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Abstract: The paper presents a new modeling approach using longitudinal or panel data to study social phenomena

and to make predictions of dynamic changes. While the most common way in social sciences to study the
relations between variables is using regression, our modeling approach describes the changes in variables as
a function of all included variables, using differential equations with polynomial terms that capture linear
and/or nonlinear effects. The mathematical models represented by these differential equations are derived
directly from data. The models can then be run forward to forecast future changes. A two-step model-fitting
approach is applied to identify the best-fit models and included visualisation methods based on phase portraits
help to illustrate modeling results. We show this approach on an example relating democracy to economic

growth.

1 INTRODUCTION tended to quite complex and sophisticated statistical
models (Wooldridge, 2010). Such approaches are
Since the 1960s when James S. Coleman publishedhecessary to get a better understanding of social pro-
his book an mathematical sociology (Coleman, 1964), cesses, but they have two limitations in the way they
sociologists and other social scientists have beenrelate to the reality of social processes.
working on mathematical modeling of social phe- The starting point to empirical modeling is usu-
nomena. However, it is only recently with the avail- ally a social science theory, which tells the researchers
ability of increasing computational power and sophis- what variables are to be considered and how they are
ticated modeling tools that the field of mathematical expected to relate to each other in terms of cause-
social sciences is beginning to flourish. Mathemati- effect relationships (Treiman, 2009; Ostrom, 1990;
cal modeling can be used both to study macro-level Lewis-Beck, 1995). The purpose of the empirical
phenomena (Saperstein, 2000; Ashimov et al., 2011; modeling is then primarily theory testing and revising
Weber, 2012) as well as interactions at the micro-level theories. While these are important parts of doing so-
(Coleman, 1964; de Marchi, 2005). cial science research, theoretical models usually need
A widely adopted way of mathematically model- to be continuously tuned to account for data patterns.
ing relations between two or more variables is the re-  Secondly, empirical modeling in social sciences
gression equation, with the dependent variable y and does not always sufficiently take into account the fact
the independent variable or predictor x (in case of a that social systems are complex and dynamic. The
multivariate regression x1, x2, ... represent the differ- most common way to study the interaction between
ent independent variables), interc@gt slopep; (in variables is to compute linear or logistic regressions
case of a multivariate regressi@in, 32, ... represent  (Ostrom, 1990; Menard, 2001; Andersen, 2007). But,

the different slopes related to the different predictors) irrespective of the specific models used, the interpre-
and error terng with i....n observations. tation of results is most often static.

Vi = Bo+ BaX +& (1) We suggesta noyel a_pproaph to gmpirically based
mathematical modeling in social science. Our data-

Yi =PBo+Buxli +P2x2i +... & @) driven Bayesian modeling approach uses the data it-
Data is used to estimate these equations and theself to inform model selection from a pool of feasible
strength of the relations. This approach can be ex- models. While traditionally a regression of one vari-
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able on another is performed, we model the changesand that will allow researchers to apply our method
in one variable as a function of all included vari- to their specific research field. Future predictions and
ables (explained in Methods section below). Differ- policy suggestions, which are important components
ential equations represent the mathematical modelsfor the study of social phenomena, can also be gen-
of a variable’s change in time. We define a set of erated using this method and therefore using our R
polynomial terms that express various possibilities of package.

how variables may interact, allowing non-linear ef-

fects and build a model using Ordinary Least Squares

(OLS) regression with these polynomial terms. The

differential equation and therefore the mathematical 2 METHODS

model consists then of one or more of those polyno- ) ) )
mial terms that best describe the change in the vari- SUPpose that we are studying a social system with
able as a function of itself and/or included predictors. N indicator variables,i = 1,...,N. Let us assume

A two step model fitting, using the maximum like- thatwe have longitudinal or panel data for thevari-
lihood approach and the Bayes factor’ is then used toables -forM entities (SUCh as |nd|V|dU-a.|S, Count”es,
look at how closely any candidate model fits the avail- Organisations etc.) over a length of tiriie Let us
able data. denote the data ag(t) and the changes in the vari-

Compared to the theory-testing approach, ours ables over a time period @ (t) = x/(t + 1) — X/ (t),
is an exploratory modeling approach. Such an ex- Wherej =1,..,M andt=1,...,T. We use this data to
ploratory approaches in social sciences may help to construct whatis called a phase portrait of the system.
find new and unexpected patterns and explanations
(Gelman, 2004; Stebbins, 2001; Tukey, 1977). This 2,1 = Phase Portr ait
explorative approach is not completely a-theoretical,
since theo_ries still suggg;twhich variabl_es we investi- |, dynamical systems theory, a phase portrait refers
gate. Butinstead of defining how the variables should {, 5 plot of the evolution of two variables with re-
interact and then testing this prg-defmed relation in spect to each other (Strogatz, 2000). For example, in
the data, we a_llow the data fto inform us ab_out the 4 system with only two variables andx, (and for
mathematlcal_ linear or non-linear relationships be- only 1 individual, say), the phase portrait would refer
tween the variables. to a plot of x,(t) against corresponding (t). This
Our methodology can be applied to any social sys- plot shows the co-evolution of the two variables, and
tem which has reasonable amounts of longitudinal or the phase portrait itself can be represented mathemati-
panel data, that is data with repeated measurementally using Ordinary Differential Equations (ODE) as
over time. On the macro-level the method can be us_ed % = f1(X1,%2), % = f,(x1, %) for some appropriate
to study cross-national development dynamics, for in- functionsf; and f,. Note that when we have discrete
stance, the relationship between a country’s gross do-data, we need to use difference equations instead of
mestic product, child mortality and education levels. differential equations. Here we assume that the dis-
If regional or city district data is available it is pos- crete data are the result of sampling from continuous
sible to use the method to study for instance neigh- functions and hence the ODEs represent the same pro-
bourhood segregation processes. On a meso-level theess from which the corresponding discrete data can
researched entities could be organisations, companiege obtained by suitable sampling.
or schools, to study, for instance, dynamic female  sjnce the differential equations hold for any value
employment patterns of companies. Finally, the ap- of x; andx,, we could look at all the possible trajec-
proach is applicable to micro-level data like register- tories of the two variables starting at any point. Thus
based data or panel-data to study social phenomengye can think of the available panel data with many
on the individual level. individuals as corresponding to the different trajec-
We present first a discussion of the statistical tories obtained in the same system but wdifferent
method used in our approach in the next section andinitial conditions. Thus in our modeling approach, we
then give a simple example, applying the method to look at the data phase portrait, where we look at the
study the interaction of GDP per capita and democ- changes in the indicator variablds; (t) as a function
racy for a set of 189 countries from 1980 to 2006. of the values of all the variablgs;(t)} (or the current
Along with the paper, we present an R package 'state’ of the system).
(Bayesian Dynamical System Model, bdsm, to be We abstract individual entities as different initial
found on CRAN http://cran.r-project.org) that imple- conditions in the system trajectory. In other words, we
ments this novel mathematical modeling approach assume that any individual entity on reaching a certain
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‘state’ (represented by a unique gef(t)} ) will ex-
perience the same effect, albeit with some additional
noise. This approach may of course be problematic

in studies that emphasise the differences between dif-

ferent entities and hence their different development
trajectories (for example, the economic model in the
communist Soviet Union was fundamentally differ-
ent from that in the United States during a large part
of the twentieth century). However the current ap-
proach provides a ‘'mean-field’ approximation to the
basic underlying process in all cases.

2.2 Moded Sdection

In general, if we takef; to be polynomial of suffi-
ciently high degree (including products of variables),
so that we can model any general non-linearity in the

system. For most applications we assume that the

functions are polynomial in the indicator variables
with each term being of degreel,0,1 in the vari-
ables or a product of such terms. We also allow for

terms that are quadratic in the variables. This keeps

the number of models to evaluate sufficiently small
for computational purposes. The terms comprising
products of variables capture non-linearities in the

system, which can occur due to interactions. These

higher order terms can typically result in multi-stable
states, which are characterisitic of realistic social sys-

tems. Moreover, because we include both degree -1
and degree 2 terms the resulting models are cubic. In

this current study, we assume that any further non-

linearities due to degree 3 or higher order terms are

relatively negligible, but this has to be tested on a
case-by-case basis depending on the particular system)
being modeled. Our R-package provides the option to
include order 3 polynomial terms.

In our standard implementation of a two variable
model, we look at functions containing one or more
of the following terms:

a a; a
fl(xl,xz)=ao+—1+—2+a3X1+a4xz+—5+
X arX a a
a§2+ d l+a8XlX2+a9X1+a10X2+ X”+¥

1

1 2

There are 13 models with one term and, in general,
(13) models withm terms that describe the relations
between the two variables included in the model.

In the first stage of our fitting process, we aim to
rapidly narrow our search by finding the maximum-
likelihood model for each possible number of terms,
m. We fit the yearly samples of the yearly changes
in the indicator variables using multiple linear re-
gression over all 892 possible function$; (x1,x2)
consisting of the polynomial terms shown above. For

each possible number of terms we find the model
with the greatest likelihood (equivalently the model
that minimises the sum of squared errors with the
observed data). We repeat the same process to obtain
the best possiblé (x1,x2) and use the log-likelihood
value to rank the different models.

In general, the log-likelihood of the best fit fdx;

models withmterms is
Li(m) = logP(dxi[X1, - XN, M, @ m) ©)
whereq, is the set of unique parameter values ob-
tained from the best fit regression out of all of the
m3) models withm terms. Assuming that the actual

observations are due to the underlying model with ad-
ditional Gaussian noisé&; (m) is the logarithm of the
error sum of squares (ESS) scaled by the variance
(Bishop, 2006). The log-likelihood value is also di-
rectly related to the coefficient of determination or the

_1_ ESS
value asR’ = 1 NopsxData variance

2.3 BayesFactor

An important question about the robustness of par-
ticular models is why we choose a particular num-
ber of terms. For polynomial function fittinlg (m) >
Li(m— 1), that is the maximum likelihood is mono-
tonically increasing with additional terms, since each
term allows an extra degree of freedom on curve fit-
ting. For a finite data set this extra degree of free-
dom can fit artifactual patterns due to noise. As a re-
sult, reliance orL;(m) alone can lead to overfitting
the data by selecting too many terms and thus accept-
mg a model that accurately fits the existing data but
that generalises poorly to unseen data and has little
predictive power.

To address this problem and evaluate the fit of
these models we adopt a Bayesian approach. We cal-
culate the Bayesian marginal-likelihood eridence
B(m) for the set of models which have the largest log-
likelihood within their respective humber of terms.
Note that ‘Bayes factor,” which refers toratio of
model likelihoods is used in Bayesian literature to
compare pairs of models (Robert, 1994). We use
the same term in this paper to refer to the Bayesian
marginal likelihood as defined above, with the un-
derstanding that this quantity would have the same
function as the Bayes factor when comparing between
more than two models.

The Bayes factor compensates for the increase in
the dimensions of the model search space by integrat-
ing over all parameter values, i.e.,

- /(n P(AXi X1, .. XN M. @ ) TH QL)@
’ (4)
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The Bayes factor is thus the likelihood averaged over 2.5 Model Complexity

the parameter space with a prior distribution defined

by T(@ m). We choose a non-informative prior distri- When generating data-driven models, it is important
bution (Ley and Steel, 2009). For examplep m) to have a handle on model complexity. Specifically, in
can be chosen to be uniform over the range of pa- systems with many variables, model complexity is de-
rameter values. This range of values is chosen to in-cided both by the number of terms used in the model
clude all feasible values but to be small enough for and by the number of explanatory variables used in
the integral to be computed using Monte Carlo meth- each differential equation. For example, in three vari-
ods. Bj(m) is computationally expensive to calculate, able models we would like to determine whether or
even for models with a small number of terms. There- not we require all of these variables to model the rates
fore we first identify the best fit model for each num-  of change of each variable. To do this, we calculate
ber of terms using maximum-likelihood, since models Bayes factor for models including all three indicators
of equal complexity can be more fairly evaluated in and compare them to those including just pairs of in-
terms of their maximum likelihood. We then compare (dicators. For three indicators there are r((iﬁ) mod-
those selected in terms of the Bayes factor to fairly e|s withmterms and we generally restrict our analysis

compare models of varying complexity. to those with up tan=5 terms. By plottingg; (m) for
three variable models as a functionrofand compar-
2.4 Correlated Errors ing this toB;(m) for two variable models we can as-

sess the utility of adding a third explanatory variable

Calculating the best fit regressions fix; indepen- to the model.
dently, as we do above, is equivalent to assuming that  Similarly, our algorithm weights all possible mod-
the errors in the differential equations are uncorre- els equally and evaluates their log-likelihood and
lated. In fact, there is a possibility that the errors are Bayes factor values. But for systems with many vari-
correlated due to any systematic reason causing theables, there are just too many models available even
errors, for example the same omitted variable. In so- with the polynomial restriction. This makes the task
cial systems this may be more likely the norm than the computationally impossible. To resolve this problem,
exception. In this case we have to include an error co- we can resort to a pruning algorithm which looks at
variance matrix in our approach and use a generalisedmodels with increasing number of terms. In each
least squares approach to finding the regression coef-stage, only the topM models survive, and in the next
ficients. If the error covariance matrix is almost diag- stage only the 'descendants’ of these models - models
onal with off-diagonal elements negligible compared which are the same as tMesurvivors from the previ-
to the diagonal elements, this reduces to the ordinary ous stage except for an additional term - are evaluated.
least squares approach used here. This keeps the number of feasible models evaluated in

To test if the errors are in fact significantly corre- each step of the algorithm reasonable while a suitable
lated, we use the “seemingly unrelated regressions”value ofM, say 10000 will make sure that most fea-
approach (Amemiya, 1985). For example, in the two sible models are always tested.
variable case, the two regressionsdag anddx, are
first performed under the assumption that the errors
are in fact uncorrelated. We then estimate an error co-
variance matrix from the model suggested by this first 3 APPLICATION
step and the data, and use it to estimate the param-

eters based on a generalised least squares approac® 9iveé an example of an application of our ap-
This process may be iterated until the true param- Proach, letus investigate a frequently studied macro-
eters are obtained. If the covariance matrix is “al- |€V€l phenomenon. Political scientists have been dis-

most” diagonal, indicating that error terms are uncor- uSSing the correlation between a country's GDP and

related, the parameters estimated by the “seeminglytn€ level of democracy for 50 years while drawing a
unrelated regressions” approach will not differ signif-  Wide variety of conclusions (Lipset, 1959; Diamond

icantly from the parameters obtained assuming uncor-2nd_Marks, 1992; Barro, 1999; Boix and Stokes,
related errors. If not, we have to account for the differ- 2003; Krieckhaus, 2003). The correlation between
ence in our calculation of Log-likelihood values and GPP Per capita and democracy is usually represented

Bayes factor using an algorithm that uses the error co- " Scatter plots like in Figure 1. ,
variance matrix in its calculations. Having longitudinal data allows to estimate

various sophisticated panel regression models
(Wooldridge, 2010). The most common ones are
fixed effect (Allison, 2005) and random effect
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Figure 1: The figure shows a correlation scatter plot for GBRcppita and democracy in the year 2006 for 189 countries. Th
democracy index is based on Freedom House civil and pdliiiglats scores weighted for the actual human rights situati
(based on Cingranelli/Richards Human Rights data projedt)e respective countries (Welzel, 2013). Most of theietglat
the bottom right are oil-rich Middle East countries with hiGDP but low democracy levels.

models (Laird and Ware, 1982). In these regression growth, GDP per capita has a significant positive ef-
analyses lagged or difference variables are usedfect on democracy (Barro, 1996).
as dependent variables to predict the value or the  As suggested by Figure 2 there is a general linear
difference of the independent variable at some later growing tend for both GDP and democracy. How-
point in time (Wooldridge, 2010). Autoregressive ever, from this general trend it is difficult to make any
(ibid.), two-stage least-square (Garson, 2013) andreasonable conclusions about the dynamical interac-
simultaneous equation models (Wooldridge, 2010) tion of economy and democracy. More recent analy-
are further elaborated model specifications. There aresis (Boix and Stokes, 2003; Krieckhaus, 2003) indeed
also non-linear versions panel regression models, like suggest that the relation between GDP and democracy
logit regression models (ibid.). might be rather a non-linear and dynamic one. When
In the analysis of GDP per capita and democracy We create a phase portrait for GDP and democracy
Barro (1996, 1999) used for instance a panel regres-the non-linearity and dynamics of their interaction be-
sion models with roughly 100 countries between 1960 comes clear (see Figure 3).
and 1990 with GDP growth rates (difference vari- Our analysis approach with data from 1980 to
ables) over three periods (1965-75), (1975-85) and 2006 would result in these two best-fit mathematical
(1985-90) as dependent variables in an instrumen-models for democracy’s change as a function of GDP
tal variable estimation approach with amongst others and democracy itself and for GDP’s change as a func-
democracy as predictor. He also computed regres-tion of democracy and GDP itself:

sion models with average democracy levels (1965- dD 2 D
74),(1975-84) and (1985-94) with amongst others o 0.00035 _0'40316 (5)
lagged GDP levels as predictors. Performing these dG )
panel analysis, Barro concludes that while democ- ot 0.024@ +0.001%G - 0.000%" (6)

racy has no significant direct effect on GDP per capita
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Figure 2: Sequence chart with average (all countries) leddaDP and average (all countries) democracy in a time line
between 1981 and 2006.
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Figure 3: Visualisation of a phase portrait: changes in dgagy values (x-axis) against log GDP (y-axis). The vectldfi
shows average change according to the model, while the remldimes give changes in representative countries asqbeedi
by the model given initial conditions in 1980. Specificallye ODE model is integrated forward to 2006 for each country
starting with the actual initial condition for the correspiing country in 1980. The democracy index is based on Freedo
House civil and political rights scores weighted for theuathhuman rights situation (based on Cingranelli/Rich&idman
Rights data project) in the respective countries.

The symbiotic interaction of these two variables, the stable manifold that then allows both democracy
economy and demaocracy, produces an interesting de-and GDP to grow again.
velopment pattern in the phase-portrait figure (see
Figure 3). It seems countries typically head towards,
what in dynamical systems is called, a stable man-
ifold. Countries begin either side of this manifold, 4 CONCLUSIONS
some with high democracy and low GDP, others with
low democracy and high GDP. Over time the coun- Our method provides social scientists with a tool to
tries move to a common trajectory moving from bot- Study complex and dynamic phenomena. Unlike clas-
tom left to top right of the phase plane. These results sic panel analysis, where a decision is usually made
can explain the sometimes apparently contradictory to study a particular time frame, our methods takes in
patterns previously seen in relating GDP and democ- t0 account all of the available temporal data. In the
racy. If a country starts with high democratic levels application example, we are able to capture dynami-
but a GDP that is rather low, the democratic level is cal interplays of variables. We expect that the method
unstable and regresses to the point where it reachegvill be able to detect more complex phenomena, such

as amplification, growth limitation, glacial effects or
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tipping effects. The analysis procedure results in best- de Marchi, S. (2005)Computation and Mathematical Mod-
fit models that explicitly depict precise and dynamic eling in the Social Sciences. Cambridge University
mechanisms. Equations such as 5 and 6 provide the ~ Press.

researcher with rich information beyond correlation Diamond, L. and Marks, G. (1992)Reexamining Democ-
coefficients, since they express how variables change racy. SAGE. )
with respect to each other’s state. In future studies, we Gars%rt'éti iilgél(igigg\gt%?g%ebhsﬁgrsqwe Regression.
will show how the same mechanisms can be used to )

. Gelman, A. (2004). Exploratory data analysis for com-
I20631k3z);\t three and more variables(Ranganathan et al., plex models. Journal of Computational and Graph-

ical Statistics, 13 (4).

A key feature of our approach is that no prede- krieckhaus, J. (2003). The regime debate revisited: A sensi
fined model is imposed on the data. Instead the data tive analysis of democracy’s economic effeBitish
itself is used to find the best model. The same ap- Journal of Political Science, 34.
proach of calculating Bayes factor can of course be Laird, N. M. and Ware, J. H. (1982). Random-effects mod-
used to test theoretically informed model specifica- els for longitudinal dataBiometrics, 38 (4).
tions. Such testing can tell us how the best fit data- Lewis-Beck, M. S. (1995)Data Analysis: An Introduction.
driven model compares in terms of statistical fit, to SAGE, London. .

a model based on theoretical reasoning. There may-€Y: E rin(tj' osntgerl{ lla\ﬂé zs(gr?cr)r?z) dggtgfaef:]e‘:t g)tfhp:orl%z-

vy_ell be Strong.groun(.js N A a theoretically jus- tignspt:) gI’O\INth rggréssiorﬂournalvof A%pl?e\(,jv lEcon%F-) I

tified model with a slightly worse fit, over a purely metrics, 24:651—674.

data-driven model with the best fit. Indeed, we do not | j,set 's. M. (1959). Some social requisites of democ-

suggest that social scientists should forget about the- racy: Economic development and political legitimacy.

ories and always adopt the statistically. best models. American Political Science Review, 53.

No doubt, theories are useful to interpret results and Menard, S. (2001).Applied Logistic Regression Analysis.

to evaluate models. But we think that social scientists SAGE, London.

should be equally open to finding meaningful patterns Ostrom, C. W. (1990).Time Series Analysis: Regression

and mechanisms beyond established theories. If the  Techniques. SAGE, London.

detected patterns and models are plausible and help tda@nganathan, S., Mann, R. P., Nikolis, S. C., Swain, R. B.,

understand social reality or give a new insight into a R, D. J. (2013). A dynamical systems ap-
. : proach to modeling human developmeiiconomet-

phenomenon, then even new theoretical mechanisms rica. submitted.

cou_Id be formulated or oI_der.theoretlcaI mechanisms Robert, C. P. (1994).The Bayesian Choice: a decision-

revised, based on these findings. theoretic motivation. Springer-Verlag, New York.

Saperstein, A. M. (2000Pynamical Modeling of the Onset

of War. World Scientific Publishing Company.
Stebbins, R. A. (2001 )Exploratory Research in Social <ci-
ences. SAGE, London.
Strogatz, S. H. (2000).Nonlinear Dynamics and Chaos:
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