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Abstract: We propose a new algorithm to restore an image contaminated by the Gaussian white noise. Our approach
is based on the weighted average of the observations in a neighborhood as in the case of the Non-Local

Means Filter. But in contrast to the Non-Local Means Filter, we choose the weights by minimizing a tight
upper bound of the Mean Square Error. Our theoretical results show that some "oracle” weights defined by
a triangular kernel are optimal. To construct a computable filter the "oracle” weights are replaced by some
estimates. The implementation of the proposed algorithm is straightforward. The simulations show that our
approach is very competitive.

1 INTRODUCTION two criteria: a spatial criterion so that(x) is a de-
creasing function of the distance betweeand g,
We deal with the additive Gaussian noise model: and a similarity criterion so that/(x) is also a de-

_ creasing function of the brightness differefeéex) —

Y9 =T +e(), xel, (1) Y (xo0)| (see e.g. (Yaroslavsky, 1985; Tomasi and Man-
wherel is the uniformN x N grid of pixels onthe unit  duchi, 1998)), which measures the similarity between
square)Y = (Y (X)), is the observed image bright- the pixelsx andxo. In the Non-Local Means Filter,
ness,f : [0,1]> — R, is an unknown target regression h> 0 can be chosen relatively large, and the weights
function ance = (¢(x)),., are independentand iden- w(x) are calculated according to the similarity be-
tically distributed (i.i.d.) Gaussian random variables tween data patcheg,, = (Y(y) : y € Uxy) (identi-
with mean 0 and standard deviation> 0. fied as a vector whose composants are ordered lexico-

Important denoising techniques for the model (1) graphically) andYy, n = (Y(y) 1y € Uy, ), instead of
have been developed in recent years. A very sig- the similarity between just the pixelsandxg. Here
nificant step in these developments was the intro- n > 0 is the size parameter of data patches.
duction of the Non-Local Means Filter by (Buades In this paper we address the problem of choosing
et al., 2005). For closely re_zlated works, see for ex- ihe weightsw in (2) in some optimal way. Generally,
ample (Polzehl and Spokoiny, 2006; Kervrann and the weightsw are defined through some priory fixed
Boulanger, 2008; Buades et al., 2009; Katkovnik yernels; often the Gaussian one. The important prob-
etal., 2010; Lou et al., 2010). lem of the choice of the kernel has not been addressed

The basic idea of the filters by weighted means is g4 far, Although the choice of the Gaussian kernel
to estimate the unknown imadexo) by a weighted  yields good numerical performance, there is no par-

average of observatioi§x) of the form ticular reason to restrict ourselves to this kernel. Our
fu(Xo) = g W(X)Y (x), ) theoretical results.an_d simulations show that another
xelr n kernel is preferred; this kernel leads to us an improved

Non-Local Means Filter which also has the advantage
where for eacho andh > 0, Uy, denotes a square  that it is parameter free in the sense that it automati-

window with centenx, and width 1, w(x) are some  cajly calculates the bandwidth of the smoothing ker-
non-negative weights satlsfymgxeumhw(x) =1 nel.

The choice of the weights(x) are usually based on Our main idea is to produce a very tight upper
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bound of the Mean Square Error X. Like h, the parameten is also taken as a multiple
_ _ 2 of % The size of the patcbly, is the positive integer
R(fu(0)) = E (ful0) ~ 1(0))

in terms of the bias and variance and to minimize
this upper bound iw under the constrainte > 0 The vectorYyy = (Y (y))yey,,, formed by the val-
andZXGUX{}h w(x) = 1. We first obtain an explicit for-  ues of the observed noisy image in the pdtth, in

mula for the optimal weights/* in terms of the un-  the lexicographical order will be callethta patch (or
known functionf. In order to get a computable filter, ~Similarity patch)atx € Uy, n. Finally, the positive part
we estimatev* by some adaptive weigh@based on  Of a real numbea is denoted bya*: a* =aif a> 0
data patches from the observed imag#Ve thus ob- ~ anda” =0ifa<0.
tain a new filter, which we calDptimal Weights Fil- Leth > O be fixed. For any pixelp € | consider a
ter. Numerical results show that the new filter outper- family of weighted estimate§, \w(xo) of the form
forms the typical Non-Local Means Filter, thus giving -
a practical justification that the optimal choice of the faw(X0) = g W(X)Y (x), (5)
kernel improves the denoising quality. X<Uxh

We would like to point out that related optimiza-
tion problems for non parametric signal and density
recovering have been proposed earlier in (Sacks and w(x) >0 and g w(X) = 1. (6)
Ylvisaker, 1978; Nazin et al., 2008). In these papers Xe
the weights are optimized over a given class of regular
functions and thus depend only on some parametersThe usual bias plus variance decomposition of the
of the class. The novelty of our work is to deal with Mean Square Error gives
optimal weights depending on the imafeat hand. B ’
Results of this type are related to the "oracle” concept E (fh,w(xo) - f(xo)) = Bias’ + Var, (7
developed in (Donoho and Johnstone, 1994).

m= (2NN + 1)? = cardUy, . (4)

where the unknown weights satisfy

x0:h

with

2 OPTIMAL WEIGHTSFILTER Bia§_< 5

Xo;h

2
w(x) (F(x) — f(Xo)))

In this section, we present our new filter called Op-
timal Weights Filter, and explain the idea behind its and

construction. _ _ Var = g2 g W(x)2.
We begin with some mathematical notations that xcGr
will be used throughout the paper. For a vector . _
X = (X1,....,Xq) € RY, we denote bylx|, = (Zd 1X1'2) The decomposition (7) is commonly used to construct
[ RRES] ) 1=

its Euclidean norm and bifx|je = Mmax<iq x| its asymptotically minimax estimators over some.given
supremum norm. The cardinality of a gets denoted classes of functions in the nonparametric function es-
by cardA. For a positive intege the uniformN x N timation. With our approach the bias teBms will

grid on the unit square is defined by be bounded in terms of the unknown functiénit-
self. As a result we obtain some "oracle” weights
|— {1 2 N-1 1}2 w adapted to the unknown functidnat hand, which
TIN'N N ) will be estimated further using data patches of the im-
agey.

Each element of the gridl will be called pixel. The
number of pixels is1= N2. For any pixelxp € | and
a givenh > 0, the square window of pixelgly, n =
{xel:]x—xo|lo < h} will be callerearch window Pt (X) = | F(X) — F(x0)|. (8)
atxp. We naturally takeh as a multiple ofﬁ (h= % . .
for somek € {1,2,---,N}). The size of the square Note that the valugs x, (x) characterizes the varia-

search windowy, p, is the positive integer number ~ tion of the image brightness of the pixeNith respect
' to the pixelxg. From the decomposition (7), we easily

First, we address the problem of determining the
"oracle” weights. With this aim denote

M = (2Nh+1)% = cardUy, . (3)  obtain atight upper bound in terms f , :
For any pixelx € Uy, h» and a givem > 0 a second - 2
square window of pixeltlx, will be called patchat E (fh(Xo) — f(Xo)) < Gy (W), 9
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where

2
gpf,xo<w>—( > w(x)pf,xO<x>) ol 3
N " 10)

From the following theorem we can obtain the
form of the weightsw which minimize the func-
tion gp; . (w) under the constraints (6) in terms of

Pf % (X) . Introduce the strictly increasing function

Mp(,, (t) = Prxo(X)(t —Prx(X)", t>0.

XEUxg.h

w(x)2.

Let Ky be the usual triangular kernel:
Ke(t)=(1—]t)", teRL (11)

Theorem 1. Assume thaps x, (X) , X € Uy, n, iS @ non-
negative function. Then the unique weights which
minimizegp% (w) subject to (6) are given by

Pt x(X)
Kir(—2—)
Wpy , (X) = apf,xo(x)’ X€ Uxyn, (12)
v Ke(—3)
yeUxO?h

where the bandwidth > 0 is the unique solution in
(0,) of the equation

Mo, (8) = o°. (13)

Remark 1. The value ofa > 0 can be calculated as
follows. We sort the sefpt x,(X)|X € Uy, n} in the
ascending order & p1 < p2 <--- < pm < PM+1 =
+00, whereM = CardUy, . Let

o’+ 3 o
a=—]—"—, 1<k<M,  (14)
2 P
i=1
and
kK = maql<k<M|a>pk}
min{l<k<Mlax<px} -1, (15)

with the convention thasy = o if px = 0 and that
min@ = M + 1. Then the solutiom > 0 of (13) can
be expressed as= ax-; moreoverk* is the unique
integerk € {1,--- ,M} such thaiay > px andayx;1 <
P if K< M.

Let Xo € I. Using the optimal weights given by
Theorem 1, we first introduce the following non com-
putable approximation of the true image, called "ora-
cle™

Pt xp(X)
Skt Kir(BEE)Y ()

2 Ktr(pf,xag(x) )
yeuxo,h

,  (16)

fy (o)
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where the bandwidth is the solution of the equation
Mo, (8) = 02. A computable filter can be obtained

by estimating the unknown functiguy x, (x) and the
bandwidtha from data pathes.

Let h> 0 andn > 0 be fixed numbers. For
any Xp € | and anyx € Uy, consider the distance
between the data patch&s ., = (Y (y)) and

Yxon = (Y (¥))yeu,, , defined by

yeUxn

1
d® (Yxn: Yxon) = p [Yxn = Ysonllas

wherem = cardUyy,, and|Yxn —Yonla = 3
[2lleo<h
(Y(x42) — Y(%+2))*> which measures the similar-
ity between the data patché&, and Yy, ,. Our
simulations show that-a convenient approximation of

Pt.x(X) is given by

Bro¥) = (d(Yxn, Yion) ~v20)

A theoretical justification for this choice is given in a
convergence theorem that is not presented here.
Thus ourOptimal Weights Filteis defined by

) . EXEUxo.h Ktr( x%(X) )Y(X)
5 Ke(P2Y)
YUy h

17)

)

, (18)

=

where the bandwidt> 0 is the solution of the equa-

Algorithm 1. Optimal weights filter.

Repeat for eackg € I:
give an initial value of&: a=1 (it can be an
arbitrary positive number).
compute{Py,(X) |X € Uy, n} by (17)
compute the bandwidtat %
reorder{py,(X) |X € Uy, n} as increasing se-
qguence, say
Pro(X1) < Pxg(X2) < -+ < Prg(Xm)
loop fromk=1toM
if Ell(:lﬁ;(o(xi) >20
o 0T Py (%)
Y11 Pxg (%) = p(Xk)
02+Zik:16>2<0(xi)
Tit1 P (X

thena =

else quit loop
else continue loop
end loop
/compute the estimated weighisat X
. Kir (1-Px (%) /8"
o ZxicUxy h Kir (1—Pxo (%) /8)

/compute the filtef at X0

~

computef (o) = 3 xcu, , W)Y (%)

computew(x;)
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tion Ms,, (8) = 02, which can be calculated as in Re- g

mark 1 withps x,(x) anda replaced bypy,(x) anda
respectively. We end this section by giving an algo-
rithm for computing the filter (18). The input values
of the algorithm are the imagé(x), x € | , the stan-
dard derivatioro of the Gaussian noise and two num-
bersm andM representing the sizes of data patches
and search windows respectively (cf. (3) and (4)).

To avoid the undesirable border effects in simula- g0
tions, we mirror the image outside the image limits, . (b) Noisy image with = 20
that is, we extend the image outside the image lim- PSNR=2211db.
its symmetrically with respect to the border. At the ' ;
corners, the image is extended symmetrically with re-
spect to the corner pixels.

The implementation of the proposed algorithm is
straightforward. Notice that an important issue in the
Non-Local Means Filter is the choice of the band-
width parameter in the Gaussian kernel; our algorithm
has the advantage that it automatically calculates the
bandwidth.

A detailed analysis of the performance of our fil-
ter is given in Section 3 where the numerical simu-_g
lations show that our filter outperforms the classical
Non-Local Means Filter.

(c) Restored with OWF. ‘ (d) Square error with OWF
PSNR-= 32.68db.

(e) Restored with NLMF. (f Square error with NLMF

PSNR=31.51db.

Figure 2: Results of denoising "Lena” 532512 image.
Figure 1: The evolution of PSNR value as a function of the Comparing (d) and (f) we see that the Optimal Weights Fil-
size of data patches. ter (OWF) captures more details than the Non-Local Means
Filter (NLMF).

D
“The wdth of the similar patch

In the simulations, we sometimes use the
3 SIMULATIONS smoothed version of the estimate of brightness varia-
tion dk (Yxn,Yx,n) instead of the non smoothed one

In this section we show the numerical performance of d(Yxn,Yx.n), defined by
the Optimal Weights Filter by simulation results. IK(Y) - (Yxn = Yon)ll
The performance of the Optimal Weights Filter dic (Yxn: Yxon) = K
Zy’euxo,n V)

fAhn (x0) is measured by the usual Peak Signal-to-
Noise Ratio (PSNR) in decibels (db) defined as where K(y) are some weights defined oy, .

2582 The corresponding estimate of brightness variation

Prxo(X) = (dK (Yxn,Yxon) — \/Ec)+. (19)

1 ~
MSE= — Z(f(x) — fhn ()3,
X€ With the rectangular kernel

wheref is the original image, an@m the estimated

1, € Uy n,
one. Kr(Y)—{ y N (20)

0, otherwise,
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Table 1: Performance of denoising algorithms when appbeeésgt noisy (WGN) images.

Images Lena Barbara Boat House Peppers
Sizes 512x 512 512x512 512<512 256x 256 256x 256
o | Method PSNR PSNR PSNR PSNR PSNR
Our methodl = 13x 13m=27x27) | 33.93db 32.31db 31.64db 34.09db 31.93db
(Buades et al., 2005) 32.72db 31.67db 30.39db 33.82db 30.97db
15 | (Foi et al., 2004) 32.72db 29.61db 30.93db 33.18db 31.78db
(Roth and Black, 2009) 33.29db 30.16db 31.27db 33.55db 32.06db
(Hirakawa and Parks, 2006) 33.97db 32.55db 31.59db 33.82db 31.61db
(Kervrann and Boulanger, 2008) 33.70db 31.80db 31.44db 34.08db 32.13db
(Hammond and Simoncelli, 2008) 34.04db 32.25db 31.72db 33.72db 31.82db
(Aharon et al., 2006) 33.71db 32.41db 31.77db 34.25db 32.20db
(Dabov et al., 2007) 34.27db 33.00db 32.14db 34.94db 32.70db
Our methodil = 13x 13m=27x27) | 32.68db 31.04db 30.30db 32.83db 30.61db
(Buades et al., 2005) 31.51db 30.38db 29.32db 32.51db 29.73db
20 | (Foietal., 2004) 31.43db 27.90db 39.61db 31.84db 30.30db
(Roth and Black, 2009) 31.89db 28.28db 29.86db 32.29db 30.47db
(Hirakawa and Parks, 2006) 32.69db 31.06db 30.25db 32.58db 30.21db
(Kervrann and Boulanger, 2008) 32.64db 30.37db 30.12db 32.90db 30.59db
(Hammond and Simoncelli, 2008) 32.81db 30.76db 30.41db 32.52db 30.40db
(Aharon et al., 2006) 32.39db 30.84db 30.39db 33.10db 30.80db
(Dabov et al., 2007) 33.05db 31.78db 30.88db 33.77db 31.29db
Our methodil = 13x13m=27x27) | 31.59db 29.92db 29.16db 31.95db 29.40db
(Buades et al., 2005) 30.36db 29.19db 28.38db 31.16db 28.60db
25 | (Foietal., 2004) 30.43db 26.62db 28.60db 30.75db 29.16db
(Roth and Black, 2009) 30.57db 26.84db 28.57db 31.05db 29.17db
(Hirakawa and Parks, 2006) 31.69db 29.89db 29.21db 31.60db 29.06db
(Kervrann and Boulanger, 2008) 31.73db 29.24db 29.20db 32.22db 29.73db
(Hammond and Simoncelli, 2008) 31.83db 29.58db 29.40db 31.54db 29.29db
(Aharon et al., 2006) 31.36db 29.58db 29.32db 32.07db 29.67db
(Dabov et al., 2007) 32.08db 30.72db 29.91db 32.86db 30.16db

we obtain exactly the distane Yy, Yx,n) and the  as simple as the Non-Local Means Filter and, with

filter described in Section 2. Other smoothing kernels K(y) = Ko(y), has only two parameters! and m

K(y) used in the simulations are the Gaussian kernel which are the sizes of data patches and search win-
dows. The proposed approach gives a denoising qual-

2 2
Kq(y) = exp<_w> 7 (21) ity which is competitive with that of the recent method
2hy BM3D (Dabov et al., 2007).

wherehy is the bandwidth parameter, and the follow- The behavior of the PSNR in function of the size
ing kernel: fory € Uy, . m of data patches is displayed in Figure 1 for "Lena”

N image. We fixM = 13x 13. Fo.ro =20, Figu_re 1il-

Ko(y) = 1 22) lustrates that the PSNR vaIue_mcreaseslaarles be-

kemia(L, ) (2k+1)2 tween 3x 3 and 41x 41 (for which PSNR- 32.71db),

_ and that it just changes slightly whemis sufficiently

if ||y —Xo|| = §; for somej € {0,1,--- ,Nn}. large (e.g. PSNR 32.68db when m = 27 x 27).

The best numerical results are obtained using In our experimental results (cf. Table 1) we prefer
K(y) = Ko(y) in the definition ofpk x,. The values =~ m= 27x 27 as the choicen = 41 x 41 is computa-
m=27x 27 andM = 13 x 13 are appropriate in most tionally expensive.
cases and a smaller data patch sizean be consid- The potential of the estimation method is illus-
ered for processing piecewise smooth images. Thetrated with the 51% 512 image "Lena” (Figure 2(a))
comparison with several filters is given in Table 1. corrupted by an additive white Gaussian noise (Figure
The PSNR values show that our approach is as good2(b), PSNR= 22.10db, o = 20). We used the kernel
as more sophisticated methods, like (Hirakawa and Ko(y) for computing the estimated brightness varia-
Parks, 2006; Kervrann and Boulanger, 2008; Ham- tion function pk x,, Which corresponds to the Opti-
mond and Simoncelli, 2008; Aharon et al., 2006), and mal Weights Filter as defined in Section 2. In Figure
is better than the filters proposed in (Foi et al., 2004; 2(c), we can see that the noise is reduced in a natural
Roth and Black, 2009). Furthermore, our method is manner and significant geometric features, fine tex-
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