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Abstract: The skid steering technique has been widely used in controlling mobile vehicles without steering wheels 
because of light-weight and relatively simple structural configuration for steering motion control. However, 
since the skid controlled mobile platform system is based on nonholonomic constraint, it is essential to 
linearizing the nonlinear dynamic model of the vehicle for improving the stability of traction control. 
Recently developed ventilation duct cleaning robot with moving brushing arm also utilizes the skid steering 
system for traction control. Since the moving brush arm may change the mass center of the platform and 
effect on dynamics consequently, a new control scheme is suggested and simulated to achieve the stable 
trajectory tracking and driving motion of the developed mobile platform.  

1 INTRODUCTION 

Wheeled mobile platform with skid steering system 
is widely used in various industrial applications 
(Kanayama, Samson, Sampei et al, 1991). Skid 
steering helps the mobile platform without steering 
wheels to change the direction by assigning velocity 
difference between two side wheels (Fukao et al, 
2000). Therefore, the skid steered platform can 
reduce the overall weight of the platform by 
removing mechanical steering parts and reduce the 
radius of rotation as well. However, due to the 
nonholonomic constraints in system characteristics, 
the lateral velocity of the mobile platform could not 
be controlled directly by the actuator. Therefore, 
many studies have been focused on linearizing the 
nonlinear mobile platform model for effective 
direction control based on speed difference of each 
side of wheels and Instantaneous Center of Rotation 
(ICR), or using various nonlinear control algorithms. 
According to Shojaei et al, to remove uncertainty 
caused by nonholonomic constraint in trajectory 
tracking control for wheeled robot without 
measuring speed, the control algorithm is presented 
concerning about the actuator dynamics. Also, in 
case of controlling the plant uncertainty and 
unmodeled dynamics, the control law using dual 
adaptive neural network algorithm has been 
suggested to improve trajectory-tracking ability 
(Marvin et al, 2009). Various control algorithm in 

estimating contact force between tracked wheel and 
the road has been studied by (Bekker, 1969) and 
(Wong, 2001), whereas having the possibility of 
generating error because of heavy calculation. In 
addition, combined solution between kinematics and 
dynamic characteristics was investigated for driving 
control of wheeled robot to follow the reference path 
(Caracciolo et al, 1999). In case of controlling 
mobile platform with moving brush arm, the 
external force model has been investigated at the 
contact plane between rolling brush and cleaning 
surface (Jeong et al, 2013). It was not been 
considered the additional force is exerted by the 
manipulator when the platform is controlled to 
follow a designated path. In this paper, the control 
method is suggested to stable trajectory tracking 
when external force is exerted and dynamic model is 
investigated with the ventilation duct cleaning robot, 
which has overloaded moving arm on the platform.  

2 KINEMATIC AND DYNAMIC 
MODELING  

Figure 1 shows the free body diagram of the mobile 
platform. In the modelling, side effects by 
suspensions The mobile platform has a plane motion 
(moving on X-Y coordinate).  
 The point contact occurs between wheels 

and the ground. 
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 Longitudinal wheel slip is negelted. 
 Lateral force at the tire is generated by its 

vertical load and lateral friction coefficient. 
 The speed of two wheels at each side are the 

same. 

 

Figure 1: A schematic model of the mobile platform on a 
horizontal plane. 

2.1 Dynamic Modelling of the Mobile 
Platform 

Based on the schematic model of the mobile 
platform illustrated in Figure 1, the equation of 
motion of the platform can be given by 

mܽ௫ ൌ ௫ଵܨ ൅ ௫ଷܨ௫ଶ൅ܨ ൅ ௫ସܨ െ ܴ௫ଵ െ ܴ௫ଶ െ ܴ௫ଷ െ ܴ௫ସ, 

mܽ௬ ൌ െ൫ܨ௬ଵ ൅ ௬ଶܨ ൅ ௬ଷܨ ൅  ,௬ସ൯ܨ

I∅ሷ  = 2t(ܨ௫ଵ െ ௫ଶሻܨ െ	ܯ௥, 

(1) 

where ܨ௫௜ is the tractive force at the contact patch of 
the wheel, ܴ௫௜ is the longitudinal resistive force of 
the wheel,	ܨ௬௜	is the lateral force at the contact patch 
of the wheel (Caracciolo et al, 1999). The resistive 
force, lateral force, and resistive moment at the 
Center of the Mass (CM) is calculated using friction 
coefficient (ߤ௫,   ௬) byߤ

ܴ௫ ൌ ∑ ܴ௫௜ ൌ ௫ߤ
௠௚

ସ
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ଶሶݔሺ݊݃ݏ ሻ ൅ ଷሶݔሺ݊݃ݏ ሻ ൅ ସሶݔሺ݊݃ݏ ሻሻ , 
(2)
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௥ܯ ൌ ܽ൫ܨ௬ଵ ൅ ௬ଶ൯ܨ െ ܾ൫ܨ௬ଷ ൅ ௬ସ൯ܨ ൅
ௐ

ଶ
ሾሺܴ௫ଶ ൅ ܴ௫ଷሻ െ ሺܴ௫ଵ ൅ ܴ௫ସሻሿ. 

(4)

The dynamic model of the platform can be 
expressed with generalized coordinates, 	q ൌ
ሺX, Y, ∅ሻ, and matrix form as follows 
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,			τ ൌ 2rܨ௫௜ሺ݅ ൌ 1,2ሻ 

Mݍሷ ൅ ܿሺݍ, ሶݍ ሻ ൌ  ,ሻ߬ݍሺܧ

(5)

where r is the wheel radius, ߬௜ are the torques at left 
and right side of motors to drive wheels, 
respectively. 

To enable the skid steering and control of the 
platform, the longitudinal distance, d, between CM 
and the Instantaneous Center of Rotation(ICR) must 
be less than the distance, a, between the CM and 
front axle of wheels (see Figure 1, Caracciolo et al, 
1999). Thus, constraint can be applied as  

ሶݕ ൅ ݀∅ሶ ൌ 0,				0 ൏ ݀ ൏ ܽ,  

or, described with generalized coordinate as 

ሾെsin∅			cos∅			dሿ ൥
ሶܺ
ሶܻ
∅ሶ
൩ ൌ  A(q)ݍሶ   =  0.  (8) 

Consequently, the platform motion dynamics 
becomes 

Mݍሷ ൅ ܿሺݍ, ሶݍ ሻ ൌ ሻ߬ݍሺܧ ൅  (9)        ,ߣሻݍሺ்ܣ
 

ሶݍ ൌ ܸሺݍሻ,݌			݌ ∈ ܴଶ,                  (10) 
 

Vሺqሻ ൌ ቎

			߶݊݅ݏ െ ߶ݏ݋ܿ
߶ݏ݋ܿ								߶݊݅ݏ

0							 െ
ଵ

ௗ

቏,            (11) 

where λ is the Lagrange multipliers, p is a pseudo-
velocity and V(q) is 3 ൈ2 matrix for coordinate 
transformation. By differentiating Equation (10) and 
eliminating λ from Equation (9), the dynamic model 
can be reduced as following 

ሶݍ ൌ  ,݌ܸ
 

ሶ݌ ൌ ሺ்ܸܸܯሻିଵ்ܸሺEτ െ M ሶܸ ݌ െ ܿሻ        (12) 

Based on the Equation (9), the state feedback control 
law is given by 

τ ൌ ሺ்ܸܧሻିଵሺ்ܸݑܸܯ ൅ ܯ்ܸ ሶܸ ݌ ൅ ்ܸܿሻ,  (13) 

where u=ሺݑଵ,  ଶሻ is the vector of control variableݑ
and the system will be a second-order kinematic 
model. 
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The output position of the robotic platform is 
represented as  

zሺtሻ ൌ ൤
ܺ ൅ ߶ݏ݋ܿ݀
ܻ ൅  ൨                  (14)߶݊݅ݏ݀

Also, to apply dynamic state feedback to trajectory 
tracking control, an integrator on the input ݑଵ is 
introduced as 

ଵݑ ൌ ,ߢ
ሶߢ ൌ  ,ଵݒ
ଶݑ ൌ ,ଶݒ

(15)

where κ  is the controller state and ݒଵ, ଶݒ  are the 
control inputs.  

By applying input-output decoupling algorithm 
(see [13]) and differentiating the Equation (14) until 
the control input v is appeared, the equation can be 
written as 
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ൌ ,ݍሺߙ ݒሻ݌ ൅ ,ݍሺߚ  ሻ.                    (16)݌

To avoid singularity for the matrix α, it is assumed 
that the longitudinal velocity of the platform ݌ଵ  is 
not equal to zero. Thus, the control law is expressed 
as 

v ൌ ,ݍଵሺିߙ ሻሾܴ݌ െ ,ݍሺߚ  ሻሿ,                (17)݌

where R is the trajectory jerk reference, yielding  

ഺݖ ൌ ܴ.                                  (18) 

The input ܴ௜ (i=1,2) can be expressed as 

ܴ௜ ൌ ഺௗ௜ݖ ൅ ݇௔௜ሺݖሷௗ௜ െ ሷ௜ሻݖ ൅ ݇௩௜ሺݖሶௗ௜ െ ሶ௜ሻݖ ൅ ݇௣௜ሺݖௗ௜ െ  ௜ሻ, (19)ݖ

where the gains are such that ߣଷ ൅ ݇௔௜ߣଶ ൅ ݇௩௜ߣ ൅
݇௣௜	ሺ݅ ൌ 1, 2ሻ Hurwitz polynomials, ݖௗ is the desired 
reference trajectory and z, ݖሶ	ܽ݊݀	ݖሷ can be calculated 
in terms of q, p, and κ (De Luca, 1998). 

2.2 Dynamic Modelling of the Rotating 
Brush Arm 

As depicted in Figure 2, the rubbing motion of the 
rolling brush arm covers two side surfaces and upper 
surface of the ventilation duct. When the brush 
contacts with side surfaces (CASE I), the vertical 
forces and geometric relationship under surface 
friction are illustrated in Figure 2.  

When the brush meets the surface of the duct, 
reaction force (Fs) and friction force (T) act as 
resistance forces in cleaning process. Also, Fs and T 
enforce additional forces to the wheels of the mobile 

 

Figure 2: A schematic of forces exerted on target surfaces 
from brushing arm and mobile platform. 

platform. The force equilibrium equation between 
wheels and surface is given by  

௭ܨ∑ ൌ 0; ܶ ൌ ௦ܨߤ ൌ ௭ଵܨ2݀ ൅  ௭ଶ ,          (20)ܨ2݀
௬ܨ∑ ൌ ௦ܨ	;0 ൌ ௬_௠ܨ ൌ ௬ଵܨ2݀ ൅  ௬ଶ ,        (21)ܨ2݀

ீܯ∑ ൌ 0; ௭ଵܨ2݀	 ቀ
஽೉ିௐ

ଶ
ቁ ൅ ௭ଶܨ2݀ ቀ

஽೉ାௐ

ଶ
ቁ ൌ 0		(22) 

In a case of upper surface cleaning motion, the 
interaction forces between the wheel and the rolling 
brush (CASE II) is illustrated in Figure 3. The 
difference between CASE I and CASE II is the 
direction of vertical forces on the cleaning surface 
and platform wheels. Since the direction of 
interacting forces in two cleaning positions of the 
brushed arm, control forces have to be calculated by 
considering different directions of each reacting 
forces from surfaces.  

 
(a) CASE I 

 

(b) CASE II 

Figure 3: Free body diagram of interacting forces between 
the platform and target surfaces. 

The vertical load and the lateral force divided by 
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wheels and the road interaction as shown in Figure 3 
can be calculated as 

CASE	I:	dܨ௭ଵ ൌ
ிೞሺ஽೉ାௐሻ

ௐ
, dܨ௭ଶ ൌ െ
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ቃ
்
, 

(23)

CASE	II:						dܨ௭ଵ ൌ
௒ܦ௦ሺെܨߤ െ ௫ܮ ൅ܹሻ
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(24)

The angle ߙଵ and ߙଶ are given by 
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൰, 

(25)

where ∆ݓ  is the position change of the mobile 
platform, dy is the vertical change of the brush 
position, and ܦ௑ ௒ܦ ,   is the dimension of the 
rectangular duct. The tangential force generated by 
pressurizing and scrubbing the duct surface 
influences traction forces of the both wheels. 
However, since responding force on each wheel is 
different, motor torques for controlling each wheel 
have to be calculated independently for increasing 
control stability of the mobile platform. According 
to the Equation (2), traction exerted to the wheel can 
be decided by the magnitude of the load.  

In braking, it is required to consider direction of 
motor torque because there exist negative loads and 
traction forces for each wheel. To resolve this 
problem, it is also assumed that the lifting effect by 
negative force on the wheel is zero traction force. 

Considering the forces acting on wheels 
overloaded by rolling brush during cleaning motion 
of the arm, the reaction forces of cሺq, ሶݍ ሻ in Equation 
(5) can be rewritten as 

ܿሺݍ, ሶݍ ሻ ൌ ቎
ሺܴ௫ ൅ ܴ௫തതതതሻܿݏ݋∅ െ ሺܨ௬ ൅ ௬ഥܨ ሻ݊݅ݏ∅

ሺܴ௫ ൅ ܴ௫തതതതሻ݊݅ݏ∅ ൅ ሺܨ௬ ൅ ௬ഥܨ ሻܿݏ݋∅

௥ܯ ൅ܯ௥തതതത
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ଶ
െ ቁݓ∆ ሺ݀ܨ௭ଵሻ , 

(29)

where 

ܴ௫തതത is the sum of extra longitudinal forces at wheels,  
௬ഥܨ  is the sum of extra lateral forces at wheels,  

 .௥തതതത is the moment generated by additional forcesܯ

2.3 Kinematic Analysis of the Rotating 
Brush Arm 

With a simple five link-mechanism, workspace of 
the rolling brush can be analysed as shown in Figure 
4. However, for the simplicity of mechanism and 
control, the linkage can be modelled with a prismatic 
link and a revolute joint as depicted in Figure 5.  

 

Figure 4: Workspace of the 5 link manipulator with rolling 
brush. 

 

Figure 5: Simplified kinematic model of robotic arm. 

As depicted in Figure 5, the length of the link 
becomes a function of the rotation angle (theta) 
whose workspace can be expressed by following 
function. The pushing force acting by the link can be 
modelled as illustrated in Figure 6.  
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(30) 
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Figure 6: Duration of the load applied by using simplified 
model of variable length of the link with rolling brush. 

3 SIMULATION AND RESULTS 

The control algorithm for stable trajectory tracking 
presented in section 2 has been simulated with a 
MATLABTM tool. Based on the prototype of duct 
cleaning robot as shown in Figure 7, mechanical 
parameters in simulation are selected and 
summarized in Table 1. 

Table 1: Summary of the mobile platform model. 

Length (L) 0.30 [m]
Distance from C.M to front axle(a) 0.15 [m]
Distance from C.M to rear axle (b) 0.15 [m]
Track Width (W) 0.23 [m]
Radius of wheel (r) 0.05 [m]
Overall mass of Duct cleaning robot 7.823[kg]
Inertia of the platform 0.19 [kgm2]
Mass of the manipulator 1.777 [kg]

 

Figure 7: Prototype of the duct cleaning robot. 

The desired trajectory is ݖௗଵ ൌ ,ݐ0.05 ௗଶݖ ൌ  ݐ0.05
as a straight line whose angle in the view of absolute 
coordinates is ∅ =45[deg] for t ∈ ሾ0,60secሿ . The 
speed of the mobile platform was set to 0.05m/s and 
the period of the cyclic motion traveling arms to 
clean both sides of the duct is 1 second. To prevent 
singularity of the equation of motions, the initial 
velocities and angular velocity of the platform 
should not be zero (Yang et al, 1999). The friction 
coefficients of duct surfaces are set to  ߤ௫ ൌ 0.895 
and ߤ௬ ൌ ߤ ൌ 0.1, respectively. The initial velocity 

of wheels is 0.01m/s and the initial angular velocity 
at CM is set to 0.02 rad/sec.  

The load caused by the link with rolling brush is 
set to 50[N] with iterative calculation to keep 
stability of moving platform. The simple motor 
model has used whose torque saturation limit is set 
as 0.5 [Nm]. In order to track the reference path, the 
parameters of Equation (19) are chosen as ݇௔ ൌ
4, ݇௩ ൌ 28, ݇௣ ൌ 75 to minimize tracking error (De 
Luca, 1998).  

Simulation results for trajectory tracking of the 
mobile platform are shown in Figure 8. The position 
errors of longitudinal and lateral direction were 
controlled within 4mm shown in Figure 8(c) and (d). 
It is also considered that lateral forces were exerted 
at four wheels against the load by the link with 
rolling brush to surface planes. The mobile platform 
was controlled to sustain posture with two actuators 
under the changing lateral loads on wheels. 
Additional method in tracking against the lateral 
load is required to reduce the magnitude of the 
fluctuated error.  

 
(a) Position X-Y [m]              (b) vehicle speed[m/s] 

 
(c) Position Error X[m]            (d) Position Error Y[m] 

 
(e) Motor Torque [Nm] 

Figure 8: Simulation results for trajectory tracking. 
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4 CONCLUSIONS 

A dynamic trajectory tracking controller in the 
application of moving arm with rolling brush has 
proposed for skid steered mobile platform. 
Considering nonholonomic constraint with skidding 
wheels, the controller consists of proportional terms 
with kinematic elements (e.g. position, velocity, 
acceleration) of the platform. A nonlinear 
characteristics concerning about tire deformation has 
been neglected by considering the lateral friction 
coefficient as a constant. Simulation results indicate 
that the mobile platform can be skid-controlled 
under external force. However, when the external 
force over 50N was enforced, the controller should 
be modified to minimize the position error of the 
platform.  
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