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Abstract: We define the measure of upper and the measure of lower rough approximatibsfurzy subsets of a
set equipped with a reflexive transitive fuzzy relatiBn In case when the relatioR is also symmetric,
these measures coincide and we call their value by the measure of roughness of rough approximation. Basic
properties of such measures are studied. A realization of measures of rough approximation in tefuzgyf
topologies is presented.

1 INTRODUCTION next section we recall two notions fundamental for
our work, namely a emonoidand anL-relation. In

The concept of a rough subset of a set equipped with the third section we introduce the measure of inclu-
an equivalence relation was introduced by Z. Pawlak Sion of one fuzzy set into another, and describe the
(Pawlak 1982). Rough sets found important applica- P€havior of this measure.

tions in real-world problems, and also arouse interest, N Section 4 we define operators of upper and

among "pure” mathematicians as an interesting math- |0Wer rough approximation for ab-fuzzy subset of
ematical notion having deep relations with other fun- & Set endowed with alo-relation. Note that similarly

damental mathematical concepts, in particular, with defined operators under differemt assumptions appear

topology. Soon after Pawlak’s work, the concept of also in the previous researches, see e.g. (Jarvinen and
roughness was extended to the context of fuzzy sets;Kortelainen, 2007, Qin and Pai 2005, Sostak 2010,
D. Dubois’ and H. Prade’s paper (Dubois and Prade S0Stak 2012) _

1990) was the first work in this direction. At present In Section 5 we define the measures of upper
there is a vast literature where fuzzy rough sets are X(A) and lowerT (A) rough approximation for ab-

investigated and applied. In particular, fuzzy rough fuzzy subse® of a set endowed with ab-relation.
sets are studied and used in (Kortelainen 1994, Ciuci Essentially,X(A) is the measure of inclusion of the
2009, Yao 1998, Qin and Pai 2005, Qin and Pai 2008, UPPer approximation of alr-fuzzy setAinto A, while

Hao and Li 2011, Radzikowska and Kerre 2002, Ti- £ (A) is the measure of inclusion @t into its lower
wari and Srivastava 2013, Mi and HU 2013, Yu and @PProximation. By showing((A) = 7 (A) whenever
Zhou 2014) just to mention a few of numerous works Ris symmetric, we come to the measure of roughness
dealing with (fuzzy) rough sets. However, as far as XA(A) of anL-fuzzy setA.

we know, there were no attempts undertaken to mea-_ " Section 6 we interpret the operator of measur-
sure the degree of roughness of a fuzzy set. To stateiNd roughness of rough approximation aslafuzzy

it in another way, to measure, "how much rough” is a ditopology (that is a pair of a aln-fuzzy topologyT
given (fuzzy) subset of a set equipped with a (fuzzy) @nd arL-fuzzy X co-topology) on a set and discuss
relation. We undertake such attempt in this paper. SOMe issues of this interpretation. ,

Namely, given ar_-fuzzy subsef of a set equipped _ In _the last, Conclusmn_, section we discuss some
with a reflexive transitive-relation we assign t&n  directions for the prospective work.

an elementr € L showing how much this set differs

from its upper and lower rough approximations.

The structure of the paper is as follows. In the
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2 PRELIMINARIES

2.1 cl-monoids

Let (L,<,A,V) denote a complete lattice, that is a
lattice in which arbitrary suprema (joins) and infima
(meets) exist. In particular, the top &nd the bottom
0. elementsirL existand @ # 1.

Definition 2.1. (Birkhoff 1995)A tuple(L, <, A, V,*)
is called a cl-monoid ifL, <,A,V) is a complete lat-
tice and the binary operation : L x L — L satisfies
conditions:
(Ox) *is monotonen <= a*xy< Bxy

forall a,B,yeL;

(1x) *is commutativea x3 =P *a
forall a,B e L;

(2x) * is associative(a ) xy= o (Bx*y)
forall a,B,y e L;

(3«) x distributes over arbitrary joins:

a* (Vi Bi) = Vier (a+Bi)
forall aelL,forall {Bi]iel} CL,
(4*) axl =a, oax0.=0_
forall a €L.
(Note, that a cl-monoid can be defined also as an

(3—=) IL—~a=aforall aelL;
(A=) a—B=1
wheneven < [3;

(5—) ax(a—B)<Bforal a,pel;
6—) (a—=B)x(B—y) <a—yforalla,Byel;
(7—) a— B < (axy— Bxy) forall a,B,ye L.

In the sequel we will need the following two lem-
mas:

Lemma 2.4. Let(L,<,A,V,*) be a cl-monoid. Then
forevery{aj|iel} CLandeveryBi|icl} CLit

holds:
(/\idi) > (/\iBi) > N\, (ci = Bi).
Indeed, applying Proposition 2.3 we have:
A= A B =[N = B) > A\ (@ = Bj).

Lemma 2.5. Let (L, <, A, V, ) be a cl-monoid. Then
forevery{aj|iel} CL,andeveryBi|iel} CLit

holds:
(\/idi) — (\/l&) > /\i ((Xi — B,)
Proof. Applying Proposition 2.3 we have
(0 = Bi) x 0 < B
for eachi € 1. Letc = A;(aj — Bi). Thencxa; < B

integral commutative quantale in the sense of (Rosen-10r €achi € |. Taking suprema on the both sides of

thal 1990).)

Remark 2.2. In caseL = [0,1] the operationx :
[0,1] x [0,1] — [0,1] satisfying properties (), (1x),
(2x) and (4) (defined in a slightly different form) for

the first time appeared in K. Menger’s papers, see e.g.

(Menger 1979)under the naradriangular norm or a
t-norm Latert-norms were thoroughly studied by dif-
ferent authors, see e.g. ( Schweitzer and Sclar 1983
Klement, Messiar and Pap 2000)tAorm satisfying
property () is called lower semicontinuous.

In a cl-monoid a further binary operatien, re-
sidium, is defined:
a—B=\/{AeL|Axa<B}.

Residuation is connected with operatioby the Ga-
lois connection:

axB<y<=a<(B—y),
see e.g. (Hohle 1992). In the following proposition
we collect well-known properties of the residium:

Proposition 2.3. (see e.g. Hohle 1992.)
(1) (Viai) —=B=A;(ai—B)

forall {aj|iel}CL, forall BelL;
(2=) a= (AiBi) = Ai(a = Bi)

forall aelL,forall {Bi|iel} CL,
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the above inequality overc | we getcx \/;ai < V/,Bi
and hence, by the Galois connection,
/\(C(i — B,) < \/C(i — \/[3|
i i i

2.2 L-relations

The concept of a fuzzy relation (or 40, 1)-relation
in our terminology) was first introduced by Zadeh and
then redefined and studied by different authors.
Definition 2.6. (Zadeh 1971, Valverde 198%)n L-
relation on a set X is a mapping:X x X — L.
() L-relation R is called reflexive if

R(x,x) = 1 for each xe X;
(s) L-relation R is called symmetric if

R(x,y) = R(y,x) for all x,y € X;
(t) L-relation R is called transitive if

R(x,y) *R(y,z) <R(x,z) for all x,y,z € X.
A reflexive symmetric transitive L-relation is called an
L-equivalence, or a similarity L-relation.

Let a latticeL be fixed and lelREL (L) be the
category whose objects are paf)$,R), whereX is
a set andR: X x X — L is a transitive reflexive.-
relation on it. Morphisms irREL (L) are mappings
f: (X,Rx) = (Y,Ry) such that

Rx (%, X) < Ry(f(x), f(x)) forall x,X € X.
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3 THE MEASURE OF INCLUSION
OF L-fuzzy SETS

If (L, <,A,V,%)isacl-monoid, anX is a set, then the
lattice and the monoidal structureslotan be point-
wise lifted to thel-powerset.* of X. Namely, given
A B < LX we setA < Biff A(x) < B(x) for all x € X,
and define operations drf by setting

(AAB)(x) = A(X) AB(X), (AV B)(x) = A(X) V B(x),

(AxB)(x) = A(X) x B(x)

for all x € X. One can easily notice that in this way
(LX, <, A, V, %) becomes a cl-monoid.

Definition 3.1. By setting
A—B= )I(QI((A(X) — B(X))
for all A,B € L* we obtain a mapping

5 LA x X — L.
Equivalently— can be defined by
A<= B=inf(A— B),
where the infimum of the L-fuzzy set-AB is taken
in the lattice IX. We call A~ B by the measure of
inclusion of the L-fuzzy set A in the L-fuzzy set B.
As the next proposition shows, the measure of in-
clusion
S XXX L

4 ROUGH APPROXIMATION OF
AFUZZY SET

Let R: X x X — L be a reflexive transitive.-
relation on a seX andA € LX. By the rough ap-
proximation of thelL-fuzzy setA we call the pair
(Ur(A),IR(A)) whereug : L* — L* andlg : LX — LX
are respectively operators of upper and lower rough
approximations oA\ defined below.

4.1 Upper Rough Approximation

Given a reflexive transitive-relationR: X x X — L,
we define the upper rough approximation operator
Ur: LX — L* by

ur(A)(X) = sup, (R(x,X) *A(X)) VA€ LX, ¥x € X.
Theorem 4.1. The upper rough approximation oper-
ator satisfies the following propertiés:

(1u) ur(Ox) = Ox;

(2u) A < ur(A) YA€ LX;

(3u) Ur(Vi AY) = Viur(A) VA i € 1} CLX,

(4u) urR(UR(A)) = UR(A) VA € LX;

Proof. Statement (1u) is obvious. Statement (2u)

follows easily taking into account reflexivity of the
L-relationR. We prove property (3u) as follows:

has properties in a certain sense resembling the prop-

erties of the residuation:
Proposition 3.2. Mapping—: L*X x LX — L defined
above satisfies the following properties:
(1=) (ViA) = B=A;(A = B)
forall {Aj|icl} CLX, forall B L,
(2+) A= (A B) = Ai(A= B)
forall Ac L%, forall {Bj|icl} CLX;
(3=) A—-B=1
whenever A B;
(4—=) 1x — A=IinfyA(X)
forall Ac LX;
(5—) Ax(A—B)<B
forall A,B e L%;
(6—~) (A—>B)*x(B—C)<A<—=C
forall A,B,C € LX;
(7—=) A—=B< (AxC— BxC)
forall A,B,C € LX;
(8=) (Vi) = (ViB) = A\ (A = BY)
forall {A,Bi €1} C L%,
(9=) (AiA) = (AiBi) > Ai(A = Bi)
forall {A,Bi €1} CLX.
Proof. The proof can be done straightforward from
the definition of operation+ and applying properties
of the residium—: L x L — L collected in Proposition
2.3,Lemma 1 and Lemma 2.

UR(\/ A (x) = supe (R X) + (\/ Al (X)) =

supe (\/,ROX) +A (X)) = \/, (Supe (R(xX) + A (X))
=/, (ur() () = (V,(ur(A) ) (¥).

Finally, taking into account transitivity of thé-
relation we have:

UR(UR(A)) (X) = supe (UR(A) (X) + R(x, X)) =
suprsupy (AX") * R(x,X) * R(X,x")) <
supsAKX") * R(X,X") = UR(A)(X).
Since the converse inequality follows from (2u), we
get property (4u).

4.2 Lower Rough Approximation
Induced by a Reflexive Transitive
L-relation

Given a reflexive transitive-relationR: X x X — L,
we define a lower rough approximation operdipr
LX — LX by

IR(A)(X) = infy (R(x,X) = A(X)) YA€ LX vx e X.

1Similar results can be found e.g. in (Jarvinen and Ko-
rtelainen , Qin and Pei 2005, Sostak 2010.)

63



FCTA 2014 - International Conference on Fuzzy Computation Theory and Applications

Theorem 4.2. The lower rough approximation oper-
ator satisfies the following properties:

(1) Ir(1x) = 1x;

) A>Ir(A) VA€ L,

3D IR(AA) = Ailr(A) V{A i €1} C LY,
(4l) Ir(IrR(A)) = Ir(A) VA € LX;
Proof. Statement (1l) is obvious. Statement

(21) follows easily taking into account reflexivity
of theL-relationR. We prove property (3l) as follows:

ROAA) () = infe (ROxX) = A AX)) =
infe /\, (ROX) =+ A(X)) =

/\lnfx/( R(x,X) — Aj(X :/\iIR(A.)

Finally, taking into account transitivity of thé-
relation we have:

IR(IR(A))(x) = infy (R(X.X) — Ir(A) (X))
infy (R(x,X) > inf (R(X,X") = AX"))) =
inf, (infr (RO, X) * R(X, X") = A(X"))) >
infyr (R(X,X") = AX")) = Ir(A)(X).
Since the converse inequality follows from (2l), we
get property (41).

5 THE MEASURE OF
ROUGHNESS OF AN L-FUZZY
SET

LetR: X x X — L be a reflexive transitive-relation

on a seiX. Given anL-fuzzy setA € L* we define the

measureX (A) of its upper rough approximation by
K(A) =ur(A) — A

and the measur€ (A) of its lower rough approxima-
tion by
T(A)=A<=Ir(A).

Theorem 5.1.If R is also symmetric, that is an equiv-
alence L-relation, thenk(A) = T (A) for every L-
fuzzy set A.

Proof. For the measure of the upper rough approxi-
mation we have

K(A) = ur(A) = A=infy(Ur(A)(X) = A(X)) =
infysup, (A(X) * R(x,X) — A(X)) =
infuinfy (A(X) * R(X,X) — A(X)) .

2Similar results can be found e.g. in (Jarvinen and Ko-
rtelainen , Qin and Pei 2005, Sostak 2010.)
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On the other hand, for the lower rough approxima-
tions we have

A Ir(A) = infy(A(X) — Ir(A)(X)) =
infy(A(X) — infy (R(x,X) — A(X))) =
|nfx|nf(A(x)H(R( X) = A(X)) =

infxinfy (A(X) * R(X,X) — A(X).

SinceR(x,X) = R(X,X) in caseR is symmetric, to
complete the proof it is sufficient to notice that

(@*B)—y=a—(B—y)
for anya, 3,y € L. Indeed

(@xB) = y=\/{N A (axB) <V},
and

=By =N Axa<Byl=
VAN (A xa)«Br— v}

the last equality is justified by Galois connection be-
tween— andx.
a

The previous theorem allows us to introduce the
following definition:
Definition 5.2. Let R be an equivalence L-relation on

a set X and Ac LX. The measure of rough approxi-
mation of A is defined by

RA(A) = Ur(A) = A= A= Ir(A).

In the next theorem we collect the main properties
of the operatorsk : LX — L and7 : LX — L, and
hence also of the operat®.4 : L* — L in case the
relationR is symmetric.

Theorem 5.3. Measures of roughness of upper and
lower rough approximationk, 7 : LX — L has the
following properties:
1. K(Ox) =1
(Ox : X — L is the constant function
Ox(X) =0.Wxe X);
2. 7(1x) =1,
(1x : X — L is the constant function
Ix(x) = 1L ¥x € X);
3. K(U(A)) =1
for every Ac LX;
4. T(1(A) =1_
for every Ac LX;
5. K(ViA) > Ai K(A)

for every family of L-fuzzy sef#\ |i €1} C L%,

6. T(ANiA) > N T(A)

for every family of L-fuzzy sef#\ |i €1} C LX.
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Proof. (1) Referring to Theorem 4.1 and applying
Proposition 3.23 —) we have

K(A) = Ur(Ox) < Ox = Ox — Ox = 1.

(2) Referring to Theorem 4.2 and applying Proposi-
tion 3.2(3 <), we have

‘T(A) = 1)( — IR(]-X) = 1)( — 1)( = 1|_.

(3) Referring to Theorem 4.1 and applying Proposi-
tion 3.2(3 <), we have

K(u(A))) = Ur(Ur(A) = Ur(A) = Ur(A) — Ur(A) = 1.

inf(f7(B)(X) = Ire (f4(B)) (X))

ir)](f(B(f(x)) — iQf(R(x,x’) = X)) =

il;\(fian/(B(f(x)) = (R(x,X) = B(f(X)))

Y

infinf(B(f(x)) — (R(F(x), (X)) — B(f(x)) >

X X

igfigf(B(Y) = (R.Y) — B(y))

B < I, (B) = %(B).

(4) Referring to Theorem 4.2 and applying Proposi- d

tion 3.2(3 <), we have
T(I(A)) = Ir(A) = Ir(IR(A)) =Ir(A) = IL(A) =1

(5) Referring to Theorem 4.1 and applying Proposi-
tion 3.2(8 <), we have

K(vAi) = UR(\_/Ai) = \/Ai =3
V ur(A) < \/A = \(u(A) = A).

(6) Referring to Theorem 4.2 and applying Proposi-
tion 3.2(9 <), we have

T(AA) = (A\A) = IAA) =
NA = AL A) = AA = 1A).

d

Theorem5.4.LletR(: X xX —Land R :Y xY —

L be reflexive transitive L-relations on sets X and Y
respectively. Further, let X — Y be a mapping such
that

Rx (x,X) < Ry (f(x), f(X))
for every xx € X. Then

#x(f71(B)) > %v(B) and Tx (f (B)) > & (B)
for every Be L.

Proof. follows from the next sequences of
(in)equalities:

K (f74(B)) = ury (f*(B)) — f(B)
inf(ury (~4(B)(X) = f~*(B)(x))
iQf(Sug(/B(f(x)) *R(x,X) — B(f(x)))
ir)l(f(sug(,B(f(x’) *R(f(x), (X)) — B(f(x)
inf(sudB(Y) *R(%,Y) = B(Y)) = % (B

>

>

)
)
and

Tx(f(B)) = f 1(B) = Ir(f (B)) =

Example 5.5. Let x| be the tukasiewicz t-norm on
the unitinterval L= [0, 1], that is

axB=min(la+p—1,1)

and—: L xL — L be the corresponding residium,
thatis

a—L B=max{1—a-+p,0}.

Then, given an equivalence L-relation R on a set X
and A< LX we have:

K(A) = infinf(2-A0)-+ A)—R(X);
T(A) = igf in/f(Z—A(X)—i—A(X/)—R(x” X)).

In particular, if R: X x X — [0,1] is the discrete rela-
tion, thatis

1 ifx=x
R(X’X/):{ 0 otherwise,

we have
RA(A) = 1for every Ac L.

On the other hand for the indiscrete relation (that is
R(x,X') = 1 for all x,x € X)

RA(A) = 1—infyx | AX) —A(X) | forall Ae L.

Example 5.6. Let x = A be the minimum t-norm on
the unit interval L= [0,1], and—: L x L be the cor-
responding residium, that is
s B = { 1 ifa< B
B otherwise -
Then given a reflexive transitive L-relation R on a
set X and Ac L* we have:

K(A) = il;l(fin/f(A(X’) AR(XX) = AX));
T (A) =infinf (A(X) AR, X) = A(X).

In particular, R 4(A) = 1 for every Ac LX in case the
relation R is symmetric.
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Example 5.7. Let « = - be the product t-norm on the
unitinterval [0,1], and—: L x L be the corresponding
residium, that is

ifa<p

“HB:{ ifa>p"

Then, for a reflexive transitive L-relation we have:
K(A) = iinnf(A(x’) “R(x,X) = A(X));
X/

1
B

a

T(A) = ir)1(fin/f(A(x’) ‘R(X,X) = A(X)).
In particular
RAA) = ir;\(finlf(A(x’) ‘R(x,X) — A(X))

in case R is symmetric.

MEASURE OF ROUGHNESS OF
A FUZZY SET:

DITOPOLOGICAL
INTERPRETATION 3

Notice that conditions (2), (4), and (6) of Theorem
5.3 actually mean that the mappig: LX — L is an
L-fuzzy topology on the seX, (see e.g. Sostak 1989,
Sostak 1996), while conditions (1), (3), and (5) of this
Theorem mean that the mappifdg: L* — L is anL-

is continuous mapping of the correspondinfuzzy
ditopological spaces. Thus we come to the following

Theorem 6.1. By assigning to every obje¢K,Rx)
from the categorREL (L) (see subsection 2.2) an L-
fuzzy ditopological spacéX, Tx, Xx ), and interpret-
ing a morphism f. (X,Rx) — (Y,Ry) of REL(L) as
a mapping f: (X,Zx, Xx) — (Y, %, %) we obtain a
functor

®:REL(L) — L-DiTop(L),
where LDiTop(L), is the category of L-fuzzy ditopo-
logical spaces and their continuous mappings.

Corollary 6.2. Let a € L be fixed. By as-
signing to every object(X,Rx) from the cate-
goryREL(L)a Chang-Goguen L-ditopological space
(X,Txq,Xxq), and realizing a morphism f
(X,Rx) — (Y,Ry) from REL(L) as a mapping f.
(X Zx s Kxa) = (Y5 Tyq; Ky ) We Obtain a functor
®y : REL (L) — L-DiTop,

where LDiTop is the category of Chang-Goguen L-
ditopological spaces and their continuous mappings.

7 CONCLUSION

In this paper we proposed an approach allowing to
measure the roughness of lower and upper rough ap-
proximation for fuzzy subsets of a set endowed with

co-topology on this set (see e.9. (Sostak 1985, Kubiak 3 yeflexive transitivé -relation. The basics of the the-
1985, Sostak 1989, Sostak 1996). Since the mappingsyry of roughness measure were developed here. Be-

T and K are not mutually related via complementa-
tion on the latticeL (which even need not exist on
the lattice) we may interpret the pai’, X) as an
L-fuzzy ditopology on the seX (Brown, Ertiirk and
Dost 2000).

Leta € L be fixed and let

K ={A | K(A)>a} and Tg = {A | T(A) > a}.

Then, applying again Theorem 5.3, we easily con-
clude that7x satisfies the axioms of a Chang-Goguen
L-topology, see (Chang 1968, Goguen 1973) and
Ka satisfies the axioms of a Chang-Gogueito-
topology. Hence for each € L the pair (Zy, Xa)

can be realized as a a Chang-Gogueiopology on

X (Brown, Ertirk and Dost 2000).

From Theorem 5.4 we conclude that ff :
(X,Rx) — (Y,Ry) is a morphism in the category
REL (L) of sets endowed with reflexive transitite
relations, then

fo (X, Tx, &) — (Y, &, &)

3In this section we give an alternative view on the con-
cepts studied in the work. A reader not interested in the
topological aspects of approximation, may omit this sec-
tion.

66

sides, a natural interpretation of the operator of mea-
sure of rough approximation as a fuzzy ditopology
was sketched here. However, several crucial issues
concerning this theory remain untouched in this work.
As one of the first goals for the further work we see
the development of a consistent categorical viewpoint
on the measure of rough approximation. In particular,
it is important to study the behavior of the measure
of approximation under operations of products, direct
sums, quotients, etc, and to research the behavior of
the measure of roughness under images and preim-
ages of special mappings between sets endowed with
reflexive transitive fuzzy relations..

Another interesting, in our opinion, direction of
the research is to develop the topological model of this
theory sketched in Section 6. The restricted volume of
this work does not allow us to linger on this subject.
However, in our opinion the topological interpretation
of the theory could be helpful for further studies.

Besides we hope that the concept of measure of
rough approximation will be helpful also in some
problems of practical nature, since since it allows in a
certain sense to measure the quality of the rough ap-
proximation.
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