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Abstract: A non-zero residual intersymbol interference ( ISI) causes the symbol error rate (SER) to increase where the
achievable SER may not answer any more on the system’s requirements. Thus, having a closed-form expres-
sion for the SER that takes into account the achievable performance of the chosen blind adaptive equalizer
from the residual ISI point of view is important. In this paper, we propose a new expression for the SER valid
for the two independent quadrature carrier case that depends on the step-size parameter, equalizer’s tap length,
input signal statistics, channel power and signal to noise ratio (SNR).

1 INTRODUCTION into the adaptive mechanism which updates the equal-
izer's taps can be expressed as a polynomial function

We consider a system involving a blind adaptive Of order three of the equalized output and where the

equalizer where we wish to obtain the achievable SER gain between the source and equalized output signal

as a function of the performance of the chosen blind is equal to one. It should be pointed out that Godard’s

adaptive equalizer from the residual ISI point of view. (Godard, 1980) algorithm for example, belongs to the

The equalization performance depends on the naturementioned type of blind adaptive equalizers.

of the chosen equalizer, on the channel characteris- The paper is organized as follows: After having

tics, on the added noise (SNR), on the step-size pa-described the system under consideration in Section

rameter used in the adaptation process, on the equalil, the closed-form approximated expression for the

izer's tap length and on the input signal statistics. achievable SER is introduced in Section Il . In Sec-

Fast convergence speed and reaching a residual ISkion IV simulation results are presented and the con-

where the eye diagram is considered to be open areclusion is given in Section V.

the main requirements from a blind equalizer. Fast

convergence speed may be obtained by increasing the

step-size parameter. But increasing the step-size pa-

rameter may lead to a higher residual ISI which may 2 SYSTEM DESCRIPTION

cause the achievable SER to increase beyond the sys-

tem’s requirements. Up to now, there is no closed- The system under consideration is illustrated in Fig-

form expression for the achievable SER that takes into ure 1, where we make the following assumptions:

account the performance of the chosen blind adaptive1. The input sequencén) belongs to a two indepen-

equalizer from the residual ISI point of view. dent quadrature carrier case constellation input with

In this paper, we propose for the two indepen- variancec? wherex;(n) and x;(n) are the real and

dent quadrature carrier case a closed-form approxi-imaginary parts ofk(n) respectively andj)%r is the

mated expression for the achievable SER as a func-variance ofx (n). In the following we denote (n)

tion of the step-size parameter, equalizer’s tap length, asx;.

input signal power, SNR and channel power. The 2. The unknown channéi(n) is a possibly nonmin-

new obtained expression for the SER is based on theimum phase linear time-invariant filter in which the

closed-form approximated expression for the residual transfer function has no “deep zeros”, namely, the ze-

ISI obtained by blind adaptive equalizers presented in ros lie sufficiently far from the unit circle.

(Pinchas, 2010b). Thus, it is applicable for type of 3. The equalizec(n) is a tap-delay line.

blind adaptive equalizers where the error that is fed 4. The noisev(n) is an additive Gaussian white noise
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Symbol Error Rate as a Function

with zero mean and variance?, = E[w(n)w*(n)]
where(-)* andE[-] denote the conjugate and expecta-
tion operator or{-) and on[-] respectively.

win)
Adaptive Equalizer

+
+

N

Figure 1: Block diagram of a baseband communication sys-
tem.

yin 2

hin)

c{n)

The transmitted sequengf) is sent through the
channeh(n) and is corrupted with noisg(n). There-
fore, the equalizer’s input sequeng®) may be writ-
ten as:

y(n) = x(n)*h(n) +w(n) (Y
where %” denotes the convolution operation. The
equalized output signal can be written as:

z(n) =x(n)+ p(n) +w(n) )
where p(n) is the convolutional noise, namely, the
residual intersymbol interference (ISI) arising from
the difference between the ideal equalizer’s coeffi-
cients and those chosen in the system ar{d) =
w(n)xc(n). Next we turn to the adaptation mecha-
nism of the equalizer which is based on a predefined
cost functionF(n) that characterizes the intersym-
bol interference, see (Godard, 1980), (Pinchas, 2011),
(Gi-Hong et al., 2009), (Lazaro et al., 2005) and
(Shalvi and Weinstein, 1990). Minimizing this(n)

of the Residual ISI Obtained by Blind Adaptive Equalizers

equalizer’s performance from the residual ISI point
of view.

Theorem.
sumptions:
1. The convolutional noisp(n), is a zero mean, white
Gaussian process with varianc% = E[p(n)p*(n)].
The real part ofp(n) is denoted asp;(n) and
E[pA(n)] = mp.

2. The source signak(n) is a rectangular QAM
(Quadrature Amplitude Modulation) signal ( where
the real part ok(n) is independent with the imaginary
part of x(n)) signal with known variance and higher
moments.

3. The convolutional noisp(n) and the source signal
are independent. Thus,

o; = E[nz(n)] = E[x(n) + p(n)(x(n) +
p(n))*] = Ex(n)x*(n)] + E[p(n)p*(n)].

4. %';((:)) can be expressed as a polynomial function of
the equalized output namely B$z) of order three.

5. The gain between the source and equalized output
signal is equal to one.

6. The convolutional noispe(n) is independent with

wW(n).
The achievable SER may be defined as:

seu=iro(8) (1-40()) @

For the following (additional) as-

with respect to the equalizer parameters will reduce whereM = , /Moam andMgawm is the number of sig-
the convolutional error. Minimization is performed nal points for aMgam-ary QAM constellationd is
with the gradient descent algorithm that searches for half the distance between adjacQﬁMQAm- ary PAM

an optimal filter tap setting by moving in the direc-
tion of the negative gradieniF (n) over the surface

of the cost function in the equalizer filter tap space
(Nandi, 1999). Thus the updated equation is given by
(Nandi, 1999):

Ceq(N+1) = Ceq(N) + M- (—HeegF (N)) =

Ceq(N) — K" ()

where [ is the step-size parameteggy(n) is the
equalizer vector where the input vector ygn) =
[y(n)...y(n—N+1)]T andN is the equalizer’s tap
length. The operatdp)" denotes for transpose of the
function().

®3)

3 SER ASA FUNCTION OF
EQUALIZER’S
PERFORMANCE

In this section we derive the closed-form approxi-
mated expression for the SER as a function of the

[

signals.
5 1 —u2
mp+0-\%,r; Q( ) :E[ e2 du
(5)

andmy, 0§~Vr are according to (Pinchas, 2010b):

for Sof™ >0 and Sof™ >0
mp = min [Sof"™, Sof"™|

d

oT = -
ot

/

d
or

or
for Sof™-Sof'™ <0

mp = max[Sof"™, Sof™ ] (6)
where
SO[TQL _ —Bl+w/28§1—4AlclB
_ —B1—\/BZ-4ACiB
SOQ'IQL — 1 AT 11

A1 = (B(450% a3 + 1807 agay2 + 6ajas+
902 a2, + 2a1212) — 2(3a3+ a12)) +
B (45a3 -+ 18agas> + 9a,) 0%,
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_ 212 2122 2001), (Pinchas and Bobrovsky, 2006) may indicate
B1 (B (12(%) Btz +6(0y ) aiz+ that the described model for the convolutional noise
1207 agag + 40% awdn2 + a2 + 15E [x] a3+ p(n) can be used (maybe not in the optimum way)
2\ in the early stages where the "eye diagram” is still
2E [Xﬂ Bduz+E [Xﬂ alZ) closed. It should be pointed out that we are interested
2 (al + 303(,% + 0>2<, alz)) + in the SER where the blind adaptive equalizer has al-
B (4583 + 16agas2 + 9a3,) of, + ready converged and leaves the system with a residual
> 2 ) ' ISI which is much lower compared with the initial I1SI
(B (90aZoy;, + 36asar0x, +12aas+ (which is the usual situation). Thus, we are far away
18a2,02 + 4aya12) — 2a12— 6a3) 0%, from the case where the data sequence and the convo-
lutional noise are strongly correlated.
C= (2 (02) ?aqago+ 03 a2 + 2E [x}] 0% agana+ Proof : _
According to (Proakis, 1995), for rectangular QAM
E [x}] 02 a2, + 2E [x}] awag + E [x¢] a3) + signal constellations in whicklgaw = 2%, wherek is

(15a§+6a3a12+3a§2) 0%r+ even, the QAM signallconstellation _is eqyivalent to
5 5 5 two PAM (Pulse Amplitude Modulation) sklgnals on

(450303 + 18352120y, + 6anas+ quadrature carriers, each havig@Moam = 22 signal

9a2,0% + 2a1a12) O, + points. Since the signals in the phase-quadrature com-

2 2 2 2 ponents can be perfectly separated at the demodulator,
(8 12202905 sdana 20 + 15038 '] the probability of error for QAM is easily determined

12agas2 (03, 2 | 2azarE [X'] +a2,E [x] + from the probability of error for PAM (Proakis, 1995).
| — | - Specifically, the probability of a correct decision for
6a7, (0%, ) ) O theMgawm-ary QAM system is (Proakis, 1995):
2
HNO‘% Pc = (1 - P‘ /MQAM) (9)

B= HN0>2< Zlig_llhl (n)|2+ SNR

where P\/m is the probability of error of a

(7) .

5 o2 2 . +/Moawm-ary PAM with one-half the average power
%% = SNRT R TP SNR= 32, Ris the channel 5 o5ch quadrature signal of the equivalent QAM sys-
length anda;, a;», ag are properties of the chosen tem. Therefore, the probability of a symbol error for
equalizer and given by (Pinchas, 2010b): theMgawm-ary QAM is (Proakis, 1995):

oF (n) 2
Re( 0z(n) ) - (al (2) + 20 (z) +au2(z) (25)2) Phigaw = 1= (l_ P\/MQAM) (10)

(8) According to (Thompson, 2005), for th — 2 inner
whereR€-) is the real part of-) andz, z are the points, the probability of error of §/ Mqam-ary PAM

real and imaginary parts of the equalized outrjad is:
respectively. Pinner=P(|pr (n) J:Wr (n)| >d) = (11)
Comments 2P ((pr (n) + W (n)) >d)

Assumptions 1 and 3 were also made in (Nikias and wherew; (n) is the real part ofvTn). For the two outer
Petropulu, 1993), (Bellini, 1986), (Fiori, 2001) and in points, the probability error is (Thompson, 2005):
(Haykin, 1991). It should be noted that the described . Phner

model for the convolutional noisg(n) is applicable Pouter = P ((pr (n) +Wr () > d) = == (12)

during the latter stages of the process where the Pro-Therefore, by using (11) and (12), the overall SER of

cess is close to optimality (Haykin, 1991). Accord- 5 /Moaw-arv PAM (Thompson. 2005) is:
ing to (Haykin, 1991), in the early stages of the iter- Qam-ary 5 ( g ’ ,\z_ 1

ative deconvolution process, the ISl is typically large  SERapm = M—_Plnner+ Z Pyuter = ——— Phnner

with the result that the data sequence and the convo- M M (13)
lutional noise are strongly correlated and the convo-
lutional noise sequence is more uniform than Gaus-
sian (Godfrey and Rocca, 1981). However, satisfy-
ing equalization performance were obtained by (Fiori,
2001) and others (Pinchas and Bobrovsky, 2006) in

Next we turn to calculatd ((pr (n) +W (n)) > d).
According to assumptions 1 and 6 from this section,
we may approximate the probability density function
(pdf) of (pr () +Wr (n)) as:

Y
spite of the fact that the described model for the con- . _ 1 ke
volutional noisep(n) was used. These results (Fiori, F(pr (n) + W (n)) = J2ror - o (14)
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By using (14) we may write: w’

—=— Calculated without Equalizer
—+— Calculated with Equalizer
—6— Simulated

7t2

(<4 1 E B i
P(t>d):/d T dt_Q(oT) (15)

wheret = (pr (n) + W, (n)). Now, by substituting (15)
into (11) and the obtained expression Rner into
(13) we obtain:

107+

10°F

10° L L
16 18 20 22
SNR

2
SERuam=1— (1—P\/m) -

2 Figure 2: SER comparison with the following parameters:
1- (1 — Z%Q (01) ) = (16) d =1, the step-size paramete«= 0.00005, the averaged re-
T sults were obtained in 100 Monte Carlo trials where 128000
4M-10y (i) (1 M1 (i)) symbols were produced for each trial.
M oT M oT
This completes our proof. o e

—+— Calculated with Equalizer
—©— Simulated

107+

4 SIMULATION .

In this section we test our new proposed expression

for the SER (4) for the 16QAM case (a modula-

tion using+ {1,3} levels for in-phase and quadra- } -

ture components) with Godard’s algorithm (Godard, R R

1980) for various SNR and step-size values. It should ¢y e 3: SER comparison with the following parameters:

be pointed out that the closed-form approximated ex- g— 1, the step-size parameje 0.00002, the averaged re-

pression fom, was tested for various types of equal- sults were obtained in 100 Monte Carlo trials where 128000

izers, step-size parameters, channel types, equalsymbols were produced for each trial.

izer's tap length and input constellations in (Pinchas,

2010b) and (Pinchas, 2010a). Thus it is reasonableaddition we wish to show the SER performance for

to show here only the performance for the 16QAM the case where the residual ISI is not taken into ac-

case with a specific channel type. The equalizer tapscount. Therefore, we denote in the following the SER

for Godard’s algorithm (Godard, 1980) were updated performance that does not take into account the resid-

according to: ual ISI as "Calculated without Equalizer”. Figure 2

G (N+1) = G (1) — and Figure 3 show the SER perfprmance as afunct_ion
m m of SNR of our proposed expression (4) compared with

" (|Z(n)|2 B E[x(n)4]) (n)y* (n—m) (17)  the simulated results and with those calculated results

E[Ix(m)[?] that do not take into account the residual ISI. Accord-

. . ing to Figure 2 and Figure 3, a high correlation is ob-
whereg is the step-size. The values far, a;> and g g g 9

i - served between the simulated and calculated results
as correqundmg to Godards's (Godard, 1980) algo- (4), while the opposite is seen by comparing the simu-
rithm are given by:

lated and those calculated results that do not take into
E[xn)*] . _ account the residual ISI. Figure 4 shows the SER per-
ElxmA az=1; ag=1 (18) formance as a function of the step-size parameter of
. ) our proposed expression (4) compared with the sim-
The following channel was consideredzhannell ulated results. According to Figure 4, a high correla-

(initial ISI = 0.44): The channel parameters were de- jon, is observed between the simulated and calculated
termined according to (Shalvi and Weinstein, 1990):  asuits (4).

hh=(0 for n<0; —-04 for n=0
0.84-0.4"1 for n>0).
The equalizer’s tap length was set to 13. The equal-
izer was initialized by setting the center tap equal to 5 CONCLUSIONS
one and all others to zero.
In the following we denote the SER performance In this paper, we propose a closed-form expression
according to (4) as "Calculated with Equalizer”. In for the SER that takes into account the achievable
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