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Abstract: In this paper, we introduce the method (transmutation) turning an ordinary (co)quasitriangular Hopf algebra
into a braided Hopf algebra, and give the other one which is dual to it.

1 INTRODUCTION U /V V\ U

. . . CU,V = \ ) CJ:{_/ = ?
Braided tensor categories become more and more im- 7/ ’ N
portant. They have been applied in conformal field, v u u v
vertex operator algebras, isotopy invariants of links u.v
(see(Hl_Jang, 2005; Hua_ng and Kong, 2004; Bakalov Cuy = CJ%, = ><
and Kirillov, 2001; Hennings, 1991; Kauffman, 1997; v U

Radford, 1994)). So studying in braided tensor cat- hereU V. W .
egories is interesting, some jobs have been done(sed’€M€Y. V. Vv are IND.

(Zhang, 2003; Shouchuan and Yange, 2008; Xu and Letc _be a _tensor categor_y, the braidgd bialgel_)ra
Zhang)). In this paper, we will turn an ordinary (H,RA) in ¢ is called quasitrangular bialgebra, if

(co)quasitriangular Hopf algebra into a braided Hopf (H 7(%?1)) is a co-algebra and satisfy:
algebra, which is due to S. Majid (Majid, 1995). Of

course, our results only hold in symmetric braided G G
tensor categories, others need be studied furthermore.
Since every braided tensor category is always equiv- @ = B
alent to a strict braided tensor category, we can view

HH H HH H

every braided tensor as a strict braided tensor and use
braiding diagrams freely.
Some Notations. Let (9, ®,1,C) be a braided tensor

category, wheré is the identity object an€ is the G
braiding, with the invers€ 1. Forf :U —V,g:V — (R)
W, h:l 5V, k:U = 1,a:UeV =P o UV -1 @ | " (®)
are morphisms i, we denote them by:
U H HA
u A U o1 HH H
f :
f= (0, of= T, h=0 =
? V

H H
uv u v - ‘
, = , O = 7
H H H H

P
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(H,R,A) is also named that braided quasitrangu-
lar bialgebra inc, with R € Hom:(I,H ® H) has
convolution-invertible.

Dually, braided bialgebra(H,r,m) is called
braided co-quasitrangular bialgebradnif (H,m,e)
is an algebra and satisfy:

(CQTA):

(CQT2):

andr € Hom,( H®H I
too.

(CQT3):

has convolution-invertible
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Let ¢ be a tensor categoryy a braided tensor cate-
gory and(F, U, 1) a tensor functor fronz to » with
Mo = id;. Let Nat(G,T) denote all the natural trans-
formations from functof to functorT. Assume that
there is an objedB of » and a natural transformation
ainNat(B®F,F). Here(B F)(X) =B®F(X) for
any objeciX in .

Lemma2.1. ((Zhang)) H be a bialgebra in symmet-
ric braided tensor category, then (iH, R) is quasitri-
angular Hopf algebra iff 3 2 ,CR) is braided tensor
category. (ii)(H,r) is co-quasitriangular Hopf alge-
bra iff (Har ,C") is braided tensor category.
Theorem 2.2. Letx be a symmetric braided tensor
category, H be a Hopf algebra ani;, R) be a qua-
sitriangular Hopf algebra inx. Let f be a bialgebra
homomorphism from Hto H. Then
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(i) There exists a bialgebra B(braided Hopf alge-
bra if H has left dual), written as 811, f,H), liv-
ing in (4,2 ,CR). Here BHy, f,H) = H as algebra,
its counit isey, and its comultiplication and antipode
are:

H.  H
H H
B
and a = respectively
B

(ii) If H is a braided quasitriangular bialgebra,
then B is a braided quasitriangular bialgebra. In par-
ticular, when H=H; and f=idy, B(H1,f,H) is a
braided group, called the braided group analogue of
H and written as H

Proof ()Setc =pa, D = (4, M ,CR). LetF
be the functor by pull-back alonfy That is, for any
(X,ax) € 1 , we obtain arH;-module(X, o ) with
ay = ax(f ®idx), written as(X,ay) = F(X). For
any morphisng € Hom.(U,V), defineF(g) =g. B
is a left B-module by adjoint action. LeB, denote
the left regulaB-module. Obviouslya is a natural
transformation fromB® F to F. Now, we show that
By is injective for any € y, M . If By (g) = By (h).It
is straightforward sincg andh areH;-module homo-
morphisoms fronV to B. Similary, we can show that
6\(,2> ande\(,3) are injective.

Obviously, B is a braided bialgebra living in
(1, ,CR) determined by braided reconstruction.
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Now we prove that, the comultiplication & is
the same as stated. That is, we need to show that:

62 (Le)xey = Axay (1)

The left side of (1) =

= = theright side of (1).

402

If H has left dual, setc = {M € yu |
Mhas left dua}, it is clear that is a rigid tensor cate-
gory(every object has a left dual). ThBss a braided
Hopf algebra.

And

:

(™) B

B
which show that the definition of the antipodekis
reasonable.

If H is a quasitriangular Hopf algebra,as is
braided tensor category by lemma 2.1, then by propo-
sition 1.1 (iii), B is a quasitriangular Hopf algebra.
If Hi = H, F is identical functor inga, and let

A =0 =A, Re =n®n, thenH is a braided group.
O
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The notation likec, D, (F, po, 1), Nat(G, T) are same
as stated in section 1. Assume tBdt a object ofp,
andeis natural transformation iNat(F,B® F). Here
(B®F)(X)=B®F(X) foranyX € ».

Theorem 3.1. Letx be a symmetric braided tensor
category, H be a Hopf algebra aritf1,r) be a coqu-
asitriangular Hopf algebrainx . Let f be a bialgebra
homomorphism from Hto H. Then

(i) There exists a bialgebra B(braided Hopf algebra
if H has right dual), written as BHy, f,H), living in
(M1ar ,CT). Here BHy, f,H) = H as coalgebra, its
unitisny, and its multiplication and antipode are:

respectively

(i) If H is a braided coquasitriangular bialgebra,
then B is a braided coquasitriangular bialgebra. In
particular, when H=H; and f=idy, B(Hy, f,H) is

a braided group, called the braided group analogue
of H and written as H
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