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In this paper, we address the problem of flocking for networks of nonholonomic mobile robots with nonlinear

dynamics given that a flocking algorithm for particles is known. Our approach relies on the use of near-identity
change of coordinates that transform the nonlinear dynamics of the robot to a partially-linear normal form with
a double-integrator linear subsystem. The flocking algorithm is then applied to the linear part. The inverse
of the near-identity transformation provides the flocking algorithm for the networked nonholonomic robots.
We prove the emergence of flocking behavior for robotic networks with nonlinear dynamics according to the
formal definition of flocking in Olfati-Saber’s flocking paper (TAC ’06). Simulation results are provided for
large-scale networks of two-wheeled robots with nonlinear dynamics as models of Khepera-Ill robots that
demonstrate the effectiveness of our proposed transformation and algorithm.

1 INTRODUCTION

Flocking is a form of collective behavior of a large
number of interacting mobile agents with a uni-
fied objective (e.g. moving towards the same di-
rection) with an elegant lattice shaped spatial or-
der that reflects cohesive group motion (Olfati-Saber,
2006). Group behaviors such as flocking, school-
ing, and herding are one of the few research sub-
jects that are of great interest to physicists (Vicsek
et al., 1995; Shimoyama et al., 1996; Toner and Tu,
1998; Levine et al., 2001), computational social sci-
entists (Helbing et al., 2000), animal behavior experts
(Shaw, 1975; Potss, 1984; Partridge, 1982; Parrish
et al., 2002), applied mathematicians (Mogilner and
Edelstein-Keshet, 1999; Topaz and Bertozzi, 2004;
D’Orsogna et al., 2006; Cucker and Smale, 2007),
computer scientists (Reynolds, 1987), and robotics
and control scientists (Olfati-Saber, 2006) alike.
Some of the existing results on flocking and for-
mation control for groups of nonholonomic agents
can be found in (Regmi et al., 2005; Dimarogonas
and Kyriakopoulos, 2006a; Dimarogonas and Kyr-
iakopoulos, 2006b; Dimarogonas and Kyriakopou-
los, 2007; Moshtagh and Jadbabaie, 2007; Dong and
Farrell, 2008; Chopra et al., 2008; Tanner et al.,
2005). In this paper, we extend the flocking algo-
rithms from (Olfati-Saber, 2006) for groups of parti-
cles with double-integrator dynamics ¢; = u; to mo-
bile robots with nonlinear dynamics. We address
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the problem of flocking for networked nonholonomic
robots with nonlinear dynamics shown in Fig. 1.

Our approach to flocking for dynamic nonholo-
nomic robots relies on application of near-identity dif-
feomorphisms (Olfati-Saber, 2002) that transform the
nonlinear dynamics of the robot into a partially-linear
normal form with a double-integrator linear part and
applying the flocking algorithm to the reduced normal
form. The flocking algorithm for the original network
of mobile robots can be obtained using the inverse of
the near-identity diffeomorphism.

The aforementioned reduction method is more
general and can be applied to the design of flocking al-
gorithms for other types of mobile robots with nonlin-
ear dynamics if the corresponding near-identity trans-
formation of the robot can be found. The main chal-
lenge is to prove that the resulting flocking algorithm
for robotic networks with nonlinear dynamics leads
to emergence of flocking behavior according to the
formal definition of flocking in (Olfati-Saber, 2006).
Establishing the emergence of flocking is one of our
main results.

Here is an outline of the paper: Some background
and notation on flocking are provided in Section 2.
The nonholonomic robot and its dynamics are pre-
sented in Section 3, which also details a coordinate
change using near identity diffeomorphism. Our main
theoretical result is presented in Section 5. Simulation
results are provided in Section 6. Finally, concluding
remarks are made in Section 7.

353

In Proceedings of the 9th International Conference on Informatics in Control, Automation and Robotics (ICINCO-2012), pages 353-359

ISBN: 978-989-8565-22-8

Copyright ¢ 2012 SCITEPRESS (Science and Technology Publications, Lda.)



ICINCO 2012 - 9th International Conference on Informatics in Control, Automation and Robotics

2 FLOCKING ALGORITHMS
FOR PARTICLES

In this section, we provide some background and no-
tations on Olfati-Saber’s flocking algorithms and the-
ory (Olfati-Saber, 2006). Consider a group of n parti-
cles called a-agents moving in R™ with the following
dynamics

Qi = Pi

pi = Uj @
where gi; pi;Ui 2 Rm denote the position, velocity,
and control of agent i, respectively. Let us denote the

R™. The proximity network of the agents is a dy-
namic graph G(q) = (V;E(q)) with the set of nodes
V =f1;2;:::;ng and the set of edges

E(@=f@))2V V. kq; ak rg

The' adjacency matrix of G(qg) is a non-negative
matrix A(q) = [aij(g)] with smooth elements O
ajj(a) 1 defined in (Olfati-Saber, 2006). The set of
neighbors of agent i is defined as Nij(q) = fj : (i;]) 2
E(g)g. A conformation q is called a quasi a-lattice if
every agent is approximately equally distanced from
all of its neighbors, i.e.

9e;d>0: e kq; gk d €8j2Ni(q):

An a-lattice is a quasi a-lattice with e = 0. The for-
mal definition of flocking is given in (Olfati-Saber,
2006) as follows:

Definition 1. (flocking) A group of a-agents with the

trajectory (q( ); p()) perform flocking behavior over

atime interval [to;t), if every agent i only communi-

cates with its neighbors N; and the trajectories of the

agents satisfy the following properties over the period

[to;t5):

1. Cohesion: 9r >0:kqi(t) qc(t)k
bl ai):

2. Self-assembly of a quasi a-lattice after some finite
time;

3. Self-assembly of a connected proximity network
G(q(t)) after some finite time;

4. Self-alignment: a relatively small velocity mis-
match

randqc(t) =

90<e 1:K(p):l kpjt) pit)k®<e
(i:1)2E(a)

It is shown in (Olfati-Saber, 2006) that Algorithm
2 leads to emergence of flocking behavior. This flock-
ing algorithm can be described as follows:

ui = f2+ f} )
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or in a more explicit form, it can be expressed as
U= Fa(kq; aij(@)(p;  pi)+f
i2N;
i {z—)

consensus term

Qiks)nij +
{z }

gradient-based term

2N;

b ©)
where njj =(qj @)= 1+ekgj qik?isabounded
vector along the line connEgting gi to gj and e 2
(0;1). Moreover ksks = %( 1+eksk? 1) denotes
the s-norm of vector s.The potential function of the
group is ngfined asV(@) = jeiYa(kaj giks)where
Ya(s) = ksdks fa(h)dh. The scalar function f5(5) is
defined in eq. (15) of (Olfati-Saber, 2006). fig is a
linear tracking controller

fl= cl@ ar) S pr);

where (gr; pr) is the state of the g-agent, i.e. a vir-
tual moving rendezvous point (with double integrator
dynamics). The objective of all a-agents is to asymp-
totically track a single g-agent (or common goal).

In the presence of obstacles, Algorithm 3 in
(Olfati-Saber, 2006) is-applicable. Let us refer to the
projection of an a-agent on the boundary of a con-
vex obstacle (e.g. a wall, or an ellipse) as a b-agent.
Obstacle avoidance can be achieved by establishing a
repulsive potential between an a-agent and its b-agent
projection on a neighboring obstacle. The flocking al-
gorithm with obstacle avoidance capabilities is in the
form

c;c3>0 (4)

Ui = £+ + Q)

where fib is the obstacle avoidance force and is given
by

f2=c)  Folkix
k2N

| (6)
+cy  bi(@(Pix  P); chic; >0
j2NP

iks)Nix

Here, Gi:x and ik with (i;k) 2Va V, denote the po-
sition and velocity of a b-agent generated by an a-
agent with state (qg;; pi) on an obstacle. The functions
bix(q) and T,(s) are defined in equations (55) and
(56) respecE)ver of (Olfati-Saber, 2006) and fjx =
(Gix )= 1+ekdgix qik? Consider a wall obsta-
cle (a hyperplane) with a unit normal ax passing
through a point yx. The projection matrix for this ob-
stacle is P = | akaI. The position and velocity of
the b-agent are given by

Gix =Pgi+ (1 P)yk; Pix = Ppi: (7
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3 NONHOLONOMIC ROBOT
AND TRANSFORMATION

In this section, we study a two-wheeled mobile robot
with nonlinear dynamics shown in Fig. 1 that can
be used as the model of commercial robots such
as Khepera-11l. After presenting the nonlinear dy-
namics of the mobile robot, we will demonstrate
how the robot dynamics can be transformed into a
partially-linear system using near-identity diffeomor-
phisms (Olfati-Saber, 2002) where the linear part is a
particle model (double integrator) and therefore flock-
ing algorithms are applicable to the transformed sys-
tem. Inversion of the transformation provides flock-
ing algorithms for networked mobile robots with non-
linear dynamics.

y

p—

w1 b R

(21, %2),

Figure 1: Configuration variables and controls of a two-
wheeled mobile robot.

3.1 Dynamics of the Mobile Robot

Fig. 1 shows a two-wheeled mobile robot with the fol-
lowing nonlinear gynamics

q=w (®)
mv=fi+f,
“Jw=r(fy f)

where (x1;%2)" 2 R is the position of the center of
mass, q is the orientation angle of the robot, f; and f,
are control forces and m;J; and r, are mass, moment
of inertia, and half of the length of the wheel-base.
Defining the following change of control

up = (fy + f2)=m
up=r(fy  f2)=J

the dynamics of the robot in (8) can be rewritten as

©)

(x'l;x'z;q;\'/;\iv) =[vcosq;vsing;w;us; uz]T (10)

Notice that for all t 2 R, the velocities x; and X,
satisfy the following first-order nonholonomic con-
straint

X2€0s8q X38inq=0 (11)
Denoting x = (x1;%2)", one can write the dynamics of
the robot in a coordinate-independent manner as

g x = (Rep)v

\7=U1

. ~ (12)
§ R =Rw
Tw= Us

wheree; = (1;0)7, e, =(0;1)T, Rey is the kth column
of R 2 SO(2) fork =1;2 and

cosq sing = 0 w

R= _.
sing  cosq w 0

(13)

3.2 Near-identity Transformation

The dynamics of the nonholonomic mobile robot
in (12) can be transformed into a cascade of a
double-integrator and attitude dynamics. This can be
performed using a nonlinear change of coordinates
called a near-identity transformation and introduced
in (Olfati-Saber, 2002). This transformation is given
by
z=x+1(Re1) (14)
where 1 is relatively small constant.
By direct differentiation, we get

7=%+1(Re1)
(Rep)v+ I(Rwey)
(Rep)v+ Iw(Rey)
=Rip

(15)

with p = (v;w)" 2 R? and Ry = [(Re1)jl(Re;)]. The
matrix Ry can be explicitly expressed as

_ cos(q)  Isin(q)
Ri = sin(q)  Icos(q) (16)
Clearly , det(Ry) = I and thus R, is an invertible
matrix if and only if 1 & 0. For 1 & 1, Ry is not a
SO(2) matrix. Notice that p = u, thus

I=Rju+Rp=t (17)
where t is the new control input for the linear system
i=t (18)

To find an explicit relation between u and t , we
need to calculate R p as follows
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Ry p = [Riesj IRWe]: (v;w)"
IwRe](v;w)"
=vwRe, Iw?Re;
=R( Iw*w)'
Hence, u = (uz;u»)" can be obtained as
u=R,'t R,R(IW;w)T (20)
On the other hand, we have,

= [wReyj (19)

R,'R= (21)

- O
EeS

1
0
thus " #
. Iw?
U=R,"t+ ww (22)
|
The complete dynamics of the mobile robot in
new coordinates in given by

8. _

=w
0=t
- w=eju=e;R,'t ?
with a partially-linear (z; w)-subsystem. We apply our
particle-based flocking algorithms to this partially-
linear subsystem of the transformed dynamics of the
mobile robot.

4 FLOCKING FOR NONLINEAR
ROBOTIC NETWORKS

Consider a network of robots with the dynamics in
(8). To implement the flocking algorithm (2) on this
network, we perform a change of coordinates as in
the previous section obtaining the double integrator
for the ith robot )

Zi = Wi

Wi =t
which is the same as the particle dynamics in (1) after
relabeling of the variables. Applying the following
algorithm from (2)

= 3+ f3 (25)

leads to flocking behavior for networked mobile
robots with nonlinear dynamics. For group motion in
an environment with obstacles, collision-free flocking
behavior is achieved using the application of the algo-
rithm in (5), i.e.

(24)

=2+ 0+ 10 (26)
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5 ANALYSIS OF FLOCKING FOR
ROBOTIC NETWORKS

Our main result is that if the near-identity transfor-
mation of mobile robots (oriented particles) perform
flocking, then the group of mobile robots perform
flocking as well—given some assumptions. Here is
our main analytical result:

Theorem 1. Consider n mobile robots with nonlin-
ear dynamics given in (12) applying the flocking al-
gorithm (25). After applying a near-identity transfor-

mation
zi = x + I(Riey)

27
wi = vi(Rie1) + Iwi(Rie2) @)
suppose that the n particles with linear dynamics
i (28)
Wi =t

perform flocking behavior (as defined in Section 2)
so that the angular velocity of all robots remain uni-
formly bounded, i.e. jw;j w. Then, the n mobile
robots with nonlinear dynamics perform flocking be-
havior as well.

Proof. To establish that the mobile robots with non-
linear dynamics perform flocking behavior, we need
to prove that the four conditions of flocking in Defini-
tion 1 are satisfied, particularly, achieving a relatively
small velocity mismatch

K(n)=} knj nik?® 1
(:1)2E()

where Xj = nj.

Suppose that the particle-based model of the
robots form a cohesive trajectory over the time inter-
val [to;ts]) with a cohesion radius of r > 0. Then, for
any given 1 0, a slight perturbation of every par-
ticlex =z 1(Rel) can be geometrically contained
in a slightly larger ball of radius re = r+e(l) and
thus the trajectory of the group of mobile robots is
cohesive. Formally, this can be shown by defining a
compact set containing all the balls around n

Note that the topology of the proximity network
of the mobile robots is the same as the proximity
network of their induced particle-based models after
near-identity transformation. Therefore, connectivity
of the latter implies connectivity of the former. This
proves property (3).

We prove that the mobile robots form a quasi a-
lattice if their perturbed particle-based models (near-
identity transformations) form a quasi a-lattice. De-
fine the unit vectors r; = Rje; and s; = Rje;. For a pair
of neighboring robots i and j and a small parameter
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1 >0, we have
zi=xi+ Irj; zj = xj + Ir;j
and
kxj xik=k(z; z)+0I(rj r)k
kzj zik+21 d+(e+2l)

Setting e; =e+21 1 guarantees that kx; Xk
d+eq. Similarly, one canshowkzj zik kxj xk+
21. Hence

ka Xikszj Zik 21
d (e+21)

In other words, we getd e; kxj xjk d+eg, or
the mobile robots form a quasi a-lattice.

Finally, we need to show that if the velocity mis-
match is relatively small (K(w) <e 1) for the
particle-based models of robots, then the velocity
mismatch for the robots K(n) will also be relatively
small. Note that the velocities of the particles and
robots satisfy w; = n; + Iwis; where s; is a unit vector.
Let ne = jEj denote the number of edges of the prox-
imity network G(q)—this is a finite number and equal
to ki where k; is the degree of node i. We have

K(n) = knj nik?
(@i:)2E

NI, NI N

k(Wj w;) + |(Wij WiSi)k2
(@i:)2E

kwj  wi)k? + 2ne 1°W?
(@i:)2E

+ 21w ij Wik
@i:1)2E

From thE)property of p-norms, for any vector x 2 R™,
kxkiq mkxky which implies

wi wik Pre( kw; wkd):  Phe
(i;))2E (i:1)2E
Therefore, we obtain a positive upper bound for K(n)

KM) e+ 2Pneelw+2n, 1202
Pe+Prowm? +n 2?1
because e;1 1. The trajectory of the group of mo-
bile robots satisfy all four conditions of flocking be-
havior in Definition 1 and perform flocking if their
near-identity transformations do the same. O

6 SIMULATIONS

In this section, we present simulation results for flock-
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Figure 2: Flocking for networked nonholonomic robots
with nonlinear dynamics: Consecutive snapshots of the
proximity structure for n = 100 mobile robots in free-space.
Flocking behavior emerges in (c) and is maintained there-
after.

ing behavior by networks of mobile robots with non-

linear dynamics both in free-space in Fig. 2 and in
presence of wall-shaped obstacles in Fig. 3. Parame-
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(®

®

Figure 3: Flocking for networked nonholonomic robots with nonlinear dynamics in presence of wall-shaped obstacles: A
group of n = 50 mobile robots start randomly within the boundaries of two wall-shaped obstacles. As the agents follows a
g-agent to the right, the space becomes increasingly narrower until the agents are forced to go through a tunnel about one-third
in width compared to that of the initial space. The agents demonstrate squeezing maneuver where they move within a tight
space without collisions: (a) a global view of the obstacles and (b) through (f) consecutive snapshots of the robots as they
move within the boundaries. A quasi a-lattice can be observed in (b), (c), and (f).

ters that are different from those in the flocking sim-
ulations of (Olfati-Saber, 2006) are as follows: a =5
and b = 10 for f(2) and I = 0:25 for the near-identity
transformation.

7 CONCLUSIONS

We addressed the problem of flocking for networks of
nonholonomic robots with nonlinear dynamics given
that a flocking algorithm for particles was known
from (Olfati-Saber, 2006). Near-identity change of
coordinates (Olfati-Saber, 2002) was applied to non-
linear dynamics of the robot to transform it into a
partially-linear normal form with a double-integrator
linear part. Then, the flocking algorithm was ap-
plied to the linear subsystem. The inverse of the
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near-identity transformation provides the flocking al-
gorithm for the networked mobile robots with non-
linear dynamics. The approach is more general and
applicable to any partially-linearizable robot dynam-
ics. We proved the emergence of flocking behavior
for robotic networks according to the formal defini-
tion of flocking in (Olfati-Saber, 2006). Simulations
results were provided for large-scale networks of two-
wheeled robots with nonlinear dynamics.
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