A Comparison of Learning Rules for Mixed Order Hyper Networks
Kevin Swingler
Computing Science and Maths, University of Stirling, FK9 4LA Stirling, Scotland, U.K.

Keywords:

High Order Networks, Learning Rules.

Abstract:

A mixed order hyper network (MOHN) is a neural network in which weights can connect any number of
neurons, rather than the usual two. MOHNs can be used as content addressable memories with higher capacity
than standard Hopfield networks. They can also be used for regression, clustering, classification, and as fitness
models for use in heuristic optimisation. This paper presents a set of methods for estimating the values of the
weights in a MOHN from training data. The different methods are compared to each other and to a standard
MLP trained by back propagation and found to be faster to train than the MLP and more reliable as the error
function does not contain local minima.

1

INTRODUCTION

For a long time, the multi layer perceptron (MLP)
has been a very popular choice for performing nonlinear regression on functions of multiple inputs. It
has the advantage of being easy to apply to problems
where there is little or no knowledge of the structure of the function to be learned, particularly concerning the interactions between input variables. The
weight learning algorithm (back propagation of error,
for example) simultaneously discovers features (interactions between inputs) in the function that underlies
the training data and the correct values for the regression coefficients, given those features. This leads to
two significant and well known disadvantages of the
MLP, namely the so called ‘black box problem’ that
means it is very difficult for a human analyst to learn
much about the structure of the underlying function
from the structure of the network and the problem of
local minima in the error function that are a result of
the hidden units failing to encode the correct interactions between input variables.
These problems are addressed by Mixed Order
Hyper Networks (MOHNs) (Swingler and Smith,
2014a), which make the structure of the function explicit, meaning that human readability is greatly improved and there are no local minima in the error
function. This paper presents and compares a number of methods for calculating the correct weight values for a MOHN of fixed structure. Different learning
rules have different strengths and weaknesses. Some,
for example may be carried out in an on line mode,

meaning that the data need not be all stored in memory at one time. On line learning also allows partially
learned networks to be updated in light of new data or
as part of an algorithm to discover the correct connection structure. Standard regression techniques such
as ordinary least squares (OLS) and Least Absolute
Shrinkage and Selection Operator (LASSO) may be
applied when on line learning is not required. This has
the added advantage that confidence intervals may be
calculated for the network weights. LASSO also has
the advantage that weights that do not contribute to
the function end up with values equal to zero.
MOHNs have been shown to be useful as fitness
function models if used as part of a metaheuristic constraint satisfaction (or combinatorial optimisation) algorithm (Swingler and Smith, 2014b). In such cases,
it is not always necessary to learn the whole function space correctly, but sufficient to build a model
where the attractors in the energy function correspond
to turning points (local optima) in the fitness function. A simpler learning rule is sufficient to build such
models, and is presented in this paper.

2

MIXED ORDER HYPER
NETWORKS

A Mixed Order Hyper Network is a neural network
in which weights can connect any number of neurons.
A MOHN has a fixed number of n neurons and ≤ 2n
weights, which may be added or removed dynamically during learning. Each neuron can be in one of
17
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three states: ui ∈ {−1, 1, 0} where a value of 0 indicates a wild card or unknown value. The state of
the MOHN is determined by the values of the vector,
u = u0 . . . un−1 . The structure of a MOHN is defined
by a set, W of real valued weights, each connecting
0 ≤ k ≥ n neurons. The weights define a hyper graph
connecting the elements of u. Each weight, w j has an
integer index that is determined by the indices of the
neurons it connects:
n−1

W ⊆ {w j : j = 0 . . . 2 } w j ∈ R
(1)
The weights each have an associated order, defined by the number of neurons they connect. There
is a single zero-order weight, which connects no neurons, but has a weight all the same. There are n first
order weights, which are the equivalent of bias inputs
in a standard neural network. In general, there are
n
k possible weights of order k in a network of size
n. For convenience of notation, the set of k neurons
connected to weight w j is denoted Q j , meaning that
the index j defines a neuron subset. This is done by
creating an n bit binary number, where bit i is set to
one to indicate that neuron i is part of the subset and
zero otherwise. The resulting binary number, stated
in base 10 becomes the weight index. For example,
the weight connecting neurons {0, 1, 2} is w7 as setting the bits 0,1,2 in a four bit number gives 0111,
which is 7 in base 10. Consequently, we can write
Q7 = {u0 , u1 , u2 }. Figure 1 shows an example MOHN
where n = 4.
w0
w1

w2
u0

w7

w15

w8

u2
w4

Using a MOHN

MOHNs can be applied to a number of different
computational intelligence tasks such as building a
content addressable memory, performing regression,
clustering, classification, probability distribution estimation and as fitness function models for use in
18

THE WEIGHT ESTIMATION
RULES

This section presents the different methods for estimating the weights needed to allow a MOHN to
perform a particular task. Although, in theory the
weights can be designed by hand, all of the methods
described here are based on learning from data. In
what follows, a single training example consists of a
vector of input variables and a real valued output denoted (x, y). The training data as a whole is denoted
D.

3.1

Hebbian Learning

The simplest of the MOHN learning rules is an extension to the Hebbian rule employed by a Hopfield network to allow it to work with higher order weights. In
this case, the training data consists only of input patterns, x and no function output is specified. Learning
involves setting ui = xi for each neuron and the weight
update is then:
wj = wj +

∏u

(2)

u∈Q j

The Hebbian learning rule allows the MOHN to
be used as a content addressable memory (CAM). The
CAM learning algorithm is given in algorithm 1.

ui = xi ∀i
. Set the neuron outputs to equal the
pattern to be learned
w j = w j + ∏u∈Q j u ∀w j ∈ W . Update the weights
according to equation 2

Figure 1: A four neuron MOHN with some of the weights
shown. w7 is the triangle and w15 is the square.

2.1

3

Algorithm 1: Loading Pattern x into a MOHN CAM.

w6

w9
u3

u1

heuristic optimisation. These different tasks involve
different methods of use and require different approaches to estimating the values on the weights.

For a network that is fully connected at order two,
algorithm 1 is the same as loading patterns into a standard Hopfield network. When the MOHN contains
higher order weights, the capacity of the network is
increased. Patterns are recalled as they are in a Hopfield network, by setting the neuron values to a noisy
or degraded pattern and allowing the network to settle using a neuron update rule that first calculates an
activation value for each neuron, ai using equation 3
and then applies a threshold using equation 4.
!
ai =

∑

j:ui ∈Q j

wj

∏

k∈Q j \i

uk

(3)
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where j : ui ∈ Q j makes j enumerate the index of each
weight that connects to ui and k ∈ Q j \ i indicates the
index of every member of Q j , except neuron i itself. A
neuron’s output is then calculated using the threshold
function in equation 4.

1, if ai > 0
ui =
(4)
−1, otherwise

An attractor state is a pattern across u from which
the application of equation 3 results in no change to
any of the neuron outputs. A trained MOHN settles to
an attractor point by repeated application of the activation rules 3 and 4, choosing neurons in random order. Algorithm 2 describes the algorithm for settling
from a pattern to an attractor:
Algorithm 2: Settling a trained MOHN to an attractor point.

repeat
ch ← FALSE . Keep track of whether or not a
change has been made
visited ← {} . Keep track of which neurons
have been visited
repeat
i ← rand(i : i ∈
/ visited) . Pick a random
unset neuron
temp ← ui . Make a note of its value for
later comparison
Update(ui ) . Update the neuron’s output
using equations 3 and 4
if ui 6= temp then
ch ← T RUE
end if
. If a change was made to the
neuron’s output, note the fact
visited ← {visited ∪ i} . Add the neuron’s
index to the visited set
until kvisitedk = n
. Loop until all neurons
have been updated
until ch = FALSE . Loop if any neuron value has
changed

The dynamics of algorithm 2 have an underlying
Lyapunov function, just as they do in a standard HNN
and will always settle to a local minimum of the associated energy function. (Venkatesh and Baldi, 1991)
report a capacity for binary valued order k networks
of the order of nk / ln n, a figure that is also reported
by (Kubota, 2007). In fact, as described below, such
networks are capable of representing any arbitrary
Lyaponov function and therefore a network with the
right structure will be able to represent any possible
number of turning points.

3.2

Weighted Hebbian Learning

Let f (x) be a multi-modal function where each local maximum represents a pattern of interest. These
patterns might be local optima in an optimisation
task, archetypes in a clustering task or examples of
a satisfaction of multiple constraints, for example. A
MOHN can be trained as a CAM in which the attractors are the local maxima of the function. The learning rule is a weighted version of the Hebbian rule:
wj =

1

∑ |D| f (x) ∏ u

x∈D

(5)

u∈Qi

Previous work (Swingler and Smith, 2014b) has
shown that the weighted Hebbian rule is capable of
learning the local maxima of a function from samples of x, f (x) and that the capacity of the resulting
networks for storing such attractors was equal to the
capacity of a CAM trained using equation 2. The difference between equations 2 and 5 is that the target
patterns are known in the first case, but unknown in
the second, where they are local maxima of y in a
function that is learned from a sample of (x, y) pairs.
Note also that experiments have shown that the training data need not contain a single example of any of
the attractor patterns for the method to work.
3.2.1 Parity Count Learning
When the inputs (both single variables and products
of variable subsets) are uncorrelated (i.e. orthogonal)
and each input has an even distribution of values, the
weighted Hebbian rule produces the correct weight
values in a single pass of the data. When the distribution of values across each variable is uneven, a better
estimate of weight values may be made by taking into
account how often the input product on each weight
is positive or negative during learning. Each weight is
set to equal the difference between the average of the
output y when the weight’s input is positive and when
it is negative.
Let D+j be the set of sub-patterns learned by w j
that contain values whose product is positive and D−j
be the set of sub-patterns learned by w j that contain
values whose product is negative. Now let hy+ i be the
average value of y associated with the members of D+j
and hy− i be the average value of y associated with the
members of D−j :
hy+ i =

1
∑ f (x)
|D+j | x∈D+

(6)

j

Similarly, hy− i is calculated as a sum over
x ∈ D−j .
The weight calculation is simply
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1 +
hy i − hy− i
(7)
2
The averages may be maintained online so that the
weight values are always correct at any time during
learning (rather than summing and dividing at the end
of a defined training set). W0 is set in a similar way.
The Weighted Hebbian calculation, w0 = hyi means
that w0 is just the average of the output, y across the
training sample. This can be improved by taking into
account the distribution of patterns across each input.
wj =

w0 = hyi −

∑

j:w j ∈W

wj

∏x

x∈w j

(8)

where x ∈ w j indicates the neurons connected to
weight w j and ∏x∈w j x is the average value across
all input patterns of the product of the values of x connected to w j .

3.3

The weighted Hebbian update rule is capable of capturing the turning points in a function, but cannot accurately reproduce the output of the function itself
across all of the input space. Such networks have an
energy function1 and this can be used as a regression
function for estimating ŷ = f (x) in the form
i

∏u

(9)

u∈Qi

The weight values for the regression may be calculated either in a single off line calculation or using
an on line weight update rule.
3.3.1

Off Line Regression

To use ordinary least squares (OLS) (Hastie et al.,
2009) to estimate the weights offline, a matrix X is
constructed where each row represents a training example and each column represents a weight. The first
column represents W0 and always contains a 1. The
remaining columns contain the product of the values of the inputs connected by the column’s weight,
∏x∈Qi x. A vector Y takes the output values associated with each of the input rows and the parameters
are calculated using singular value decomposition:
β = (X T X)−1 X T y
XT

(10)

X −1

where
is the transpose of X,
is the inverse
of X and β becomes a vector from which the weights
of the MOHN may be directly read so that w0 = β0
1 The regression equation 9 is actually the negative of
the energy function, which is minimised by applying the
settling algorithm 2.
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3.3.2 LASSO Learning Rule
The LASSO algorithm (Tibshirani, 1996) may also be
used to learn the values on the weights of the MOHN.
Each input vector is set up in the same way as described for OLS, by calculating the product of the
input values connected to each weight and the coefficients generated by LASSO are read back into the
weights of the MOHN in the same order. LASSO performs regression with an additional constraint on the
L1 norm of the weight vector. The learning algorithm
minimises the sum:

∑ ( f (x) − fˆ(x)) + λ ∑ |w|

x∈D

Regression Rules

ŷ = ∑ w j

and the remaining weights take values from β in the
same sequence as they were inserted into the matrix
X.

(11)

w∈W

where λ controls the degree of regularisation. When
λ = 0, the LASSO solution becomes the OLS solution. With λ > 0 the regularisation causes the sum of
the absolute weight values to shrink such that weights
with the least contribution to error reduction take a
value of zero. This not only allows LASSO to reject input variables that contribute little, but also to reject higher order weights that are not needed. LASSO
can be used as a simple method for choosing network
structure by over-connecting a network and then removing all the zero valued weights after LASSO regression has been performed.
3.3.3 On Line Learning
The weights of a MOHN can also be estimated on
line (where the data is streamed one pattern at a time,
rather than being available in a matrix as in equation
10) using a linear version of the delta learning rule,
the Linear Delta Rule (LDR):
wi = wi + α( f (x) − fˆ(x))

∏u

(12)

u∈Qi

where α < 1 is the learning rate. Experimental results have suggested that one divided by the number
of weights in the network is a good value for α, i.e
α = |W1 | . This allows the correction made in response
to each prediction error to be spread across all of the
weights.
The online learning algorithm is very similar to
the perceptron (or MLP) learning algorithm. The iterative nature of the algorithm allows for early stopping
to be used to control for overfitting with reference to
an independent test set. Algorithm 3 describes the
learning process.
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Algorithm 3 : On Line MOHN Learning with the Linear
Delta Rule.

Let Dr be a subset of the available data to be used
for training the network
Let Ds be a subset of the available data to be used
for testing the network
for all (x, f (x)) ∈ Dr do
Initialise the weights in the network using the
parity rule of equation 7
end for
repeat
for all x ∈ Dr do
Update the weights in the network using the
delta learning rule of equation 12
Let e be the root mean squared error that
results from evaluating every member of Ds with
the model
end for
until e is sufficiently low or starts to increase consistently
Note that the weights are initialised with the parity count learning rule, not to random values as with
an MLP. This is because there are no local minima in
the error function and so no need for random starting
points. In cases where the entire input,output space
of the function may be noiselessly sampled, the initialisation step will produce the correct weights imeadiately, without the need for additional error descent
learning. The learning algorithm will work without
the initialisation (the weights can be set to zero) but
then requires more iterations of the learning cycle.

4

ANALYSIS OF LEARNING
RULES

This section begins with a summary of the abilities
and limitations of the different learning rules presented in this paper. It then goes on to analyse the
rules and the resulting networks. Table 1 summarises
some of the differences between the methods. Due
to the structure of the MOHN, all of the learning rules
are capable of reproducing the maximal turning points
of the learned function, but the Hebbian based rules
do not minimise the error elsewhere in the function
space. The Hebbian rules learn in a single presentation of the data, so can operate in an on line mode
without the need to iterate through the data set more
than once. The others require either on line iterations
or the entire data set to be present off line.
The weighted Hebbian rule is accurate only when
a full sample of the input/output space is available,

Table 1: Comparing four different MOHN learning rules in
terms of the learning mode, any regularisation that is possible, whether or not the training error is minimised, and
whether the training data is presented as input,output pairs
(IO) or as patterns to store in a content addressable memory
(CAM).
Method
Hebbian
Weighted Hebb
LDR
OLS
LASSO

Mode
One shot
One shot
On line
Off line
Off line

Reg.
None
None
Early Stop
None
L1 -norm

Min. Err.
No
No
Yes
Yes
Yes

Data
CAM
IO
IO
IO
IO

so is of limited practical use as the parity counting
method gives more accurate estimates operating on
weights independently with a single pass through the
data. The parity counting method provides good starting weights for the linear delta rule.
The following sections investigate different network structures in more detail.

4.1

Second Order Networks

When a MOHN has only second order connections,
it is equivalent to a Hopfield Neural Network (HNN)
(Hopfield, 1982) and the Hebbian learning rule of
equation 2 is the standard learning rule for a HNN.
It is well known that HNNs are able to learn patterns
as content addressable memories, but that they suffer
from the presence of spurious attractors too. These
spurious attractors may be removed (or their presence
avoided) by defining an energy function for the network in which the patterns to be stored as memories
are local maxima. This may be done using a Hamming distance based function and (Swingler, 2012),
(Swingler and Smith, 2014b) have shown that using
the weighted Hebbian update rule of equation 5 and
such a function on a second order MOHN (or equivalently, a HNN) is sufficient to produce a content addressable memory in which the turning points of the
function are the memories to be stored. The capacity of a HNN for storing patterns is the same if the
patterns are loaded directly with the Hebbian learning rule as it is when the patterns are learned from a
Hamming distance based function.
To build the Hamming distance based function,
denote the set of patterns to be stored as T:
T = {t1 , . . . ,ts }

(13)

and define a set of sub-functions, f (x|t j ) as a
weighted Hamming distance between x and each target pattern t j in T as
f (x|t j ) = ∑

δxi ,t ji
n

(14)
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where t ji is element i of target j and δx j ,t ji is the Kronecker delta function between pattern element i in t j
and its equivalent in x. The function output given an
input pattern, f (x) is the maximal output across all
the sub-functions given an input of f (x).
f (x|t) = max j=1...s ( f (x|t j ))
(15)
By generating random input patterns, evaluating
each using equation 15 and then using the LDR of
equation 12 to learn each input,output pair sampled,
a network with attractors at each member of T is
learned. The network has the additional quality that
as the number of samples learned increases, the number of spurious attractors in the network decreases.
To test this claim, experiments were run in which
a 100 neuron MOHN was trained on a function that
contained four true attractor states. Figure 2 shows
the average results of running 100 trials in which the
number of spurious attractors and the error of the network were measured for each iteration of the training
data, which was a random sample of size 20,000 from
the Hamming distance based function 15. In each
case, the number of spurious attractors was reduced
to zero as the training error approached zero.
Error
Attractors

1,000

0.2
500
0.1

0

Spurious Attractors

Training Error

0.3

0
0

50
Training Epoch

100

Figure 2: As the number of learning iterations increases,
the training error decreases as does the number of spurious
attractors in the model.

Researchers have shown how the weights of a
HNN can be designed to represent the travelling salesman problem (Hopfield and Tank, 1985), (Wilson
and Pawley, 1988) and other problems such as graph
colouring (Caparrós et al., 2002). These approaches
are limited by the fact that the weights must be chosen by hand to reflect the constraints of the problem
to be solved. By training a HNN (or a MOHN) by
sampling from a fitness function, it is now possible to
build a network to represent any problem with a fitness function that can be evaluated, not just those that
are amenable to having their weights set by hand.
22

4.2

Full Networks

When the data are noise free, a network is fully connected and the data sample is exhaustive (i.e. it covers
every possible input pattern once), the weighted Hebbian rule of equation 5 (with |D| = 2n ) will produce
weights which reproduce the target function perfectly.
In such cases, the product ∏u∈Qi u provides a basis
function for f : {−1, 1}n → R. This basis function
is very similar to the well know Walsh basis (Walsh,
1923), (Beauchamp, 1984).
A Walsh representation of a function f (x) is defined by a vector of parameters, the Walsh coefficients, ω = ω0 . . . ω2n −1 . Each ω j is associated with
the Walsh function ψ j . The Walsh representation of
f (x) is constructed as a sum over all ω j . In the sum,
each ω j is either added to or subtracted from the total,
depending on the value of the Walsh function ψ j (x)
which gives the function for the Walsh sum:
f (x) =

2n−1

∑ ω j ψ j (x)

(16)

j=0

A Walsh function, ψ j (x) returns +1 or -1 depending on the parity of the number of 1 bits in shared
positions across x and j where j is the binary representation of the integer j. Using logical notation, a
Walsh function is derived from the result of an XOR
(parity count) of an AND (agreement of bits with a
value of 1):
ψ j (x) = ⊕ni=1 (xi ∧ ji )
(17)
where ⊕ is a parity operator, which returns 1 if the
argument list contains an even number of 1s and -1
otherwise. The Walsh transform of an n-bit function,
f (x), produces 2n Walsh coefficients, ω j , indexed by
the 2n combinations across f (x). Each Walsh coefficient, ω j is calculated by
n

1 2 −1
(18)
∑ f (x)ψ j (x)
2n x=0
The weight values in a fully trained MOHN are
equal in magnitude to the Walsh coefficients of the
same index, but that they differ in sign when the
weight order is an odd number. That is,
ωj =

ω j = p(ω j )w j ∀w j ∈ W
(19)
where p(ω j ) is the parity of the order of ω j such that:
(
1
if the order of i is even
p(ω j ) =
−1 otherwise

(20)

This is because the Walsh function returns a value
based on a parity count of the number of variables set
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to one across the input variables that are connected to
a given coefficient, as shown in equation 17. The parity function returns 1 if the number of variables with
a value of one is even and -1 otherwise. The MOHN
uses the product of those same values, which evaluates to -1 whenever there is an odd number of inputs
set to -1. The MOHN indices match the Walsh coefficient indices because they both use the same method
of deriving the index number from the binary representation of the connections described in section 2.
As a fully connected MOHN provides a basis for
all possible functions in f : {−1, 1}n → R, then it follows that any function with coefficient values of zero
may be perfectly represented by a less than fully connected MOHN so providing the correct structure can
be found, a MOHN may represent any arbitrary function.

4.3

Discovering Network Structure

The structure of a MOHN is defined by W , which
is a subset of all possible 2n weights. As noted
above, a fully connected second order network implements a HNN and a fully connected network at all
orders forms a basis of all functions f : {−1, 1}n → R.
Any other pattern of connectivity is also possible, for
example a first order only network is equivalent to
a perceptron, or a multiple linear regression model.
Adding higher order weights increases the power of
the model to represent more complex functions.
Discovering the correct structure for the network
is both challenging and instructive, compared to the
same task when using an MLP, which is quite straight
forward, but done in the dark. The question of discovering structure in functions from samples of data
is of particular importance in the field of metaheuristic optimisation, where it is called linkage learning
(see (Pelikan et al., 2000), (Heckendorn and Wright,
2004)).
The correct structure for a function may be discovered from the training data using an iterative approach of adding and removing weights as training
progresses. The basics of the structure discovery algorithm are to train a partial network, test the significance of the weights it contains, remove those that
are not significant, then add new weights according
to some criteria. The weight picking criteria chosen
for this work are based on maintaining a probability
distribution over the possible weights, which is updated on each round of learning so that connection
orders and neurons that have proved useful in previous rounds have a higher probability of being picked
in subsequent rounds. The process is described in algorithm 4.

Algorithm 4 : Probability distribution based structure discovery algorithm.

Start with an empty network with weight set W = 0/
Initialise a distribution over possible weights, P(w)
repeat
Sample new weights from the distribution P(w)
Calculate the values for all weights
Remove any insignificant weights from the network
Update the weights distribution, P(w)
Calculate the test error
until The test error is sufficiently low or doesn’t
change
The probability distribution over W is based on
the order of a weight and the neurons it connects. The
sampling process involves first picking an order, k for
the weight to be added from a distribution, Pk() over
all possible orders (1 . . . n) and then picking k neurons to connect from a distribution, Pn() over the n
available neurons. The choice made for the algorithm
described here is to impose an exponential distribution on the choice of weight order, centred at order
c where initially c = 1 and c is incremented as lower
order weights are either used or discarded.
Pk(k) = λe−λ|c−k|

(21)

where λ controls the width of the distribution. In the
early iterations of the algorithm where c = 1, there
is a high probability of picking first order weights
and an exponentially decreasing probability of picking weights of higher order. In subsequent iterations, Pk(k) is updated in two ways. Firstly, c is
incremented to allow the algorithm to pick weights
with higher orders and secondly the values of existing
weights are used to shape the distribution to guide the
algorithm towards orders that have yielded high value
weights already.
The weight order probability distribution, Pk(k) is
updated by counting the proportion of weights in the
current network that are of each order. Let this vector
of proportions be p = p1 . . . pn where pi is the number
of weights at order i divided by the total number of
weights in the network. These proportions are then
used to update Pk() as follows along with an updated
version of the exponential distribution:
Pk(i) ← (1 − (α + β))Pk(i) + αpi + βλe−λ|c−k| (22)

where α and β are update rates such that 0 ≤ α ≤ 1,
0 ≤ β ≤ 1 and 0 < α + β ≤ 1.
The neuron distribution update rule sets the probability of a neuron being picked to be proportionate
23
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to the sum of the absolute values of the weights connected to it. The contribution of neuron i is C(i)
C(i) =

∑ |w|

(23)

xi ∈w

and the probability of picking neuron i is
Pn(i) =

C(i)
∑n−1
j=0 C( j)

(24)

As each new set of weights is added, another
phase of learning cycles is required to update the new
network. The existing weight values will be close
to their correct value, but need to change slightly to
accommodate the newly added weights. The new
weights also need to be learned. This is requires an on
line learning approach as the existing weights need to
be moved from their current values, rather than calculated from scratch, making the delta rule the ideal
choice. Weights may be identified for removal by performing a t-test on their values, looking for significant
difference from zero in order to keep a weight. Alternatively, each new structure may be learned from
scratch using LASSO, which has the advantage of automatically identifying the weights to remove as those
with a coefficient of zero.
This approach to growing a neural network differs
from the many previously reported methods in that it
only adds weights, not neurons. Generally, grow-andlearn neural network algorithms proceed by adding
neurons to the existing hidden layer or by introducing new layers. For example the Netlines algorithm
(Torres-Moreno and Gordon, 1998) adds binary hidden units one at a time in an incremental approach to
learning classifier functions. The Upstart algorithm
(Frean, 1990), on the other hand, produces deeper tree
structured networks by adding pairs of hidden units
between the input layer and the current first hidden
layer. As a MOHN contains no hidden units, it is only
weights, not neurons that are added at each iteration
of the growth algorithm.
The MOHN may also be compared to other statistical models. By introducing a link function, a
MOHN becomes a generalised linear model (GLM)
(Dobson and Barnett, 2011). A link function is usually a non-linear function that is applied to the output
of a linear regression to allow a wider range of probability distributions to be modelled. The general form
is
g(x) = ŷ

(25)

where ŷ is the energy function of the network from
equation 9 and g(x) is the link function. If the inverse of g(x) is known, then the learning rules may
all be used with the simple replacement of f (x)
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with g−1 ( f (x)). For example, setting g(x) = ex and
g−1 (x) = ln(x) constructs a Boltzmann distribution if
the target values, f (x) are proportional to the probability of pattern x. This is the approach taken in
(Shakya et al., 2012) who use a Markov Random
Field to model the distribution of solutions to optimisation problems by training a mixed order network
with an exponential link function using OLS.

5

EXPERIMENTAL RESULTS

In this section, the learning rules described in this paper are compared with each other and with a standard
multi layer perceptron (MLP) for the speed at which
they learn. The Hamming distance based function of
equation 15 was used for these tests as it is possible to
generate arbitrary functions containing a chosen number of turning points at random locations. This allows
the different methods to be tested across thousands of
different functions of varying degrees of complexity.

5.1

Speed Against Complexity

One way to vary the complexity of a function is to
vary the number of turning points it contains. This
section describes a set of experiments designed to
measure the speed of learning of each of the MOHN
learning rules and an MLP as the complexity of the
function to be learned varies. Each single experiment
involved training a MOHN and an MLP on a data set
generated from a function with a random number of
turning points. The same data was used to train three
different MOHNs, one with each learning rule from
OLS, LASSO and LDR. The function had 15 inputs
and the MOHNs were fully connected up to order
three, giving them 576 weights. The MLP has only
10 hidden units, giving it only 176 weights.
A sample of 580 random points was used for training each network. For the iterative learning methods
(all except OLS) a target error of 0.01 was used as a
stopping criteria, hence the measure of interest was
time taken to reach a training error of 0.01. This process was repeated 1000 times, each with a new function with a number of turning points between 1 and
30.
Figure 3 shows the results. All methods except
the MLP learned the function in a constant time, regardless of the degree of complexity. The MLP was
able to learn the single turning point function (i.e. linear function) in less time than it was able to learn the
more complex functions. The function with two turning points was also faster than those with more. After
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Figure 3: Average learning time in milliseconds by function
complexity for different MOHN learning rules and an MLP.
The LASSO and LDR values are almost equal and can be
seen along the bottom of the graph.
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Error Descent Rate

The difference in training speed between the MOHN
and an MLP was investigated further by recording the
average error by training epoch for the first twenty
passes through the training data. Figure 5 shows the
average error on each pass of the training data from
1000 repeated trials on functions of varying complexity. The error bars show 1 standard deviation from
the mean. Note that the MOHN error drops faster and
that there is far less variation across trials (the error

8
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Input Variables
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Figure 4: Average learning time in milliseconds by number
of inputs for different MOHN learning rules and an MLP.

bars for the MOHN are sufficiently short that they sit
inside the marks).
Training Error by Epoch

Speed By Network Size

Another set of similar experiments related the training
speed of each method to the size of the network. The
number of inputs to a network was varied from 5 to
15 and 1000 trials were run. The mean squared error
of the result of performing OLS was used as the stopping criteria for the MLP and the MOHN as it was
trained with LDR, ensuring that all models had the
same level of accuracy. Figure 4 shows the results.
OLS is known to have a time complexity of O(np2 )
where n is the number of data points and p is the number of variables. LASSO and LDR were of the same
order, but the algorithms ran in less time. The MLP’s
training time grew exponentially with the number of
variables in these particular experiments. As before
the MOHN models all reached the target training error faster than the MLP.
5.2.1

2,000

4

0

5.2

MLP
OLS
LASSO
LDR

3,000

LDR
MLP

0.4
Training Error

Training Time

Learning Time by Complexity

Learning Time by Network Size

Training Time

two turning points, the learning time for the MLP became constant. Regardless of the complexity of the
function, the MLP always took considerably longer,
followed by OLS. The LDR and LASSO algorithms
took similar amounts of time and were the fastest.

0.2

0
0

5

10
15
Training Epochs

20

Figure 5: The mean and standard deviation of training error
as it descends over twenty training epochs, comparing an
MLP with the Linear Delta Rule training a MOHN.

The improved learning speed of the MOHN and
the slower, more varied speed of the MLP may be
explained by the fact that the MLP combines fitting
parameter values with feature selection. Recently,
(Swingler, 2014) provided an insight into the phases
of MLP training, showing that early training cycles
are taken up with fixing the role of the hidden units
and later cycles then fit the parameters within the constraints of the features encoded by those hidden units.
The MOHN does not have hidden units and so only
needs to fit parameter values to its fixed structure. Of
course, that structure needs to be discovered, but the
task of structure discovery and parameter fitting are
separated, unlike the case for the MLP.
Another consequence of the MLP’s dual learning
25
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Figure 6: Traces of training error over 200 different attempts at training an MLP on a concatenated XOR function.
Note the variation in convergence time and the presence of
a number of failed attempts after 2000 epochs.

task of fitting both function structure and regression fit
is that the error function contains local minima. These
occur when the hidden units encode a suboptimal set
of features and the network fits weight values to them.
This is commonly solved by re-starting the training
process from a different random set of initial weight
values. The MOHN error function does not contain
local minima, so the weights do not need to be randomised before learning, as shown in algorithm 3. To
illustrate this point, a final set of experiments compared an MLP trained with error back propagation to
a MOHN trained with the LDR on a function designed
to contain local minima in its cost function. The function to be learned was a concatenation of XOR pairs
such that each xi where i is even is paired with xi+1
to form an XOR function. The function output is the
normalised sum of the XOR of the pairs, so 101010
would produce an output of one and 110011 would
produce zero. Figure 6 shows the traces of 200 MLPs
started with random weights, each trained for 2000
cycles through the training data. The variation in error descent is clear, with some networks converging
quickly, some taking many training epochs to converge, and some still stuck in local minima after 2000
epochs.
For functions of small numbers of inputs, it was
possible to exhaustively sample the function space
and so use the weighted Hebb rule to allow the
MOHN to learn the function fully in a single pass of
the data. For networks where the number of inputs is
too large for an exhaustive sample, a random sample
was taken. Figure 7 shows the trace of the training
error during 200 attempts at learning the same XOR
based function as that in figure 6 using a MOHN with
26

the LDR. The variation is not due to random starting
points—all networks start with weights at zero—but
is due to the fact that the training data is a small random subset of the full input space. Note that there are
no traces that indicate a local minimum; all go to zero
error.

Training Error

Training Error

Training Error Descent for MLP
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100
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200

Figure 7: Traces of training error over 200 different attempts at training a MOHN on a concatenated XOR function. Compare both the scale of the error and the number of
training epochs involved with the same plot for the MLP in
figure 6.

6

SUMMARY AND FUTURE
DIRECTIONS

Mixed Order Hyper Networks are universal function
approximators over f : {−1, 1}n → R. They may be
trained from a sample of data to act as either a regression function that attempts to fit the function that
underlies the data across the entire function space or
just to capture the function’s turning points as energy
minima. Learning may be off line, in which case all
of the data needs to be available at one time, or on
line in situations where data is streamed or the network structure is changing and existing weights need
to be updated. This paper presented five learning rules
designed to cover both on line and off line learning,
and both regression and content addressable memory
learning. Other learning methods might also be considered such as ridge regression or LARS, but that is
left for future work.
This paper has only presented networks for function learning, but they may also be used as classifiers.
As a MOHN has only one output, binary classifications are straight forward. Further work is required
to discover the best way to learn multi-class models.
Learning a classifier will also introduce the possibility
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of using alternative learning algorithms such as Minimerror (Torres-Moreno et al., 2002), which is a perceptron learning rule with a cost function designed to
reduce the number of classification errors rather than
mean squared error. The MOHN and its learning rules
would also be usefully compared to deep networks as
they present a start contrast in approach.
The issue of MOHN structure discovery was also
raised, but the detail is left for future work. The experiments presented in this paper worked on the assumption that the networks in question contained weights
of sufficient order to capture the functions on which
they were trained. This becomes increasingly difficult
as the number of inputs grows. Problems with large
numbers of inputs require a structure discovery phase
to be carried out as part of the training process.
With a given network structure, training a MOHN
is faster and has less error variance across trials than
training with an MLP. Additionally, the training algorithm has no local minima when training a fixed
structure MOHN, making training more reliable than
that of an MLP. Of course, any algorithm used to discover the correct structure for the MOHN may well
have local optima, but that (again) is a matter for future work.
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