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Abstract: In this paper we propose a mathematical model to describe the evolution of glioma cells in the brain taking
into account the viscoelastic properties of brain tissue. The mathematical model is established considering
that the glioma cells are of two phenotypes: migratory and proliferative. The evolution of the migratory cells
is described by a diffusion-reaction equation of non Fickian type deduced considering a mass conservation
law with a non Fickian migratory mass flux. The evolution of the proliferation cells is described by a reaction
equation. Numerical simulations that illustrate the behaviour of the mathematical model are included.

1 INTRODUCTION 1 year and even lower grade gliomas can rarely be
cured. Theorists and experimentalists believe that in-

Cancer is a complex disease which leads to the un-€fficiency of treatments results from the high mobility
controlled growth of abnormal cells, destruction of ©Of gliomacells. Additionally gliomas can exhibit very
normal tissues and invasion of vital organs. There high proliferation rates. _
are different stages at tumor development of vary- ~ Cancer research has been a fertile ground for
ing duration, starting from genetic changes at the cell Mmathematical modeling, beginning with the early con-
level and finishing with detachment of metastases andcept of simple exponential growth of solid tumors
invasion. Tumor cell transport and proliferation are doubling at a constant rate. The introduction of lo-
the main contributors to the malignant dissemination gistic or gompertzian growth (there is increased dou-
((Swanson et al., 2003)). bling time and decreased growth fraction as a func-
Extensive research has been done to model cantion of time) allowed to slow the growth in the later
cerous growth, specially on solid tumors, in which Stages. With the recognition that tumor cells might
growth primarily comes from cellular proliferation. SPread outside the grossly visible mass, invading lo-
It is far beyond the aim of the present paper to list cally ar_1d metastasizing distantly, and that some C(_ells
exhaustively the many significant contribution in the di€ during the development process, the mathematical
topic. References (Fedotov and lomin, 2007), (Giese concepts necessarily became more complicated than
et al., 1996), (Habib et al., 2003), (Harpold et al., those used in the original simple models for solid tu-
2007), (Mur, 2002), (Swanson et al., 2000), (Swan- Mors. _
son et al., 2003) and the references therein represent ~1Ne initial answer to the question of how to mea-
some of these contributions. sure the growth of an infiltrating glioma was provided
However the understanding of malignant gliomas 2Y Murray in the early 90s ((Mur, 2002)). He formu-
is much less complete, mostly because gliomas prolif- lated the problem as a conservapon law where the rate
erate as solid tumors and invade the surrounding brain®f change of tumor cell population results from mo-
parenchyma actively. Proliferation and specially mi- bility and net proliferation of cells. An equation of
gration of gliomas represent a very challenging prob- type
lem from mathematical viewpoint. ac +0.J = £(c)inQ x (0,) (1)
Gliomas are diffusive and highly invasive brain tu- ot
mors accounting for about 50% of all primary brain was used, wher@ c R",n= 1,2, 3 is the glioma do-
tumors and, unfortunately, the prognosis for patients main,c(x,t) denotes the tumor cell density at location
with gliomas is very poor. Median untreated survival x and timet, f(c) denotes net proliferation of tumor
time for high grade gliomas ranges from 6 months to cells, and] defines the spatial gradient operator. Un-
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der the assumption of the classical Fick's law for the The paper is organized as follows. Since the brain tis-

mass fluxJg sue presents a viscoelastic behaviour that can be de-
Jr = —-DU0c, (2) scribed by the Voigt-Kelvin model (see for instance
whereD is the diffusion tensor, the model can be writ- (G-Franceschini, 2006), (Humphrey, 2003), (Mehra-
ten as bian and Abousleiman, 2011)), we present in Sec-
ac tion 2 a class of non Fickian models to describe the
P 0.(DOc) + f(c) in Q x (0,0). (3) space and time evolution of glioma cancer cells con-

structed by combining the diffusion process with the
The mathematical model is complemented by bound- viscoelastic properties of the brain tissue. In Section
ary conditions which impose no migration of cells be- 3 we study the behaviour of the glioma mass. In Sec-
yond the brain boundary, that is, tion 4 we introduce the numerical method that will be

Jkn=0 used to obtain numerical approximations for the den-

F.N ) . . . . .
sity of proliferation and migratory glioma cells. Plots
on the boundary, wherg denotes the exterior unit jjjustrating the evolution of gliomas are included in
normal to the brain region, and by initial conditions Section 5. Fina”y, in Section 6 we present some con-
c(x,0) = co(X),x € Q, wherecy defines the initial  ¢Jusions.
spatial distribution of malignant cells.
Tumor growth is generally assumed to be ex-

ponential, so that the cell growth term is given by
f(c) = pc, where the net proliferation rafeis con- 2 A VISCOELASTIC MODEL
stant. However, logistic and gompertzian growths
have been considered but found to be unnecessar
in the time frames considered for gliomas ((Harpold
et al., 2007)). To apply the modeling approach to spe-
cific patients, a more realistic look at the brain geome-
try and structure was necessary. Swaresoal. intro-
duced in (Swanson et al., 2000) the complex geome-
try of the brain and allowed diffusion to be a function
of the spatial variable to reflect the observation that
glioma cells exhibit higher motility in the white mat-

The class of non Fickian models that we present in
Xvhat follows is established taking ‘into account the

viscoelastic nature of the brain tissue. Following (Ed-

wards and Cohen, 1995), (Edward and Cohen, 1995),
(Edwards, 1996), (Edwards, 2001) and (Shaw and
Whiteman, 1998), if a diffusion process occurs in a

medium that has a viscoelastic behaviour, then this
behaviour should be included in the diffusion equa-

tion which leads to a modified diffusion equation

ter than in grey matter. % _ 0.(DOC) + O0.(Dydo) + f(c) in Q x (0,0),
Finally we observe that the most popular treat- 0t @)
ments used to combat gliomas are chemotherapy and

wherea represents the stress exerted by the brain tis-
sue on the tumor cells.

We assume that the viscoelastic behaviour of the
brain tissue is described by

radiation. Mathematical models to describe the effect
of the previous treatments were proposed in the liter-
ature. Without being exhaustive we mention (Rockne
et al., 2009) and (Tracqui et al., 1995).

The partial differential equation (3), of parabolic oo +Ro= a1£+a268 (5)

type,was established combing the mass conservation ot ot’
law (1) with Fick's law (2) for mass flux. It is Wheree stands for the strain. Equation (5) is based on
well known that, in this case, if a sudden change & mechanistic model which is represented by a spring
on the cell concentration takes place somewhere in (restorative force component) and a dashpot (damping
the space, it will be felt instantaneously everywhere component) in parallel connected with a free spring.
this means that Fickian approach gives rise to infi- In (5) the viscoelastic characteristic tinfieis given
nite speed of propagation which is not physically ob- by B = %, anda; = %, az = Ep whereE; is
servable. To avoid the limitation of Fickian mod- the Young modulus of the spring elemept, repre-
els an hyperbolic correction has been proposed in sents the viscosity any stands for the Young mod-
different contexts (see (Edwards and Cohen, 1995),ulus of the free spring (see (G.Franceschini, 2006),
(Joseph and Preziosi, 1989), (Fedotov, 1998), (Fedo-(Humphrey, 2003), (Mehrabian and Abousleiman,
tov, 1999), (Hassanizadeh, 1996), (Neuman and Tar-2011)).
takovsky, 2009) and the references cited in those pa-  Equation (5) leads to the following expression for
pers). c

The aim of the present paper is the establishment t o oe _
of a class of non Fickian models that take into ac- °(t) :/o e P9 (als(s)+a2a(s))ds+e Po(0).
count the viscoelastic behavior of the brain tissue. (6)
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If we assume that the strain satisfiese = Ac

whereA is a positive constant(see (Edwards and Co-
hen, 1995), (Edward and Cohen, 1995), (Edwards,
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and boundary conditions

J.n =0 ondQ, 9

1996) and (Edwards, 2001)) we obtain from (4) and wheredQ denotes the boundary @, n represents

(6) an integro-differential equation of type

‘;_tc - D.(Dmc)+/ot ker(t — $)1.(DyCIc(s)) ds
+f(c)in Q x (0,0),
(7)

whereke(s) = e s,

To establish a mathematical model to describe the
space-time evolution of the gliomas some medical

information is needed. According to (Fedotov and
lomin, 2007) and (Fedotov and lomin, 2008) the fol-
lowing assumptions are considered in our model:

¢ the glioma cells are of two phenotypes - prolifer-
ation (state 1) and migratory (state 2);

e in state 1 (migratory phenotype) the cells ran-
domly move but there is no cell fission;

e in state 2 (proliferation phenotype) the cancer
cells do not migrate and only proliferation takes
place with ratep;

e a cell of type 1 remains in state 1 during a time
period and then switches to a cell of type 2;

e [31 is the switching rate from state 1 to 2;

e a cell of type 2 remains in state 2 during a time
period and then switches to a cell of type 1;

e [3, is the switching rate from state 2 to 1.

Let u(x,t) andv(x,t) represent the density of mi-
gratory and proliferation cells atandt, respectively.
The dynamics of glioma cells is then described by

a t

5 —00O0)+ [ ket-90D0u(E)ds
—B1u+Bav,

% = pv+ Biu—Bov,
inQ x (0,T],

(8)
whereD andD, denote square matrices of oraeand
B1 is the switching rate from migratory phenotype to
proliferation phenotype anfl; is the switching rate
from proliferation phenotype to migratory phenotype.
The set of equations (8) is complemented with initial
conditions

u(0) = ug,v(0) =vgin Q,

the exterior unit normal and the non Fickian fliis
given by

I

Condition (9) means that the glioma is located inside
of the brain and the cancer cells do not cross the pia
mater.

We observe that the first equation of (8) can be de-
duced considering the mass conservation law (1) and
a modified Fick’s law for the mass flux. In fact, if we
assume that the mass flixhas two contributions, a
Fickian and a non Fickian, that is

t
—DDu(t)—/ e Bt-9p,Ou(s)ds
0

J=Jr +InF,

whereJnr is given by

t
IE(t) == /0 e Pt-9p,u(s)ds - (10)

we obtain (8) from (1). We note that (10) satisfies the
following IVP

OINF

ot + BIne = —DyOuin Q x (0, 40),

(11)
JNF(O) =0in Q,

where the first equation of (11) is a first order approx-

imation of the equality

INF(Xt+ %) = —%DvDu(x,t).

This equation establishes that non Fickian mass flux

(12)

. 1 1. . . .
at timet + =, where= is the relaxation time, is re-

lated with the gradient of the concentratioat a pre-
vious time. This observation means that system (8)
incorporates a certain memory effect induced by the
behaviour of migratory cells.

3 QUALITATIVE BEHAVIOUR

In what follows we assume th& = [djj] andDy =
[dvij] are diagonal matrices with diagonal entrks
anddy; such that

0<d,dyiin Qi=1,...,n (13)
Let M (t) be the mass of glioma cells @,

Ma(t) = [ (ult) +v(t))x
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We study in what follows the behaviour 8f;(t).
We start by remarking that

24(0) = [ X+ Vi) ax

As u andyv are defined by the system of equations (8),
from (14) we obtain

(1) = [ (<090 +pu(v)dx
that leads to
M(t) = _/‘ma(t).qu+ p/Qv(t)dx

From (9) we conclude that

25(t) = p [ vit)x

ov (14)

(15)

we deduce from (17) that

E'(t) < max{B2— B1,B1— B2+ 2p, —2B}E(t),t ? %,)
1
where

t
E() = Mo(t) +] [ erlt —9)v/Dulu(9) s
Inequality (18) leads to
Mo(t) < emaX{B27B1=B17B2+Zp~,*2B}tMZ(O)_ (19)

The upper bound for the glioma mass defined by in-
equality (19) depends on the parameters of the model:
the switching ratgd; from migratory state to prolifer-
ation state; the switching raf® from proliferation
state to migratory state, the proliferation ratef the
cells of type 2 and the viscoelastic characteristic time
B.If B, = B; then the upper bound &P 44 (0) which

which means that the instantaneous time variation of is analogous to the one obtained f&f (t) with arbi-
the cancer mass depends only on the mass of the protrary B1,B2. Moreover, if 0< B2 —B1 < p, then the

liferation cells and on the proliferation rgpe Assum-
ing the positivity ofu, we finally obtain the upper
bound
Mi(t) < €' 94(0). (16)
To avoid the positivity assumption anwe estab-
lish in what follows an upper bound for

Ma(t) = [[u®)]|>+ V() |2,

where||.| denotes the usual?> norm and which is
induced by the usual® inner product.,.).
We have

230 = (X ),u0) + (X ). v0)

As (8) holds we obtain

2960 = [_~30nueds— |[VBru)?

t
~(( | erlt = )Duu(s)ds u(1)))

—Bal[u®)l?+ (=B2+p)[Iv(D) |12
+(B1+B2) (u(t), v(t)),
a7)
where the inner product ii?(Q) x L?(Q) is denoted
by ((.,.)) and represents$ || the induced norm.

Considering the boundary condition (9), the Cauchy-
Schwarz inequality and the following equality

Sif lt 9V DLu(5 05
- 2((/0 Ker(t — )DyOu(s) ds Cu(t)))

28] [ Kerlt - 9v/BDU(S) A
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upper bound ig(?=(B2=B)t 41,(0) being the ampli-
fication factore(2P—(B2-B)t greater thare obtained

for M4 (t). However as expected, under these assump-
tions, we can not select paramefer 31, p such that
the increasing of migratory cells is bounded.

We remark that inequality (19) allow us to con-
clude the stability of the proposed mathematical
model with respect to perturbations of the initial con-
ditions.

4 NUMERICAL METHOD

We assume in what follows that= 2, Q is the square
[0,L] x [0,L] andH = (h,k) with h> 0,k > 0. In Q
we introduce the spatial grid

ﬁH = {(Xl"i,Xz"j),i = 0,...,Nh,j = 0,...,Nk}

wherexl’i =Xgj-1+ h,i=1,...,Nn, X0=0, XLN, =

L, and X2 = X2,j-1 + k, j = 1,...,Ng, X20 =

0, xon, = L. By Q4 we represent the set of boundary

points. We introduce the following auxiliary points
X1,-1=X1,0— N, Xy Npr1 = XN, + 0,

and

X2,—1 = X2,0 — K, XN +1 = XN K.

By 0Qj, we denote the following set of auxiliary
points

00y ={(x1,-1,%,), (XLNy+1,%2,j), ] = 0, Nk,

(X1, X2,-1), (X1,i; X2 N 1)1 = 0,...,Nn}.

In [0,T] we introduce the grid{t,,n =0,...,M}
withty =th_1+At,n=1,... M, 1o =0ty =T. We
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discretize the integral term of (8) using a rectan- and
gular rule and the second order partial derivatives Dy . Ul (xqi,%2,)
d du a  ou A TH L 2]

) 1
&(a&) , a/(ba/), wherea andb are scalar func _ E(dZ,i,jJrl/ZDszuin,ijl"'d2,i,jfl/2D7X2Uin,j)7
tions, using the usual second order finite difference P
operators Duny, U (X1,i,X2,)

Oh(@0nun ) (X1, X2,j)

20

:H(ai+1/2,jD7x1Ui+l,j_aifl/Z,ijxlui,j) (20)

Dﬁg-kauH)(Xl,i,Xz"j) (21)
= 1 (Bijsa/2Dsoli 41— byj-1/2D-34 )

where .1 = alx £ 5.X2j),0i 412 =

b(xyi,%2,j = %), D_x denotes the usual backward

finite difference operator ig; direction,i = 1, 2.
To compute numerical approximations foandv in
(X1, X2,j) at time levelty, ud (x1i,X2,j), Viy (X, X2,),

respectively, we introduce the implicit-explicit finite

difference scheme
D¢ Uu+l = El’ﬁ(dllilhuﬂ“) o Dﬁ(dszUEﬁl)

+Atlzo|<er(tn+1 —t) (Dﬁ(dmlmhlﬁ.) + Ok (ch2 Dk ))

—Bauf™ + BV in Qu,

DV = (p— B2V +Buuiy™ in Qu,

n=0,...,M—-1
(22)

The finite difference method (22) is complemented

with initial conditions
uﬂ = Uo, Vﬂ =\Vo in ﬁH, (23)

and with the boundary conditions

n
Da.n, Ut (X0, X2,j) + At S Ker(tn —t) Dun,, Un (X0, %2,
=0
—0, i=0,Nnj=0,... N

n
Da.n, Ut (X0, %2,j) + At S Ker(tn —t) Dun,, Un (X0, %2,)
1/7

(=0
=0, i=0...,Nn,j=0,Nc
(24)

In (24) the following notations were used
Dd,n, upy (X1, X2,j)
1
) (dlai+1/2.,J Doy U g j+ i 172 Dfxluﬂj) ,
Dy, Uy (X1, X2,j)

1
=5 (dv,l,i+1/2,j DoxUiyj+vai1/2, D*Xluié,J)

1
=3 (d\/,z,i,j+1/2D7X2uiz,j+l + dv,2,i,j71/2Dfxzui€,j) :
It can be shown that the truncation erfigy satis-
fies
[T lleo = O(h? + K2+ At),

rovided that @ ﬁ ﬂ @ @ are
R o oo oo’ axt " 0xd
bounded inQ x [0,T]. As it can be established a
discrete version of the stability inequality (19) for the
errorsEf = u(t) — uf;,Ey = v(t;) — Vi, , we conclude
that method (22) is of second order in space and first
order in time.

5 NUMERICAL SIMULATION

In what follows we considet = 15cm T = 60days,

p = 0.05/day, B; = 106/day, B, = 3.6 x 10-?/day,
B=1,up=0,vp= 1P located at the squar@, 8) x
(7,8). The numerical solutions that we present were
obtained with method (22), (23), (24). In Figures 1
and 2 we plot the density of migratory and prolifera-
tion cells defined by by the Fickian model that can be
obtained from the previous model considering= 0.

In this case we tookl; = dy = 0.0Scmz/day. An in-
creasing of the glioma core is clearly observed.

15 15¢
migration cells, day 5‘ ‘ proliferation cells, day 5‘

10 10

10
1@

0

0 ‘5 16 15 00 é l‘O 15
Figure 1: Fickian migratory and proliferation profiles ayda
5.

The non Fickian migratory and proliferation pro-
files are plotted in Figures 3 and 4 when=d, =
dy1 = dy2 = 0.025cn?/day. We conclude, as ex-
pected, that viscoelastic effect does not change the be-
haviour of the proliferation cells. Moreover, the spa-
tial distribution of such cells presents high gradients.
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15; 15¢
‘ migration cells, day 30 ‘ ‘ proliferation cells, day 30
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10 10
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0 5 10 15 0 5 10 15

1

Figure 2: Fickian migratory and proliferation profiles ayda
30.

15 151
migration cells, day 5‘ ‘ proliferation cells, day 5

10 10

05
1@

0 0
0 5 10 15 0 5 10 15

Figure 3: Non Fickian migratory and proliferation profiles
atday 5
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[

15;
migration cells, day 30 ‘ proliferation cells, day 30

10 10

j 5
0
10 1

5 0 5 10 15

o

5
K

o

0 5

Figure 4: Non Fickian migratory and proliferation profiles
at day 30

From Figures 2 and 4 we conclude that the non
Fickian migratory cells present higher spreading and gqyards. D. A. (2001).
lower concentration than the corresponding cells de-

fined by the Fickian model.

6 CONCLUSIONS

viscoelastic behaviour of the brain tissue was stud-
ied. Such mathematical model is characterized by an
integro-differential equation of Volterra type that re-
places the diffusion equation usually considered for
the density of migratory cells. This equation was
established assuming that the viscoelastic behaviour
of the brain tissue is described by the Voigt-Kelvin
model. An implicit-explicit numerical method to
compute approximations for migratory and prolifera-
tion densities was presented and some numerical sim-
ulation illustrating the behaviour of the model is in-
cluded. The numerical experiments allow us to con-
clude that the migratory cells defined by the non Fick-
ian model present higher spreading and lower con-
centration than the corresponding cells defined by the
Fickian model. However the behaviour of the prolif-
eration cells seems not be sensitive to the viscoelastic
properties of the brain tissue. In fact the evolution
equation for such cells does not contain a diffusion
part depending on the properties of the surrounding
environment.
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