Control of the p53 Protein - mdm2 I nhibitor System
using Nonlinear Kalman Filtering

Gerasimos G. Rigatdsind Efthymia G. Rigatau
1Unit of Industrial Automation, Industrial Systems Institute, Stadiou str., 26504 Rion Patras, Greece
2Dept. of Paediatric Haematology-Oncology, Athens Children Hospital "Aghia Sofia”, 11527, Athens, Greece

Keywords:  p53 Protein Synthesis, mdm2 Inhibitor, Nonlinear Feedback Control, Differential Flatness Theory, Derivative-
free Nonlinear Kalman Filter.

Abstract: A nonlinear feedback control scheme for the p53 protein - mdm2 inhibitor system is developed with the use of
differential flathess theory and of nonlinear Kalman Filtering. It is shown that by applying differential flatness
theory the protein synthesis model can be transformed into the canonical form. This enables the design of a
feedback control law that maintains the concentration of the p53 protein at the desirable levels. To estimate the
non-measurable elements of the state vector describing the p53-mdmz2 system dynamics and to compensate
for modeling uncertainties and external disturbances that affect the p53-mdm2 system, the nonlinear Kalman
Filter is re-designed as a disturbance observer. The proposed nonlinear feedback control and perturbations
compensation method for the p53-mdm2 system can result in more efficient chemotherapy schemes where the
infusion of medication will be better administered.

1 INTRODUCTION to the fighting against cancel cells (Jahoor Alam et
al., 2012),(Pierce and Findley, 2010),(Leenders and
The P53 protein has been identified as a key factor Tuszynski, 2013).
in the abatement of tumors since it enhances cell-  In this paper it is shown that it is possible to con-
cycle arrest and apoptosis. The concentration of thetrol the levels of the concentration of the P53 protein
P53 protein in the cytoplasm is primarily controlled through nonlinear feedback control, where the con-
by another protein, known as inhibitor protemin®?, trol input is the infusion rate of the chemotherapy
within a feedback loop. When the concentration of drug. Previous results on nonlinear feedback con-
the MDM2 protein increases, the concentration of the trol of biological oscillators and on control of pro-
P53 protein is reduced (downregulation). The MDM2 tein synthesis processes can be found in (Rigatos,
protein binds ubiquitin molecules to P53 which re- 2013),(Rigatos and Rigatou, 2013). The pharma-
sult to the disintegration of th@53 protein. On cokinetics - pharmacodynamics model of the P53
the other side, the increase of the concentration of protein is described by a complicated set of non-
P53 enhances the transcription proceduremafn® linear differential equations. It is shown that with
and consequently the produced MDM2 protein will the use of differential flatness theory it is possi-
downregulateP53. In this manner thg@53-mdn? ble to transform this complicated model into the
feedback loop converges to an equilibrium (Lillacci canonical Brunovsky form (Rudolph, 2003),(Sira-
et al., 2006),(Qi et al., 2008),(Wagner et al., 2005). Ramirez and Agrawal, 2004),(Lévine, 2011),(Fliess
There are chemotherapy drugs that work by binding and Mounier, 1999),(Rouchon, 2005),(Martin and
the MDM2 protein and consequently by preventing Rouchon, 1999),(Bououden et al., 2011), (Laroche
the MDM2 protein from disintegrating thE53 pro- et al., 2007). In this latter form a single-input sin-
tein (ubiquitination) (Elias et al., 2013),(Abou-Jaoudé gle output description between the output (P53 pro-
etal., 2010). Thisis a promising approach to the treat- tein) and the input (drug’s infusion rate) is obtained
ment of cancer. It is based on the infusioldbM?2 and this facilitates the design of a feedback control
antagonists which are called Nutlins. By deactivating and state estimation scheme that can make the P53
MDM2 these drugs restore the levels of concentra- protein concentration converge to the desirable levels.
tion of the P53 protein and consequently contribute Moreover, disturbances estimation and compensation
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is performed with the use of nonlinear Kalman Filter-
ing.

2 DYNAMIC MODEL OF THE p53
PROTEIN - mdm2 INHIBITOR
SYSTEM

The meaning of the variables that appear in the p53

protein - mdm2 inhibitor dynamical system (see Fig.
1) is as follows (Lillacci et al., 2006), (Qi et al., 2008),
(Elias et al., 2013), (Jahoor Alam et al., 20153:
MRNA concentration of the p53 gene after transcrip-
tion, P53: concentration of the P53 protein in the cy-
toplasm after translatio®53": active form of the P53
protein that is produced after phosphorylation of P53,
mdn2: mRNA concentration of the inhibitor pro-
tein mdmz2 after transcriptiod DM2: concentration
of the MDM2 protein in the cytoplasm after transla-
tion, N: concentration of the chemotherapeutic drug,
AT M: a protein that identifies the transcription of p53
and contributes to the phosphorylation of the P53 pro-
tein, AT M*: concentration of the active form of the
AT M protein. It contributes both to the phosphory-
lation of proteinP53 and of proteinrMDM2, e2f1:
MRNA concentration of the ger2f 1 after transcrip-
tion, E2F1: concentration of the protei&2F 1 after
translation E2F 1*: active form of theE2F 1 protein,
arf: mRNA concentration of the gerae f after tran-
scription,ARF: concentration of thé&RF protein af-

E2F 1%, x10 = arf andx;1 = ARF. In matrix form,
the state-space description of the system becomes

%= f(x) +g(x)u #)
whereu = Ay is the control input (drug infusion rate),
andf (x)eR™™1, g(x) R are vector fields.
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Figure 1: Feedback control loop of the p53 protein - mdm?2
inhibitor system.

3 FLATNESS-BASED CONTROL
OF THE p53 PROTEIN SYSTEM

First, it will be shown that the considered model of
the p53 protein -mdn? inhibitor system is a differ-

ter translation. The associated state-space model isentially flat one. The following flat output is defined

(Lillacci et al., 2006):

X1 = Aps3— Hp53X1
X2 = @ps3X1 — Ms3Xz — Vps3X3 —

KiATM % KcatXsXp

KM1 +Xo aKi3+Xo
. _ KiATM*xo _ _ Kcat*XsX3
X3 = KM1+X2 Vp53X3 aKi3+X3 .
oo _ X3(t—ry)™
X4 = Amdn2 — MmdneXs + %dr;ﬂ/%('% T ()™
v — _ _ K2 X5 _
X5 = ampm2X4 — UIMDM2Xs Ky %6
—KiaX11X5 — KeXgXs
X6 = AN — UnXe — KeXeXs
X7 = Ae2f1 — He2f1X7
- KoAT M*
Xg = AE2F1%7 — ME2F1X8 + VE2F1X0 — "R Ty’

3

. KeATMxg _
X0 = Ky xg  VE2F1X0 Ksx11Xg )
o _ Xg(t—rp)"2
X10 = }\arf MarfX10 + @arf Xg(0)"2+xg(t—T2)"2

X11 = 8aRFX10 — MARFX11 — KaX11X5 — KsX11Xg

(1)

where the state variables for the dynamic model of the

p53 protein mdn?® inhibitor system of Eq. (1) are de-
fined asxx; = p53,x2 = P53,x3 = P53*, x4 = mdn®,
Xs = MDM2, X6 = N, x7 = €21, xg = E2F1, xg =
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y = [P53,N,E2F 1", ARF]| ory = [X1,Xg, X9, X11]. Thus
one hay = [y1,Y2,Y3,Y4]". From the sixth row of Eq.
(1) and by solving with respect t@ one obtains

X6+ HNX6
—KeXs

=X5 = Yo Y2

X5 = —Key2

3

010Qy+pn[010 .

= =% = fs(1.Y)

From the third row of Eg. (1) and by solving with
respect to; one obtains

X5

Kéat 5 (vy)y1
aK13ty1
catls(WY)y1 .
cat ' 5\:¥)¥1
aKigtyy V1

Kwmy Y1—Vps3Kmy Y1+Kmy
Xo =

=

(4)

KaAT M +Vpsays + X

x2 = f2(yy)
Equivalently, the second row of Eq. (1) is solved with
respect tog. This gives

KIATM*Xp — KcatXoXs
KM1 +X2 aKp3+Xo

X1 = X2 + UpsaX2 + VpsaXa + =

x1 = f1(y,y) -
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The fifth row of Eq. (1) is solved with respect g and after substitutings andxs one gets
. K1 AT M*K|
Y1 = T(iwél[ap%xl —  HpsaX2  —
X5+ HMDM2X5 - 2T M +Kax11X5+KeXe X5 K A(T ml e K
K, 755 _ KATMY tX5X2 _
X4 = MaZNIDMZ = (6 V53X Kmy +%2 (aKCf3+x2)2] [Vpsz +
= f / KataKiaXs . K1 AT M*x: _ _ KatXsX3 o
Xs = fa(vy) ks tx?) | Kt Vp53X3 @K txa))
The ninth row of Eq. (1) is solved with respec KarX KoAT M xg
a- (1) pectlo ARagy [BvMDM2Xa —  HMDM2Xs  — 7,2<M2 o

) . X11X5 — KgXgXs].
KmzXe + XgXg = K3AT M*Xg — VEor 1 KMy Xo— Kaxaxs — Kexexe|

—Ve2r1XeXo — KsKuX11X0 — KeXi1Xoxg= By differentiating once more with respect to time one

_ KmgXo+Veor1Kmg X3+KsKms X11%9 @ thainsy(l3> - f(YaY)_"‘ g(y,y)u, where the control
T KGATM —Xo—VE2r1X9—KoX11Xg input u = Ay is the input rate of the chemotherapy
xg = fg(y.y) drug, while functionsf (y,y) andg(y,y) are:
The eighth row of Eq. (1) is solved with respec _
g q ( ) $ p ‘Xw f N 2(KM1+X2>X2K1ATMKM1 . .
vy = - Kty 07 [ApsaX1 — MpsaXe —
: KoAT M'xg . « K AT MK .
+ - + K1ATM K 1 M
X7 = oo \;ZZHXQ pllatey (8) Vp53Xs — I%Ml-%x:z - alzitazxiizz] (KM1+X2)21 [Bpszra —
2F1 ! e
X7 = f " g _ 9 _ KlATMXQ(KM1+X2)*K1ATM X2 .
7= fi(y.y) _ Hpsako — VpssXs Koty 172)?
The eleventh row of Eq. (1) is solved fgfg Kcat(X5X2+X55<2)(aK13+X22)*KcatX5X25<2] _
(aKiz+x2)
) K& aK13X5(aK13+X3)2—K* aKiaxs2(aKiz+x3)Xs 1 KiAT M X
X10 = Xll*“ARFxllgfé’fle*KE’xﬂxg:> ©) = (aK13+xc;)t4 | KvptX2
x10 = f10(Y,y) Vp53X3 — ﬁfﬁﬁf] - [Vps3 +
Moreover, from the sixth row of Eq. (1) and using (K%taKla);Sz ].[KlATM*fQ(KZﬁ X2)_KIATM xp% _
thatxs = fs(y,y) andxs = y» one obtains about the (#1318 . Sy X
. 3 K K —K¢, K.
control inputu = Ay Vps3Xg — °at(X5X3+X5X3><a(al,<3:;f>23)z Sareeastie)]
. KéatXa(aKiz+xg)—Kcat* xgx3 . _
U= AN = X6 + inX6 -+ KeXeXs= e Akt ) [ampm2x4

. 10 *
AN = fu(Y7 Y) ( ) HMDM2X5 — % — KaX11X5 —

Thus one has that all state variables and the control Kiaa , .
input of thep53 protein -mdn® inhibitor system are KGXGXE] IREGE) [ampmzxa] — MmpmzXs —
functions of the flat outpuy and of its derivatives. <22 ™ X57KM2§\TM B Kg(uiXs+Xi1Xs)  —
Consequently, the dynamical systemRE3 protein . KMZH@ «

is a differentially flat one. KeXeX5] — rareairgy [—HnXe — KeXeXs] (—KeXs)

. Ky -
Next, it will be shown that using the differentially andg(y,y) = — g% (—Kexs). By defining the new

flat description of thep53 protein -mdn® inhibitor control inputv = f(y,y) + g(y,y)u, the dynamics of
system it is possible to transform it to the canonical the activeP53 protein can be written in the form
Brunovsky form. It holds thay; = x3 therefore

(3 = f(y.y ' (3 = 14
L - . y YY)+, yu=y= =v  (14)
Y1 = Xa=y1 = KATMG _yogaxy — Kaadws (11 .

' o A suitable feedback control law for the system of Eq.
Consequently, the second derivativeypis (14) is given by

. (KlATM*Xz)(KM +X2)7(K1ATM*X2))'(2 .
= (Khl/l1+x2)2 Vps¥eT V=5 —ka(Y — V) — ka9 — Va) — k(Y — Yo
—Keat(XsX3+X5X3) (aK13+X3) — (KearXs X3) X3 (15)
(akez+xe)* (12) where the gainki, k; andks are chosen such that
the characteristic polynomial of the closed-loop sys-
tem to be a Hurwitz-stable one. The dynamics of the
tracking error i =y —yq = P53" — P53; is given by

After intermediate operations one obtains

. KATMKy, o

g KATM Ky
n o ;EM%&XZ)Z ZK* Xp53?(3 (13) el® 4 ki&+ koé+ kse = 0, which finally results into
G e T R s limie(t) = 0. The control input that actually ap-
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plied to thep53 protein -mdn?® inhibitor system is  state variables as functions of the flat output (see Eq.
computed fromu = g(y,y) "*[v— f(y,y)] (3) to Eq. (7)) enables also to obtain estimates for the
state variables of the initial nonlinear dynamical sys-
tem. This recursive estimation and inverse transfor-
4 DISTURBANCES mation procedure constitutes tBerivative-free non-

COMPENSATION USING linear Kalmen Filter The disturbance estimator is
NONLINEAR KALMAN 2= AoZ+Bou+K(zm— Zm) (19)

FILTERING Zm = CoZ
whereA;, = A, C, =C and

To apply the feedback control law of Eq. (15) to the

system of the p53 protein synthesis it is possible to B! = (8 8 é 8 g& (20)

use measurements of the concentration of the active

P53* protein concentration at the cytoplasm, however In the design of the associated disturbances’ estimator
the derivatives oP53* with respect to time are miss- one has the dynamics defined in Eq. (19), where
ing. Moreover, the p53-mdm2 dynamic model is sub- K€RE*! is the state estimator’s gain and matriégs
jected to modeling uncertainties and external distur- Bo andC, have been defined in Eq. (17) to Eq. (18).
bances which are denoted by the aggregate teim ~ The discrete-time equivalents of matrioks B, and

the following equation: C, are denoted ady, By andCd respectively, and
are computed with the use of common discretization
vy = f(y,y)+ oy, y)u+d (16) methods (Rigatos, 2011),(Rigatos and Zhang, 2009).

Next, a Derivative-free nonlinear Kalman Filter can
be designed for the aforementioned representation of
the system dynamics (Rigatos, 2011). The associated
L . Kalman Filter-based disturbance estimator is given
of generality it is considered that = 3 thiS Cric by the recursion (Rigatos and Tzafestas, 2007),(Bas-

hasd® = f4. Next, the system’s state vector is ex- - Y. :
tended so as to include the disturbance termsdynam-zg\gg and Nikiforov, 1993),(Rigatos and zhang,

ics. The extended state vector contains the foIIowmg

The dynamics of the additive disturbance tedroan
be equivalently represented through knowledge of the
associatedr-th order derivative. Here, without loss

andzs = d. Then the dynam|cs of thp53 proteln -
mdn® inhibitor system, including the modeling un- =
certainty and external disturbances terms is written in 2K((k|§) B (IS() d [(Ck()j[gd ((k)) gdzR*](k)] 21)
the following canonical Brunovsky formm= Az+ Bv P(K) = P~ (k) — K (K)CqP~ (K)
andz, = Cz or equivalently -
time update
z 01000 z 00 . B
72 001000| [z 00 P~ (k+1) = Ag(k)P(K)A] (k) +Q(K) (22)
zz]1 |1000100] |z n 10| (v Z (k+1) = Ag(k)2(k) + By (K)Vi(k)
z| |000010| |2z 00| \fqg
Z5 000001] |z 00
% 00000 Z 01 a7 5 SIMULATIONTESTS
with measurement equation given by The test case considers that there are model un-
certainties and external disturbances that affect the
= (1 0000 Qz (18) p53 protein - mdn® inhibitor system. The use

For the dynamics of thp53 protein -mdn® inhibitor of the Derivative-free nonlinear Kalman Filter en-
that is described by Eq. (17) and Eqg. (18) it is pos- ables to perform simultaneous estimation of the non-
sible to perform simultaneous estimation of the non- measurable elements of the system’s state vector as
measurable state variables as well as of the exter-well as estimation of the disturbance terms. By iden-
nal disturbances using the Kalman Filter recursion. tifying the perturbation parameters their compensa-
The application of Kalman Filtering on the linearized tion becomes possible. It suffices to include an ad-
equivalent of the system and the use of an inverseditional control input that compensates for the distur-
transformation based on the expression of the initial bances effects. Thus, the new control input becomes
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V1 = V— 24, Wherez; is the fourth element of the ex-

tended state vector and is an estimate of disturbance £

termz,; = d. The associated results are depicted in
Fig. 2 to Fig. 5. It can be observed that the proposed

nonlinear feedback control scheme enables accurate :

tracking of the concentration of tHe53* protein to
the desirable concentration levels.
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Figure 2: Dynamical model with disturbances: (a) nonlin-
ear feedback control of tHe53* protein concentration (blue

line) and convergence to the associated setpoints (res) Jine
(b) infusion rate as control input.
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Figure 3: Dynamical model with disturbances: (a) variation
of the p53 MRNA concentrationP53 concentration in the
cytoplasm and activ®53" concentration, (b) variation of
the mdn2 mRNA concentrationMDM2 concentration in
the cytoplasm and activdDM2* concentration.
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Figure 4: Dynamical model with disturbances: (a) variation
of the e€2f1 mRNA concentrationE2F1 concentration in
the cytoplasm and actiie2F 1* concentration, (b) variation
of thearf mRNA concentrationARF concentration in the
cytoplasm.
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Figure 5: Dynamical model with disturbances: (a) con-
vergence of the estimates &53° concentration and of
its derivatives (green lines) to the associated real parame
ter values (blue lines), (b) estimation of disturbance term
(green lines) that affect the model and convergence to the
associated real parameter values (blue lines).

6 CONCLUSIONS

A nonlinear feedback control method has been pro-
posed for the p53 protein - mdmz2 inhibitor system.
The control scheme is based on differential flathess
theory and the Derivative-free nonlinear Kalman Fil-
ter. The first stage for the design of the control scheme
was the transformation of the initial description of
the system dynamics from a set of complex coupled
nonlinear differential equations into a SISO model of
the canonical Brunovsky form. The transformation
was based on differential flathess theory. The latter
model connected the infusion rate of the chemother-
apy drug (control input) to the concentration of the
P53 protein (system’s output). For the transformed
model the design of state feedback control was possi-
ble. Moreover, to make the control scheme robust to
modeling uncertainty and external disturbances and
to cope with the nonmeasurable elements of the state
vector (derivatives of the P53 protein concentration),
a disturbance estimator was designed with the use of
the Derivative-free nonlinear Kalman Filter. The effi-
ciency of the proposed control scheme was evaluated
through simulation experiments.
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