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Abstract: In this paper, we focus on simulation of magnetic fluids. Magnetic fluids behave as both fluids and as magnetic
bodies, and these characteristics allow them to generate ‘spike-like’ shapes along a magnetic field. Magnetic
fluids are popular materials for use in works of art. Our goal is to simulate such works of art. In the field
of electromagnetic hydrodynamics, many methods have also been proposed for simulating such spike shapes
based on numerical fluid analysis. However, those methods are computationally expensive and they typically
require tens of hours just to simulate a single spike. We propose a more efficient method by combining a
procedural approach and the SPH method (smoothed particle hydrodynamics). Our method simulates overall
behaviors of the magnetic fluids using the SPH method and then synthesizes the spike shapes by using the
procedural approach. We demonstrate our method can generate visually plausible results within a reasonable
computational cost.

1 INTRODUCTION
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In the field of computer graphics, fluid simulation Vnk i w

is one of the most important research topics. Many {ieronO

methods have therefore been proposed to simulate re- \.g./ 8 ‘L

alistic motion of fluids by introducing physical laws. —o o 2t b

Previous methods have attempted to simulate incom- ’?'\‘@

pressible fluids, such as smoke, water and flames, as

well as compressible fluids such as explosions and Figure 1: Structure material of magnetic fluid.

viscous fluids (Stam, 1999) (Fedkiw et al., 2001)
(Goktekin et al., 2004) (Yngve et al., 2000). In this t
paper, we focus on visual simulation of magnetic flu-
ids.

A magnetic fluid is a colloidal solution consisting
of micro-particles of ferromagnetic bodies, a surfac-

tant that covers the magnetic micro-particles, and a ; :
! ' nomenon and generates interesting shapes by apply-
solvent that acts as the base (see Fig.1). Thereforeing magnetic forces to the fluids.

magnetic fluids behave as both fluids and as magnetic M tic fluids h b tudied extensively i
bodies and can be magnetized and attracted to a mag,Eh p algdn?‘ ICI l:' S have " er(]ands l:j 1ed ex en1§r|]ve yhln
net. Thanks to the controllability of the shapes of the e Tield ot electromagnetic nydrodynamics. 1he phe-

magnetic fluids by magnetic forces, magnetic fluids nomena covered bylele.ctromagnetm hydrodyngmlcs
have been widely used for various products such asCan be further classified into plasma and magnetic flu-

electrical and medical equipments. A more interest- ids. A plasma is an electromagnetic fluid that gen-

ing application of the magnetic fluids have appeared grally h"ﬁ] charge ((j"ef.' ag_etlecftnc currefnt flowsf) but
for creating new works of art. When a magnet is loca- 0€s nothave any defined interraces (oriree sur gces).
The dynamics of aurora, prominence, and flares in the

ed near a magnetic fluid, the magnetic fluid forms
spiky shapes like horns along the direction of the
magnetic field generated by the magnet (see Fig. 2).
This is known as the ‘spiking phenomenon’. The
art work using the magnetic fluids utilizes this phe-
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Figure 2: Spiking phenomenon of magnetic fluid (photo-
graph).

sun can be calculated by simulating a plasma. On
the other hand, a magnetic fluid has usually inter-

magnetic fluid

(2

(b) ©

Figure 3: Potentiality of shapes of magnetic fluid. (a), (b)
and (c) show the state with minimum potential energy, min-
imum magnetic energy and minimum surface energy, re-
spectively.

faces but does not have any charges. We can find aet al., 2010). Our method also uses the SPH method

few researches on the visual simulation of these phe-

nomena in the field of computer graphics. However,

and to simulate the magnetic fluids.
In‘computer graphics, no methods have been pro-

to the best of our knowledge, no methods have beenposed for simulating electromagnetic hydrodynam-

proposed for simulating the magnetic fluids in the
field of computer graphics. Although we could use
techniques developed in the field of magnetohydro-
dynamics, their computational cost is extremely high
(Yoshikawa et al., 2011). They typically require tens
of hours to simulate a single spike only.

We therefore propose an efficient and visually
plausible method for simulating the spiking phe-
nomenon, aiming at the virtual reproduction of the
art work. Our method combines a procedural ap-
proach and the SPH (smoothed particle hydrodynam-
ics) method. The SPH method is used to compute
overall surfaces of the fluid with a relatively small
number of particles. Then, we generate the spike
shapes procedurally onto the fluid surface. Although
our method is not fully physically-based, it is easy to

ics. - Although a technique for simulating the mag-

netic field was proposed by Thomaszewski et al
(Thomaszewski et al., 2008), only the magnetism of
rigid bodies is calculated as an influence of mag-
netic fields. Baranoski proposed a visual simulation
method for the aurora by -means of simulating the
interaction between electrons and the magnetic field
using particles with an electrical charge (Baranoski
et al., 2003) (Baranoski et al., 2005). However, these
methods do not take into account fluid dynamics.

In the field of physics, the characteristics of mag-
netic fluids have been studied since 1960. Rosenswig
demonstrated spiking phenomena by using quantita-
tive analysis (Rosensweig, 1987). Sudo et al. have
studied the effects of instability, not only in the spik-
ing phenomenon, but also on the surfaces of mag-

implement and we can reproduce spike shapes that areetic fluids (Sudo et al., 1987). Han et al. mod-

similar to those observed in the real magnetic fluids.

2 RELATED WORK

Many methods have been proposed to simulate in-

eled the formation of a chain-shape between colloidal
particles according to the magnetization of the parti-
cles(Han et al., 2010). Combined with a lattice Boltz-
mann method, they showed that the colloidal parti-
cles would form lines along the magnetic field. How-
ever, their method cannot represent the spike shapes.
Yoshikawa et al. combined the MPS (Moving particle

compressible fluids such as smoke and flames (Stam Semi-implicit) method with the FEM (Finite Element

1999) (Fedkiw et al., 2001). Goktekin et al. proposed
a simulation method for viscoelastic fluids by incor-

Method) and simulated magnetic fluids. Even when
using 100,000 particles and a mesh with 250,000

porating an elastic term into the Navier Stokes equa- tetrahedra, they were able to reproduce only a single

tions (Goktekin et al., 2004).

Stam and Fuime introduced the SPH method into
the CG field for representing flames and smoke (Stam
and Fiume, 1995). Miuller et al. proposed a SPH-
based method based to simulate fluids with free sur-
faces (Muller et al., 2003). Recently, many methods

spike (Yoshikawa et al., 2011).

3 SPIKING PHENOMENON

using the SPH method have been proposed, e.g., simBefore explaining our simulation approach, we will
ulation of viscoelastic fluids (Clavet et al., 2005), in- describe the mechanism about the formation of the
teraction of sand and water (Rungjiratananon et al., spike shape (Rosensweig, 1987). There are three im-

2008), and fast simulation of ice melting (lwasaki
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to the formation mechanism. Equation (1) is the continuity equation, and Navier-
Eg is the potential energy of gravity. If only the Stokes equation (Equation (2)) describes the conser-
gravity is applied as an external force to the magnetic vation of momentum.u is the velocity vectort is
fluid, the fluid will form a horizontal surface at a con- time, p is the fluid densityp is the pressure andis
stant height, as shown in Fig. 3 (a), sinEg is at the kinematic viscosity coefficienf is the external
the minimum level under this conditiotEmag is the force that includes the gravity, the magnetic force, and
magnetic potential energy. If only the magnetic force the surface tension (lwasaki et al., 2010).
is applied as an external force, the fluid will form a Our method solves the above equations by using
certain number of spheroids that stand at the bottomthe SPH method. That is, the magnetic fluids are rep-
of the vessel, as shown in Fig. 3 (bEmag is at a resented by a set of particles and the motion of the
minimum level under these conditioni; is the sur- fluids is simulated by calculating the motions of the
face energy. If the surface tension alone is applied asparticles. For this calculation, we use the method de-
the external force, the fluid will form into a spherical veloped by Ilwasaki et al (lwasaki et al., 2010). This
shape, as shown in Fig. 3 (cls is at the minimum  method is significantly accelerated by using the GPU
level under these conditions. The actual shape is theand is capable of simulating water. We extend the
one that minimizes the summation of these three en- method to the simulation of magnetic fluids. The dif-
ergies, resulting in spike-like shapes, as shown in Fig. ference of magnetic fluids from the non-magnetic flu-
2. ids is that the magnetic force is induced when mag-
Therefore, in order to simulate the spiking phe- netic field exists. The computation of the magnetic
nomena, the three forces need to be taken into ac-force is described in the next subsection.
count: the gravity, magnetic forces, and the surface
tension. At the early stages of this research, we tried 4,2 -~ Calculation of Magnetization and
to simulate the spiking phenomenon by using the SPH :
method only. However, it turned out that we could Magneti gForce
not reproduce the spikes unless we used a significant . ) )
number of particles, resulting in a very long compu- Each particle represents a small magnetic fluid ele-

tation time. Thus. we use the SPH method to simu- Ment, and its motion is calculated by taking into ac-
late the overall behavior of the fluids and develop a COUNt the properties of both fluid and magnetic body.

new procedural method to generate the spike shapesTO calculate the magnetic force, our method assumes

Details of our method is described in the following theParamagnetism, thatis, each particle does nothave
sections. any magnetic charges if there is no external magnetic

field. However, if a magnetic field is applied, each
particle becomes magnetized in the direction along
the applied magnetic field. In this paper, we assume
4 OUR SIMULATION METHOD that the magnetic field is induced by a bar magnet
placed near the fluid. In order to handle a magnet with
As we described before, our method combines the an arbitrary shape, we can use the method developed
SPH method and a procedural approach. In this sec-by Thomaszewski et al (Thomaszewski et al., 2008).
tion, we first describe the governing equations of The magnetic field is calculated by approximating
the magnetic fluid that are solved by using the SPH the bar magnet as a magnetic dipole. We assume that
method (Section 4.1). Next, we describe the computa- the north and south poles of the magnetic bar have an
tion of the magnetic force applied to each particle and equal magnitude of magnetic charge but the signs are
a technique for generating the fluid surface by using different (positive or negative). When computing the
the result of the SPH simulation (Section 4.2). Then, magnetic force working on each particle, it is not suf-
we describe the procedural method for computing the ficient to calculate only the force induced directly by

spike shape (Section 4.3). the magnetic bar. This is due to the paramagnetism.
When each patrticle is placed in the magnetic field of
4.1 Governing Equations the magnetic bar, the particle is magnetized and works

as if it were a small spherical magnet. Therefore, our
The behavior of incompressible fluids is described by Method first computes the magnetic field at equilib-

the following equations. rium state, taking into account the magnetization of
the particles. After that, the magnetic force for each
Ou = 0, (1) particle is calculated. The details are described in the
ou 1 2 following.
o —(u-Dju— 5Dp+VD u+F. (2) The magnetic momem due to a magnetic dipole
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distapice betw: position magnetic magnetic field lines \
the poles fjﬁk\ vector T; @/ vector H(r)) due to magnetized particle \\ \

- N
e .o

magnetic field lines
(@) (b)
Figure 4: Calculation of the magnetization and the magrfetice. (a) First, we calculate the magnetic field vector ahea
SPH particle induced by a magnetic dipole. (b) Next, we dateuthe influence of other particles from the magnetized
particles.

)
)

puted by solving the following equation,

V. N XH(ri) 1
H(rj) = Hdipole(fj)—ﬁlz D%, (5)
i#]

whereV is the volume of a particle and we assume
that the volume of all particles are equaljs the po-
sition of particlei, N is the total number of particley,
is the magnetic susceptibility;j =r; — ri, andrij; = |
rj — ri |. The magnetic susceptibility changes due to
the external magnetic field. It is known that the mag-
netization of the magnetic fluids is saturated when the
magnitude of an external magnetic field is larger. We
calculate the magnetization in all particles based on
the actual relationship between the magnetization and
an external magnetic field in (Yoshikawa et al., 2011).
The gradient part of the second term in Equation (5)
is calculated by the following equation,

Figure 6: The surface computed using Equation (13).

. . . . XH(I“)-I’" [ [
is defined by the following equation: 0 r::]? i _ O(xH(ri)) - I;s; +XH(ri)- D(#).
m = Qmd, ®3) (6)
We use the kernel function to calculate the partial dif-

whereqn is the magnitude of the magnetic charge and ferential ofH (1), that is
1)1 [l

d is a vector connecting from the south to north poles.
We call the magnetic vector induced by the magnetic

bar as a background magnetic vector. Let us assume N N m; _ B
that the origin is at the midpoint between the north O(xH(ri)) = Z‘ p_jXH(rJ)DW(rIJ)v @)
and the south poles. Then, the background magnetic i

vectorHgipole(r) at positionr is expressed by the fol-

. ) wherew(rij) is the kernel function. We use the fol-
lowing equation.

lowing kernel function frequently refered in the SPH

1 m-r method (Muller et al., 2003),
Haipole(r) = —7—U=3~, (4)
T
315 h2_ 2\3 o<r<h
wherep is the permeability of the magnetic fluid and w(r) = { S‘W‘g( ) h 2 : - (8)

r =|r|. Each particle is magnetized due to the back-
ground magnetic vector field and induces an addi- whereh is the effective radius of each particle. We
tional magnetic vector field. Thus, in order to obtain calculate Equation (5) taking into account the influ-
the final magnetic vectdd(r ;) at particlej, the mag- ences from all the particles. We use the Gauss-Seidel
netic interactions between particles have to be com- method to solve Equation (5).
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Next, the magnetic forcEmag(ri) is calculated by Co=B|HX) |, (14)

using the following equation (Rosensweig, 1987), where B is the proportional coefficientH(x) | is the

Fmag(ri) = —0@(ri), 9) magnitude of the magnetic field at position
In the real world, the following three structural
where, " .
HIH(r) 2 features are observed: 1) positions of the spikes are
@= > (10) symmetric as shown in Fig. 5, 2) distances between

neighboring spikes become shorter when the mag-
netic force becomes stronger, and 3) the spikes are
formed along the direction of the magnetic field lines.
We develop a mapping method so that these three fea-
tures are reproduced.

First, we set the intersection between the extended
4.3 Computing Spike Shapes line connecting a magnetic dipole and the fluid sur-

face to the origin of the texture coordinate defined by

The formation of the small spike shapes on the Xyin Equation (13). This is because the magnetic field
magnetic fluid surface can be explained by the bal- created from one magnet becomes symmetrical field
ance among the forces of the surface tension, grav-With respect to a point centering on magnet. \We trace
ity and the stress due to magnetization (Rosensweig,SiX directions from the origin of the texture coordi-
1987)DAs we described before, our method synthe- nates and calculate the mapping coordinates of the
sizes the spike shapes by employing the procedurawertices of the spike because the height field repro-
approach. The basic idea is as follows. We prepare aduced by Equation (13) has three axes of symmetry
procedural height field representing the spike shapes(see Fig. 7 (a)). Lexo be the position of the top of
generated on a flat surface. Next, during the simula- the spike just above the magnet. For each direction of
tion, the height field is mapped onto the curved sur- Six tangent vectors align to the three axes, the posi-
face calculated by using the SPH particles. When the tion of n-th spikex, from the origin is calculated by
fluid surface is flat and a magnetic field is perpendic- the following equation,
ular to the flat surface, the spike shapes can be rep-
resented as a height fieffk, y) expressed by the fol- Xn = Xn_1+ | (H(X0))dn_1, (15)
lowing equation (see 7 for derivation).

Og@ in Equation (9) is calculated by using the kernel
function represented by Equation (8), that is,

g = ij%DW(rij)- (11)

wherel is a function representing the distance be-

B . . tween the tops of — 1-th andn-th spikes and it is
Zxy) = ch(smklirClCOSle)(s'nkzy+CZCOSKZ()’1)’2) determined byH(Xg). dn_1 is the tangent vector on

whereC; (i = 0, 1, 2),k; andk, are parameters con- the fluid surface at the mapping coordingte;. Ex-

trolling the spike shapes. There is a constrainkpn ~ Perimentally, we useti= &, vyhgreq =015
andk,: these need to be integers that satkﬁyl- k% To represent .the _charactensucs thgt _the §p|kes
is the same for possible combinations®fandk3. ¥ grow along the direction of the magnetic field lines,
means the sum of the possible combinations. For theWe calculate the magnetic field vectonat and we
real magnetic fluids, a regular hexagonal pattern is of- c@lculate the intersection between the fluid surface
ten observed (see Fig. 5). Therefore, we choose the?‘”d the magnetic field vector. The intersection point

constants in Equation (12) so that such a pattern caniS the mapping coordinatg. By repeatedly apply-
be reproduced: ing this operation to a mapping area, we calculate the

mapping coordinates.

K Kk The positions of the tops of the spikes between
Z(x,y) = Co(COS 5 (v/3x+Y) +C0S, (VX ) + Cosky). two adjacent symmetry axes (red points in Fig. 7 (c))
(13) are calculated by interpolating the positions of two

The above equation is used for the procedural heightth spikes (yellow points in Fig. 7 (c)).

field representing the spike shapes on a flat surface.  The mapping area is determined by using the par-
We setk to 50. Fig. 6 shows an example of the spike ticles whose magnitudes of the magnetizations are
shapes synthesized by using Equation (13). Com-greater than a threshold. The magnitude of magne-
pared to Fig. 5, we can see that the synthesized shapgjzation is calculated by the balanced equation (Equa-
is very similar to the real spike shapes. The size of tjon (26)) for simple spike shapes in equilibrium (see

the spike is controlled by adjusti@®. We simply as- 7). We use the minimum value of the magnetization
sume thaCy is proportional to the magnitude of the M, as the thresholdV; is calculated by the following
magnetic field. equation,
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spike coordinate X,

N
texture S

3\

coordinate X, + I(H (Xo )) d, =x

/ interpolation point

tangent vector d

fluid surface

- >
mapping coordinate s, B\ mapping coordinate §,
° °
/— simulation s, =X, +aH(xl) s
/ \ coordinate
© (b)

Figure 7: (a) Spike texture coordinates are used as thetfafth (b) To calculate the coordinates of the spike vesticee
trace along the fluid surface. (c) The coordinates other &éimeaixis of symmetry are calculated by interpolation.

: SPH particles 6 R ESU LT S
i representing :
s ic fluid s . r
i i oaXMDa | . For the simulation of our method, we used CUDA
z ] hange of the fluid ) — for the SPH method and the calculation of the mag-
/T_)y Surface mfluenced by magnet netic force at each SPH particle. The number of par-
. the magnetic field ticles used in the simulation shown in Figs. 9 and

5 10 is 40,960. The average computation time of the
@ ®) simulation for a single time-step is 6 milliseconds
Figure 8: The simulation space of our method. (a) The mag- on @ PC with an Intel(R) Core(TM)2 Duo 3.33GHz
netic fluids, which are represented by a set of SPH particles, CPU, 3.25GB RAM and an NVIDIA GeForce GTX
are stored in a cubic container. (b) The magnet is located 480 GPU. The parameters used in the simulation are
underneath the container. Then the motions of the magnetshown in Table 1. The average computation time of
fluids are simulated by moving the magnet. the surface construction for a frame is 2 minutes on
the same PC. The initial fluid surface is shown in Fig.
2 1 id i i i ich i
M2 = S(142) (16) 8 (a). The fluid is contained in a box, which is not

vl % (P1—P2)0K, shown. Fig. 8 (b) shows how the shape of the fluid

wherep; andp, are the density of the magnetic fluid Surface changes when a magnet approaches the bot-

and air, respectively is the magnitude of the surface tom of the box. Fig. 9 shows an animation sequence
tension. of the magnetic fluid when we move the magnet in

the vertical direction. As shown in Fig. 9, the spikes

grow and increase when the magnet moves closer to

the magnetic fluids. Fig. 10 shows an animation se-
5 RENDERING quence of the magnetic fluid when we eliminate the

) . magnetfield. The surface becomes flat as we decrease
The surfaces of the magnetic fluids are extracted by o magnitude of the magnetic field. These results

using the method proposed by Yu etal. (Yuand Turk, gemonstrate that our method can simulate the para-
2010). Since the magnetic fluids are colloid fluids, the magnetic property of magnetic fluids. Fig.9 shows
transmitted light in the magnetic fluids is scattered. 5, gnimation of magnetic fluids with the movement
However, since the colors of the magnetic fluids are ¢ 5 magnet. As shown in Fig.9, the spikes grow
black or brown in general, the albedo of magnetic flu- 514 increase when we move the magnet closer to the
ids is very small. Thus, the light scattering effects in- agnetic fluids. These results demonstrate that our
side the magnetic fluids are negligible. Therefore, our athod can simulate the paramagnetic property of
method ignores the light scattering inside the mag- magnetic fluids. Fig. 11 shows an example where we
netic fluids. We used POV-Ray to render the surfaces. | se two magnets. Compared to the case when using

only a single magnet, the directions of the spikes get
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(a)t =1.6 sec. (b} = 3.2 sec. (c} = 4.8 sec. (d) Enlarged view of (c).

Figure 9: Formation of spikes in the magnetic fluids. Spikepels grow as the magnet approaches the bottom of the magnetic

fluids.

(@)t =5.2 sec. (b} = 6.8 sec. (c} =8.4 sec. (dy = 10.0 sec.

Figure 10: Magnet fluids act as fluids when the magnetic fietddsiced.

(@)t =5.2 sec. (b} = 6.8 sec. (c) = 8.4 sec.

(d) Using only a single
magnet.

Figure 11: (a) to (c) show the results of the magnet fluids hadpikes by setting two magnets under the magnetic fluigls. (d
shows the simulation result of the spikes using a single ®@tafgn comparison. Compared with (d), the spikes closer ¢o th
other magnet get mush distorted in (a) to (c), the spikesiwéiie closer to the other magnet get much distorted.

Table 1: Parameter setting of magnetic fluid simulation.  ing a procedural approach, and map the shapes onto
the fluid surface. Our method demonstrates that the

param. meaning value magnitude of the magnet field influences the shapes
dt time step 0.00075 . .
v Kinematic viscosity coefficient 012 Qf the magnet fluids anq thg magnet fluids act as flu-
m particle mass 0.016 ids wh_en_ th_e magnet field is ellml_nated. There are
R particle radius 05 three limitations for our method. First, the conserva-
h effective radius 13 tion of the fluid volume is not considered when map-
g gravitational acceleration 9.8 ping the spike shapes onto the fluid surface. Second,
K coefficient of surface tension 7.5 our method cannot handle the fusion of more than one
dm | magnitude of the magnetic charge 5.0 spike shapes, while we can observe such a fusion in
p_ | permeability of the magnetic fluifi4 it 10~ real magnetic fluids. Third, our method does not sim-
X magnetic susceptibility 0.01 ulate the flows of spikes along the velocity and vortic-

_ ) ~ ity of the magnetic fluid, since the function used for
changed according to the change in the magnetic field representing the spike shapes is not changed by the
due to the other magnet. fluid behavior.

In future work, we would like to calculate the
spike pattern other than regular hexagonal pattern dy-
7 CONCLUSIONSAND FUTURE namically using Equation (12) and represent the other
WORK spike shape arrangement. Moreover, to apply our
method to works of art, we would like to control the

We have proposed a visual simulation method for magnetic field by using electric current flows.

magnetic fluids whose shapes change according to
the magnetic field. We compute the spike shapes us-
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field (in zdirection) and calculate how the liquid sur-
face changes according to the magnetic field. We
show that we can obtain Equation (12) for describing
the surface displacement according to the magnetic
field. The variables of the density and magnetic field
are defined as shown in Fig 12. When the liquid sur-
face is slightly deformed (Fig. 13), the variation of the
magnetic flux density inside the magnetic flulid, =

B — Bp , and the variation of the magnetic fielt, =

H — Ho1 have the following relationship:

bl = (p-tha P—hly7 ﬁh12)7

where the magnetic flux density and the magnetic
field are parallel.p is the permeabilityu’is the dif-
ferential permeabilityhiy, hiy, hi; show thex, y and

z components ohy, since the magnetic flux density
and the magnetic field are parallel. By letting the
magnetic potential inside the magnetic fluidgagthe
magnetic fielchs in case of no electric current can be
expressed as:

(17)

h1 = Ogr. (18)

If the electric currentis flowing, the magnetic field
due to electric currents must be considered and the
potential term becomes complicate. By using the fol-
lowing equation,

H=0-B, (19)

Thomaszewski. B.. Gumann. A.. Pabst. S.. and Strasser. W the divergence of the variation of the magnetic flux

(2008). Magnets in motion. IRroceedings of SIG-
GRAPH Asia 2008Computer Graphics Proceedings,
Annual Conference Series, pages 162:1-162:9. ACM,
ACM Press / ACM SIGGRAPH Asia.
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density can be rewritten as:

0%y

g 0%Qy
) A

X2 + ay?

D~bl_u< (20)



VISUAL SIMULATION OF MAGNETIC FLUIDS

z
Air A .
density P,

2 2
( 0 + L + kz) z(x,y) =0, (25)

2 2
magnetic field Hy, gravity g ox Oy

The general solution of this equation is the one
41’*041—1’—% shown in Equation (12).

Magnetic fluid density P, (> P,)

magnetic field Hy, | magnetic field My, A PPE N DI X B

Figure 12: Horizontal interfacial boundary and vertical o o ] )
magnetic field. Each character equation of the fluid set as in Equilibrium of Force inside Spike Shape. In this

the figure. appendix, we explain that the minimum value of the
magnetization is represented as Equation (16) when
z T the magnetic fluid forms a spike shape. Considering
B, . :
B, + b, the balance between the surface tension and the dif-
- surface displacement ference in the stress on both sides of the liquid sur-
02 2

face, the equilibrium equation of forces at the liquid
surface can be represented by the following equation
when the spike is formed.

z=2(x.y)

2 2

0 0
(Tzznz)l - (Tzznz)z N G (ﬁ + ﬁ) Z: O, (26)
Figure 13: Deformation of the interfacial boundary by ap- X Y
plied vertical magnetic field. whereT,; is the normal stress indirection andh; is
the normal vector of-axis. In the air and the mag-

On the other hand, the magnetic field potenfial  netic fluid, T,, can be written as follows, considering
above the magnetic fluid satisfies the following equa- e magnetic pressure.

tion:
0° 0? 02
( a;gz + a;gz + 63) =0. (21) (Tzdz)y = —P1+ % (BoHo1 + Hoibaz + Bohyz)
Moreover,@; = 0 (z— — o) andg, = 0 (z — (Tzdz), = — P2+ 3 (BoHoz + Hozbzz + Bohzz) 27

o) can be used as boundary conditions because each Substituting the following equation of pressure
magnetic field is not affected by the deformation of isiribution in Equation (26)

the interfacial boundary & + . Due to the condi-
tion that the tangential component of magnetic field 1
H is equal on both sides of the liquid surface, and the P1= —P19Z+ 3 (Bohiz — Hoibyz) (28)
surface normal component of magnetic flux denBity P2 = —p2gZ+ 5 (Boh2z — Ho2bzz)

has the same value on both sides of the interface, thethe following equation can be derived considering
following equation is satisfied on the deformed liquid Equation (22) and (25),

surface.
@1 — @2 = Moaz(x, ) {(pl —p2)9— %kuol\/l%ﬁ sz} Z(x,y) = const
oo e g (22) +y
Moz —Hog, =Y (29)
where,Mo1 = [Moa, Z(x, y) is the height field of the Because is not zero when the spike is deformed,

deformed liquid surface. Then, the following equa- Equation (29) holds only when the constant on the
tions satisfy Equation (20), (21) and (22) and the right side and the term in parentheses on the left side
boundary condition. are zero.That s,

_ Moy B M2, = Y (01— p2) 2 +ak 30
(p1_1+yz(x,y)exp<k\/;>, (23) 0= oy {(pl P2)y } (30)

If the magnetization of magnetic fluid is less than
_ WMo (24) Equation (30), the liquid surface does not change.
l+y

) Whenk = \/%, the right hand side of equation

wherey =, /5 andz(x, y) must satisfy the following  is minimum. The minimum value is shown in Equa-
Vig : .

equation: tion (16).

(07 z(x,y) exp(—ka2),
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