.e. the
(;) -vector with all entries equal to 1. The number
s(P) = [{[ij] : [ij] < P}| of atoms finer than P is
(Rossi, 2011) the size s : PV — Z_, that is

s(P) =Y, (";') = (Ip,Ip7). 5)
AeP

While the cardinality of subsets |A| = (x4, %y takes
every integer value between 0 and n, the size of parti-
tions s(P) = (Ip,Ip7) does not the same between 0 and
(5). Minimally, this may be seen for N = {1,2,3},
as the By = 5 partitions are the finest {{1},{2},{3}}
and coarsest {1,2,3} ones, together with G) =3
atoms: [12] = {{1,2},{3}}, [13] = {{1,3},{2}} and
[23] = {{2,3},{1}}. Thus, there is no partition with
size equal to 2, in that {1,2,3} = [12] V [13] V [23]
and {1,2,3} = [12] v [23] = [12] v [13] = [13] V [23].
Available sizes for 1 <n <7 are in Table I below.

Table 1: Available sizes of partitions of an-set, 1 <n <7.

INJ=n | {s(P):Pc PV} Available sizes
i o);
2 10,17
3 10,1,3]
4 10,1,2,3,6}
5 10.1,2,3,4,6,10]
6 10,1,2,3,4,6,7,10, 15}
7 11{0,1,2,3,4,5,6,7,9,10, 11,135,217

In atomistic lattices, such as 2V, PN and 22, ev-
ery element admits a decomposition as a join of atoms
(Aigner, 1997; Stern, 1999). While subsets A € N
and E € 2™ admit a unique such a decomposition,
namely A = U{i} and E = U {i,/j}, partitions

yA= Ui} {i‘j}eE{ Jhp

generally admit several such decompositions. For
n =3 as above, the coarsest partition {1,2,3} de-
composes either as the join of any two atoms, or else
as the join of all the three available atoms at once.
In particular, the rank r(P) = n— |P| of any parti-
tion P is the minimum number of atoms involved
in a join-decomposition of P, while the size s(P) is
the maximum number of atoms involved in a join-
decomposition of P. The coarsest partition {1,2,3}
of a 3-cardinal set has rank r({1,2,3}) =3—-1=2
and size s({1,2,3}) =3 = (3).

Proposition 1. The size is strictly monotone: for all
P,Qc PN, ifP>Q, P+#Q, then s(P) > s(Q).

Proof. If P> Q (i.e. P > Q, P # Q), then every block
A € P is the union of some blocks By, ... Bjpa) € 0,
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with |Q4| > 1 for at least one block A € P. Recall
that Q4 is the partition of A induced by Q (see the
definition of MMD in section 2 above). The union of
any two such blocks B,B’ € Q increases the size by
(‘BHZ‘B/‘) - [(‘I;') + (‘g,‘)] = |B||B'|, which is strictly
positive as blocks are non-empty. O

In order to reproduce (1) and (4) above, Hamming
distance HD : PN x PN — 7., has to count the num-
ber of atoms finer than either one of any two partitions
P,Q € PV but not finer than both, that is HD(P,Q) =
— [{lif]: P> [ij] £ O} +{[ij] : P # [ij] < O} In
view of (5), HD(P,Q) = s" +s¢ —2s(PA Q) =

= <IP7IPT>+<IQ7[PT>_2<IP7[Q>‘ 6

AlsoPANQ= V
P2lijl<Q
tion of P A Q as a join of atoms, thus

HD(P, Q) = <IP,IPT> + <IQ,IPT> —2<Ip/\Q,IPT>.

[i] is the maximal decomposi-

3.1 HD and VI: Axioms

Following (Meila, 2007), attention is now placed on
those axioms that characterize both partition distance
measures HD and VI.

Proposition 2. HD is a metric: for all P,P',Q € PV,
1. HD(P.Q) = HD(Q,P),

2. HD(P,Q) > 0, with equality if and only if P = Q,
3. HD(P,P')+HD(P',Q) > HD(P,Q).

Proof. The first condition is obvious. In view of

proposition 1, the second one is also immediate as

min{s(P),s(Q)} > s(PA Q). In fact, HD(P, Q) is the

sum [s(P) —s(PA Q)]+ [s(Q) — s(P A Q)] of two pos-

itive integers, while min HD(P,Q) = 1 = min s(P).
P#Q PePN

As for the third condition, known as triangle inequal-
ity, difference HD(P,P') + HD(P',Q) — HD(P,Q) =
=2[s(P")—s(PAP")—s(P'ANQ)+s(PAQ)] must be
shown to be > 0 for all P,P',Q € PV. Since size
s(PAQ) is given, s(P') — [s(PAP') 4+ s(P' A Q)] has
to be minimized by suitably choosing P’. Now, sum
s(PAP)+s(P'AQ) is maximized when PAP' =P
(orP">2P)and PANQ=Q(orP' > Q). IfQ<P > P,
then P’ = PV Q minimizes the whole difference. Thus
HD satisfies triangle inequality as long as the size is
supermodular: s(PV Q) —s(P) —s(Q)+s(PAQ) >0
for all P,Q € PV. The simplest way to see that this
is indeed the case is by focusing on Mdbius inver-
sion of lattice (or more generally poset) functions
(Rota, 1964b; Aigner, 1997; Stern, 1999). By def-
inition, the size s : PV — Z, has M&bius inversion
PN — 7 given by ¢f(P) = 1 if P is an atom (i.e.
P =[ij] € E’{\I’)), and u*(P) = 0 otherwise. In fact,



s(P) = Yo<pt*(Q) for all P € PV. Hence the size
satisfies a condition which is sufficient (but not nec-
essary) for supermodularity, as its Mobius inversion
takes only values > 0. This completes the proof. [

Triangle inequality is satisfied with equality by
HD (and VI) when P’ = P A Q (for VI, see (Meila,
2007, pp. 883, 888) properties 6, 10(A.2)).

Proposition 3. HD satisfies horizontal collinearity:
HD(P,PNQ)+HD(PAQ,Q)=HD(P,Q).

Proof. HD(P,PAQ)+HD(PAQ,Q) =
=[s(P)—s(PAQ)]+[s(Q) —s(PA Q)] as well as
HD(P,Q) = 5(P) +5(Q) —25(P A Q). O

Collinearity also applies to distances between par-
titions P, Q that are comparable, i.e. either P > Q or
Q > P. Firstly consider the case involving the top P
and bottom P, elements (for VI, see (Meila, 2007, p.
888) property 10(A.1)).

Proposition 4. HD satisfies vertical collinearity:
HD(P,,P)+HD(P,P") =HD(P ,P").

Proof. HD(P, ,P)+HD(P,P") =
= s(P) +s(P") — s(P) = s(P")_independently
from P, as wellas HD(P, ,P") =s(P")=(5). O

Vertical collinearity may be generalized for arbi-
trary comparable partitions Pl >P> Q> P, in that
HD(Q,P')+ HD(P',P) = HD(Q,P) for all P’ satis-
fying Q < P' < P.

3.2 Complementation

The distance between the bottom and top elements
considered by vertical collinearity leads to regard
such lattice elements as complements, thereby focus-
ing on the distance between other, generic comple-
ments. Maintaining the traditional Hamming distance
between subsets as the fundamental benchmark, it
must be taken into account that the subset and parti-
tion lattices are very different in terms of complemen-
tation. Every subset A € 2V has a unique complement
A€, and the distance between any two such comple-
ments equals the distance between the bottom and top
elements: [AAA°| =n = |NAOQ|. Conversely, partitions
P generally have several and quite different comple-
ments, which are all those Q such that PAQ = P,
as wellas PV Q = PT. In this respect, MMD mea-
sures the distance between any two complements P, Q
solely through their cardinalities |P|,|Q|, while VI
and HD provide a fine distinction between different
complements, and also agree on which are closer and
which are remoter. The issue may be exemplified as
follows: for N = {1,...,7}, consider P = 123|456|7
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and P* = 147|2|3|5|6 and P, = 1|2|34|5|67 (where
vertical bar | separates blocks). Both P* and P, are
complements of P, that is PAP* = PAP, = P, and
PvP*=PVP, = PT. Here VI, HD and MMD are:
VI(P,P,) ~1.93 < 1.95~VI(P,P*),

HD(P,P,) =8 <9=HD(P,P*),

MMD(P,P,) =4 =MMD(P,P*).

For MMD this examples generalizes as follows.

Proposition 5. For any two complements P,Q € PV,
it holds MMD(P, Q) = max{r(P),r(Q)}.

Proof. If PAQ =P, ,thenedges {A,B} €cECPxQ
of the bipartite graph G = (PUQ, E) defined in sec-
tion 2 have all same weight 1 = |A N B| (see above).
Hence, a maximum-weight matching simply is one
including the maximum number of feasible edges. In
turn, such a number equals ¥ 4cpyomin{|P4|,|Q%[},
because each block (of either partition) can be the
endpoint of at most one edge included in a match-
ing. Also, the number of elements i € N that must be
deleted for the two residual partitions to coincide is
Yacrvo(|A| — min{|PA|,|Q*[}). On the other hand,

PV Q=P entails ¥ ycpyo(|A| —min{|P*],|Q"]}) =
=n—min{|P|,|0|} = max{r(P),r(Q)}. O

The class ¢ : PN — 7!} of partitions (Rota, 1964b)
identifies the vector ¢(P) = (¢((P),...,c,(P)) where
cx(P) is the number of k-cardinal blocks of P, for
1 <k < n. As shown by the above example, a par-
tition generally has different complements with dif-
ferent classes. In this view, for all P € PV denote by
COP)={Q:PANQ =P, ,PVQ=P'"} the set of
complements of P.

A modular element of the partition lattice (Aigner,
1997; Stern, 1999; Stanley, 1971) is any P € PN
where all blocks are singletons apart from only one,
at most, i.e. ¥ g<,ck(P) < 1. The sublattice P |
of modular elements contains the bottom and top el-
ements, and all partitions of the form {A} UP4" with
1 < |A| <n. Hence, |BY || =2"—n, while PV =PV
forn <3 and ?nﬁ’()d c PN forn > 3.

Here, the main link between modular elements
and complementation is that an element is modular
if and only if no two of its complements are compa-
rable (see (Stanley, 1971, Theorem 1)). Therefore,
if P ¢ PN . then there are Q,Q' € CO(P) such that
0O > Q'. It seems thus important that the distance be-
tween P and Q differs from the distance between P
and Q'. The following result bounds the Hamming
distance HD between a partition and its complements.

Proposition 6. For all P € PV, if Q € CO(P), then
s(P)+|P|—1<HD(P,Q) <s(P)+ (‘g‘), where the
upper bound is always tight, while the lower one is
tight only if 1 (P) <2+ Y1 ck<n(k —2)ck(P).
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Proof. If Q € CO(P), then HD(P,Q) = s(P) +s(Q).
Hence s(P) 4+ min{s(Q) : Q € CO(P)} < HD(P,Q)
and HD(P,Q) < s(P) + max{s(Q) : Q € CO(P)}. A
complement of P has join-decompositions minimally
involving |P| — 1 atoms [ij]1, ..., [ij]|p—1 € EP{Y), with
|Am N D, jtm| = 1 = [Aps1 O {Z, j}ml, 1 <m < |P|.
Considering the upper bound first, observe that size
s([ijli vV -+ V [ij]jpj—1) attains its maximum when
Hi, jtm 0 {i,j}ms1] =1 forall 1 <m < |P|—1, in
which case s([ij]1 V-V [ijlm) = ("31),1 <m < |P)|.
This complement P* = [ij]; V-V [ij]|p—1 always ex-
ists, whatever the class ¢(P) of P, making the bound
tight. In fact, P* € ‘.Pr{;i]d has n — |P|+ 1 blocks, out of
which n — |P| are singletons, while the remaining one
B € P* is |P|-cardinal and satisfies [BNA| = 1 for all
AePie P*={ByUPY = s5(P*) = (). For the
lower bound, note that size s([ij]1 V-V [ij]|pj—1) at-
tains its minimum, ideally, when {, j},,N{i, j}» =0,
1<m<m <|P|,ie. s([ijli V- V]ijlm)=m for all
1 <m < |P|. This is not always possible as each A € P
can have non-empty intersection with a number of
pair-wise disjoint pairs {7, j}»,1 < m < |P| bounded
above by |A|, entailing that the constraint is given by
the number ¢ (P) of singletons {i} € P. Specifically,
nesting together Y ; x<,cx(P) non-singleton blocks
requires ¥y —x<pck(P) — 1 pairs {i, j},. If these lat-
ter have to be pair-wise disjoint, then the maximum
number of elements j € N in non-singleton blocks
available to match (into pair-wise disjoint pairs) those
elements {i} € P in singleton blocks is precisely

Zl<k§nkck(P>_2(21<k§nck(P)_]>' O

Proposition 7. If 2+ Y| <, (k —2)ck (P

<c
~ n_ (e
then P*errg(r)l(P)s(P*) = (n—0(P) LWJ) o) 1)+
+O(P) (Lt ) +1) —n] (o),
where O(P) = 14+ Y| j<pck(P)(k—1).

~—

Proof. Tt 24 Y x<,(k —2)ci(P) < c1(P), then the
above proof of proposition 6 entails that the maximum
number max{|Q| : O € CO(P)} of blocks of a com-
plement of P is 6(P). Among 6(P)-cardinal partitions
P., the size is minimized when |B| € {Lﬁj, [5% |}

6(P)
for all B € P,, where the number of L#J-cardinal
blocks is O(P)(L%j + 1) — n, while the number of
[ﬁ] -cardinal blocks is n — 6(P) Lﬁj . O

Proposition 8. Among complements Q € CO(P),

HD and VI have common minimizers and maximiz-

ers, i.e. argmin HD(P,Q) = argmin VI(P,Q), and
QeCOo(P) QeCOo(P)

argmax HD(P,Q) = argmax VI(P,Q).

QeCO(P) QeCO(P)
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Proof. If Q € CO(P), then VI(P,Q) is minimized or
maximized when e(Q) is, respectively, maximized
or minimized, as VI(P,Q) = 2logn — e¢(P) — e(Q).
Given this, if P € PN . thenall Q € CO(P) have same
rank. Otherwise, there are comparable complements,
i.e. with different rank (see above). Thus, in gen-
eral, among complements Q € CO(P) entropy ¢(Q)
is minimized when |Q| is minimized and, in addition,
Q € PV .. This is precisely where size s(Q) is max-
imized. Similarly, e(Q) is maximized when |Q| is
maximized and, in addition, |B| € {Lﬁj, [‘"@1} for

all B € Q. Again, this is where s(Q) is minimized. [J

4 MINIMUM-WEIGHT PATHS

Hamming distance |EAE’| between edge sets E,E’ €
2M s the length of a shortest path between vertices

2 xe € {0,113 of the (5)-dimensional unit hyper-

cube [0, 1](3), where Xz : No — {0,1} is the char-
acteristic function defined above in section 2, i.e.
xe({i,j}) =1 if {i,j} € E and O otherwise. Re-
call that a polytope naturally defines a graph with its
same vertices and edges (Brgondsted, 1983, p. 93),
and the hypercube is perhaps the main example of

polytope. In fact, the graph of hypercube [0, 1](’21)
is the Hasse diagram of Boolean lattice (2*2,M,U),
for its edges correspond to the covering relation, that
is to say {E,E'} is an edge of the hypercube if ei-
ther £ D E'||E| = |[E'| +1 or else the converse, i.e.
E'DE,|E'|=|E|+1.

Clearly, a shortest path is a minimum-weight path
as long as every edge has weight 1. This simple
observation is the starting point towards an analog
view of the Hamming distance HD between parti-
tions, namely as the weight of a minimum-weight
path in the associated Hasse diagram. To this end,
define the polytope of partitions P as the convex
hull P := conv({Ip : P € ?}) C [0,1](2) containing
all convex combinations of the B, Boolean vectors
defined by the indicator functions of partitions. Also
denote by G = (PV,E) the graph of polytope PP or,
equivalently, the Hasse diagram of partition lattice
(PN, A, V). Edges correspond to the covering rela-
tion: {P,Q} € E if either {P": 0 < P' < P|={P,Q}
or else {P': P <P < Q} ={P,Q} (see above).
Denote this relation by P> Q < {P,Q} € E. Finally,
let F ¢ R% be the vector space of symmetric and
order-preserving partition functions f : PV — R, that
is to say, respectively, for all P, Q € PN,

(@ c(P) = c(Q) = f(P) = £(0), and
(b) P> Q= f(P)> f(Q)orelse
() P> Q= f(P) < f(Q).



Entropy, rank and size e,r,s : PN 5 R are in F, with
e satisfying (b’) and r,s satisfying (b). For f € F, let
weights wy : E— R, onedges {P,Q} € E of G be
wr({P.0}) = max{f(P), f(Q)} —min{f(P), f(Q)}.
For P,Q € PV, let Path(P,Q) contain all P — Q-paths
p(P,Q) in graph G. Any p(P,Q) € Path(P,Q) is a
subgraph p(P,Q) = (Vp,Epp) C G with vertex set
Vf’,jQ ={P=Py,P,...,P, = Q} and edge set

Epy = {{P0, 00}, {P1,01}, s {Pu-1,0m11}},
where Py = Q,0 < k < m. Graph G is connected,
entailing Path(P, Q) # 0 for all P,Q € PV . The weight
of p(P,Q) is wy(p(P.Q)) = Tock oy ({Pis Oi})-

Definition 9. For f € IF, minimum- f-weight partition
distance 8y : Py x Py — R is

8/(P,Q) := min
FBO) = oM, po)

wr(p(P,Q)). (D)

Proposition 10. For f € F and P,Q € PV, every
minimum- f-weight P — Q-path visits PA Q or PV Q
or both, i.e. VIfQ N{PAQ,PV Q} #0 for all p(P,Q)

satisfying w(p(P,Q)) = 8;(P,Q).

Proof. If P > Q, then {PV Q,PAQ} C VgQ for all
p(P,Q) € Path(P,Q), with P> Q = {P,0} =V},
Differently, if P 2 Q # P, then any path p(P,Q)
visits some vertex P’ comparable with both P,Q
and, in particular, satisfying either P’ > P,Q or else
P,Q > P'. Accordingly, p(P,Q) = p(P,P")Up(P',0),
with Egp, ﬂEﬁCQ = 0, for some P — P'-path p(P,P')
and P’ — Q-path p(P',Q), entailing that ws(p(P,Q))
equals wy(p(P,P)) +wys(p(P',Q)). Finally, since
f is order-preserving and symmetric, P = PV Q
minimizes wy(p(P,P)) +ws(p(P',Q)) over all ver-
tices P’ > P,Q as well as PP = P A Q minimizes
wr(p(P,P")+ws(p(P',Q)) overall P <P,Q. [

Whether a minimum- f-weight path visits the join
or else the meet of any two incomparable partitions
clearly depends on f. A generic f € F may have
associated minimum-weight paths visiting the meet
of some incomparable partitions P,Q and the join of
some others P',Q’. Whether minimum-weight paths
awlays visit the meet or else the join depends on
whether f or else —f is supermodular. Note that
if f is supermodular, then —f is submodular, i.e.
—f(PNQ) = f(PVQ) < —f(P)—f(Q).
Proposition 11. Let f € F satisfy (b), i.e. P> Q
entails f(P) > f(Q). If f is supermodular, then the
minimum- f-weight partition distance is

8/(P.0) = f(P)+ 1(Q) —2f (P Q),
while if f is submodular, then the minimum- f-weight
partition distance is

8(P,Q) =2f(PVQ)—f(P)—f(Q).
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Proof. Supermodularity entails

2f(PVQ)—f(P) = f(Q) = f(PVQ)— f(PNQ)
and f(PVQ) = f(PAQ) = f(P)+ f(Q) =2f(PNQ),
whereas submodularity entails

2f(PVQ) = f(P) = f(Q) < f(PVQ)—f(PAQ)
and f(PV Q)= f(PAQ) < f(P)+f(Q) —2f(PAQ),
forall P,Q € PN. O

Since the size s is supermodular (see proposition
2 above), Hamming distance HD is the minimum-s-
weight partition distance, i.e. HD(P, Q) = &,(P, Q) for
all P,Q € PN. The rank r of partitions being submod-
ular (Aigner, 1997, pp. 259, 265, 274), minimum-7-
weight distance is 3,(P,Q) = |P|+|Q| —2|PV Q|. In
fact, w.({P,Q}) = 1 for all edges {P,Q} € E, hence
9, is a shortest-path distance.

Turning to entropy e, a simple example shows
that VI distance does not correspond to the e-based
minimum-weight distance.

Proposition 12. There are partitions P,Q € PV such
that 2e(P N\ Q) —e(P) —e(Q) > 8.(P, Q).

Proof. For two atoms [ij],[ij'] € fl’(f\{), with non
empty intersection {i,j}N{i,j'} = {i}, VI distance
is VI([ij],[i)']) = 2e([ij] A (i) = e([ij]) — e([i)']) =
= 2logn — 2(logn— %) = 7, while minimum-e-
weight distance is e([ij]) +e([i)']) —2e([ij] V [ij]) =
=2 (logn— %) -2 (logn — %log3) =

:.%(3log3 —2) = 8,([ij],[ij']), with 3log3 < 4 en-
wifing V(ij], i) > 8.([ij}, [i/)- 0

An alternative measure of partition entropy, called
logical entropy, has been recently proposed (Eller-
man, 2013a) in terms of distinctions or ordered pairs
(i,j) € N x N, hence (i,j) # (j,i). If distinctions
are replaced with unordered pairs {i,j} € N,, then
mutatis mutandis the non-normalized logical entropy
of partitions P is the analog of (;) — s(P), providing
a further minimum-weight partition distance. Also,
since in information theory partitions are evaluated
through functions f such that P > Q = f(P) < f(Q),
the approach developed thus far may be applied to the
upside-down Hasse diagram of the partition lattice,
with co-atoms in place of atoms, as detailed below.

e

4.1 Distinctions, Co-atoms and Fields

A partition P distinguishes between i € N and j € N\i
if i€ A€ P while j € B€ P with A # B, and the
set of such distinctions has been recently proposed as
the logical analog of the complement of P, with the
(normalized) number of distinctions providing a novel
measure of the (logical) entropy of partitions (Eller-
man, 2013b; Ellerman, 2013a). This achieves through
apartness relations X ¢, which are the complement of
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equivalence relations &, both being sets of ordered
pairs (i, j) € N x N (see section 2 above). In terms of
atoms [ij] € LP(’Y), the logical entropy i : PV — R, of
partitions (Ellerman, 2013a, p. 127) is

h(P) = z\{m:;zm}\ _ 2@)=sP) _ an=1)-25(P)

n? - n?

i

with h(PT) =0 = s(P,) and h(P, ) = 1=1 = (1),

n n

Proposition 13. The minimum-h-weight distance is

81(P,Q) = 2h(P N Q) — h(P) — h(Q).

Proof. Logical entropy h is symmetric and satisfies
P> Q= h(P) <h(Q), hence h € F. Also, apart from
constant terms, & varies with —s, which is submodu-
lar because s is supermodular. That is to say,

W(P)+h(Q) = 2 (n—1— 12242 ) ang

WP AQ)+h(PV Q) = 2 (n—1- PO
Thus s(PA Q)+ s(PV Q) > s(P) +s(Q) entails
h(PAQ)+h(PV Q) < h(P)+h(Q). Also, like in
proposition 11 above but with reversed inequalities,
2h(PAQ) —h(P)—h(Q) < h(PAQ)—h(PV Q) and
hPAQ)—h(PVQ)<h(P)+h(Q)—2h(PVQ). O

Reasoning in terms of ordered pairs results in a
double counting, in that (i,j) € R = (j,i) € R¢
for all apartness relations K¢ and all (i, j) € N X N.
Hence an analog logical entropy h of partitions may
be defined in terms of unordered pairs {i,j} € N,
or atoms [ij] € PN, by h(P) = (Z)T(P) =1- 30,

: 0y @ T
Again, h € F and 2(PT) = 0 as well as A(P,) = 1.
Therefore, the minimum—fz—weight distance is
8;(P.Q) =2h(PAQ) —h(P)—h(Q) forall P,Q € PV.

On the other hand, a distance between partitions
also obtains by dealing directly with their associated
set of distinctions: let Dp = {[ij] : P # [ij]} and con-
sider the distance between any two partitions P,Q
given by the traditional Hamming distance between
their sets of (unordered) distinctions, i.e. |[DpADy|. In
particular, |DpADg| = % (2h(P A Q) — h(P) — h(Q)).
In view of proposition 13 above, this is the non-
normalized minimum-A-weight distance.

A field of subsets is a set system F C 2V which
is closed under union, intersection and complemen-
tation, hence ANB,AUB,A° € F for all A,B€ ¥.
Every partition P € PV generates the field %p := 2°
containing all subsets B € 2V obtained as the union of
blocks A € P, with Fp, =2V as well as Fpr = {0,N}.
There are 2"~! — 1 minimal fields that strictly include
Fpr; they are those Fa = Fac = {0,A,A°,N} with
0 C A C N. On the other hand, 2-cardinal partitions
{A,A¢} € PN are the co-atoms (Aigner, 1997) of par-
tition lattice (PN, A,V) ordered by coarsening. In
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fact, in information theory finer partitions are gener-
ally more valuable than coarser ones, and thus atten-
tion is placed on partition functions f such as entropy
e or logical entropy # satisfying f(P) < f(Q) when-
ever P > Q. In this view, the partition lattice is often
dealt with as ordered by refinement and thus with the
upside-down Hasse diagram. Accordingly, a distance
between partitions also obtains by counting co-atoms
rather than atoms. Define the co-size cs : PV — Z of
partitions by cs(P) = [{{4,A°} : P < {A,A°}}|, with
cs(PL)=2""'—1andcs(P")=0. In words, cs(P) is
the number of co-atoms coarser than P.

Proposition 14. The minimum-cs-weight partition
distance is §.5(P,Q) = ¢s(P) 4+ cs(Q) — 2¢s(PV Q).

Proof. Denote by i : PN — 7 the Mobius inversion
from above (Rota, 1964b; Aigner, 1997) of the co-
size, with cs(P) = Y o> p1*(Q) for all P. By defini-
tion, g (P) = 1 if |P| = 2 and 0 otherwise. Like for
the size in proposition 2, this entails supermodularity,
ie. es(PANQ)+cs(PVQ)>cs(P)+ces(Q). Also,
cs € F with ¢s(P) < cs(Q) whenever P > (Q, thus
cs(P)+cs(Q) —2es(PV Q) <ces(PAQ)—es(PVQ),
cs(PAQ) —cs(PV Q) <2cs(PAQ)—cs(P)—ces(Q)
for all P,Q € PV. O

Denote by (3,M,L) the lattice whose elements
are the B, fields of subsets Fp,P € PV ordered by
inclusion O. The meet and join are, respectively,
FpM Fo = Fpvp and FpU Fo = Fpap. The set of
atoms is the collection { F4 4y : 0 C A C N} of min-

imal fields, i.e. Fp= U Fy4ey forall Fp € 3.
{aacyzp v

Thus 8.(P,Q) is also an analog of the traditional
Hamming distance between subsets: d.,(P,Q) =

= [{{A,A}: Fraacy C Frll+

+H{{A,A} : Fraacy C Fotl+

—2|{{A,A} 1 Fraaey € (Fo N Fp)}|. In words, this
is the number of minimal fields ¥4 4cy included in
either Fp or else in Fp, but not in both.

S THE CONSENSUS PARTITION
PROBLEM

Hamming distance between partitions HD firstly ap-
pears in the mid 60s (Rénier, 1965) in terms of the
consensus partition problem, which is important in
many applicative scenarios concerned with statistical
classification. From a combinatorial optimization per-
spective, after selecting a metric J : PN x PN R,
an instance is a m-collection Py, ..., P, € PN om > 2,
and the objective is to find a partition 2 minimizing
the sum of its distances from the m partitions: any P

satisfying ¥ <x<m O(P, Pu) < Li<tm 8(Q, Py) for all



Q € PV is a consensus partition. For generic 3, find-
ing a solution P is tipically hard. If § = MMD, then
each distance 8(Q,P;),1 < k < m for any Q € PV is
computable in O(n?) time (Korte and Vygen, 2002,
p. 236), whereas if 8 = HD, then in view of expres-
sion (6) above (see section 3) 8(Q, P) is computable
more rapidly through scalar products. Independently
from the chosen metric 8, the main issue is that the
size B, = |PV| of the search space PV makes all ap-
proaches relying on direct enumeration simply unvi-
able, at least for relevant values of n. The problem
is thus commonly interpreted in terms of heuristics
(Pinto Da Costa and Rao, 2004; Celeux et al., 1989).
Although the consensus problem is generally
harsh, still the analysis conducted thus far identifies
conditions where exact solutions are easy to find. If
the chosen metric is a minimum- f-weight partition
distance, i.e. & = &y with f € IF, and weighting
function f is either supermodular or else submodu-
lar (but not both, see below), then either the meet
P=P A---AP, orelsethejoinf’zPl\/---\/Pm of
instance elements are consensus partitions. The for-
mer case applies to Hamming distance or size-based
ds = HD and to logical entropy-based Jj,, while the
latter applies to rank-based §, and to co-size-based
d¢s. The computational burden thus reduces solely to
assessing the m distances between instance elements
and their meet (or their join), with no search need.

Proposition 15. If distances between partitions are
measured by HD, then the meet of instance elements

achieves consensus: for Q,P;,...,P, € PV,
Y HD(PA---APwP)< Y HD(Q,P).
1<k<m 1<k<m

Proof. Firstly note that for m = 2 this consensus con-
dition is in fact a restatement of horizontal collinear-
ity and triangle inequality (see propositions 2 and 3
above). Hence, in order to use induction, assume that
the condition holds for some m > 2, and denote by P
the solution or consensus partition of a m+ 1-instance
Pi...,Py,Pys1. By assumption, Py A--- AP, is a so-
lution of instance Pi,...,P,, thus novel solution P
minimizes the sum of its distances from the previous
solution P; A --- A P, and from the novel instance el-
ement P, 1, i.e. forall Q € PV,
HD(PyA---APy,,PY+HD(P,P,, ) <

< HD(P, A---APy,0)+HD(Q,Pyyt1) Then, hor-
izontal collinearity and triangle inequality entail
HD(Pi A---APy,P)+HD(P, P, 1) >

> HD(Py A-+ APy, Pyyi1), with equality if

P=P/ A APyAPpii. O

The consensus partition problem may be also
framed in a novel manner through fuzzy modeling.
A fuzzy subset of N is a function ¢ : N — [0, 1] or,
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geometrically, a point ¢ = (q1,...,q,) € [0, 1]" in the
n-dimensional unit hypercube, where g; = ¢(i),i € N.
A fuzzy partition is thus commonly intended as a par-
tition P with associated |P| points ¢* € [0,1]",A € P
in the hypercube such that ¢ € (0,1] forall i € A and
all A € P. Also, a fuzzy or random graph with vertex
set N may be seen as one whose edge set is a fuzzy
subset of V,, i.e. a function 7 : N, — [0, 1] or, geomet-

rically, a point in the (;) -dimensional unit hypercube,

ie. t= (t{iﬁjh eun ’t{i’j}(§)> € [0, 1](2).

By looking at partitions of N as graphs with ver-
tex set N each of whose components is complete (see
above), the fuzzy consensus partition 7; associated
with instance I C PV may be defined as the point
in the interior of the polytope P of partitions (see
above) corresponding to the center of the convex hull
conv({Ip : P € I}) consisting of all convex combina-
tions of the indicator functions Ip, P € I of instance
elements. Then, the fuzzy consensus partition is a
function ranging in the unit interval [0, 1] and taking
values on the atoms of PV, i.e. 7 : LP(AI') — [0,1] and

t1([ij]) = ﬁzpellp([ij]) for all atoms [ij] € T(]\{). In
this framework, the strong patterns of instance I con-
sidered in (Pinto Da Costa and Rao, 2004) are the
blocks of partition P(¢;) obtained through defuzzifi-

cation of #; as follows: P(t;) = ([\/]) [ij]. In words,
tr([if])=1
P(t;) obtains as the join of all atoms where the fuzzy
consensus partition #; attains its maximum, i.e. 1.

6 CONCLUSIONS

Measuring the distance between partitions is an im-
portant topic in statistical classification since the ’60s
(Lerman, 1981; Rénier, 1965). This works considers
the analog of the traditional Hamming distance be-
tween subsets by counting unordered pairs of parti-
tioned elements. Counting ordered and/or unordered
pairs is not new (see (Meila, 2007, Section 2.1)),
but the Hamming distance HD is here analyzed from
a novel geometric perspective. Special attention is
placed on complements in comparison with two dis-
tances proposed in recent years, namely MMD and
VL. Given its low computational complexity and fine
measurement sensitivity, HD seems interesting for ap-
plications, especially in bioinformatics.

HD relies on the size, which counts the atoms finer
than partitions. While the cardinality (or rank) of sub-
sets is a valuation (i.e. supermodular and submodu-
lar), the size is supermodular. In fact, if f is a valu-
ation of the partition lattice, then it is constant, i.e.
f(P) = f(Q) for all partitions P,Q (Aigner, 1997).
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Since the Hamming distance between A,B € 2V is
|AAB| = |AUB| — |JANB|, it may seem reasonable
to consider distances 8(P, Q) between P,Q € PV of
the form 8(P,Q) = f(PV Q) — f(PAQ) with f € F.
Yet, this clearly does not distinguish between differ-
ent complements Q,Q" € CO(P) when P # P, ,P".

The geometric approach enables to analyze fur-
ther partition distances obtained by replacing the size
with alternative partition functions such as entropy,
rank and logical entropy, where these latter two are
submodular. In general, any symmetric and order-
preserving partition function f provides a distance be-
tween partitions P,Q by considering f(P), f(Q) and
the values taken on their meet f(P A Q) or else on
their join f(PV Q). Specifically, f defines weights on
edges of the Hasse diagram of partitions such that the
corresponding partition distance between any P,Q is
the weight of a lightest P — Q-path.
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