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Abstract: Reinforcement Learning is a powerful technique for agents to solve unknown Markovian Decision Processes,
from the possibly delayed signals that they receive. Most RL work, in particular for multi-agent settings,
assume a discrete action set. Learning automata are reinforcement learners, belonging to the category of policy
iterators, that exhibit nice convergence properties in discrete action settings. Unfortunately, most applications
assume continuous actions. A formulation for a continuous action reinforcement learning automaton already
exists, but there is no convergence guarantee to optimal decisions. An improve of the performance of the
method is proposed in this paper as well as the proof for the local convergence.

1 INTRODUCTION tems (MAS). Classical definition of random variable
(RV), will be used as well as the probability integral

Since Artificial Intelligence emerged, it has been try- transformation for the generation of random numbers

ing to emulate human behavior with the hope that following a given probability distribution (Parzen,

some day computers will learn how to act as perfect 1960). Next section introduces the LA and as a first

humans. Reinforcement Leaning is the way animals contribution of this paper, subsection 2.2 shows how

learn how to maximize their profits in certain situa- the numerical calculations can be reduced by some

tions. It is based on random but not uniform explo- mathematical derivations. Following subsection 2.3

ration. The basis of Reinforcement Learning is to ex- introduces the local convergence proof as well as the

plore actions and reinforce positively those that re- way to manage th& parameter to improve this con-

sulted in a good outcome for the learner, or reinforce vergence as a second contribution. To support the the-

negatively the ones that produced bad results. oretical results, some experiments are presented in the
The mathematical abstraction of this learning is section 3. Finally, conclusions and future work are

already formulated for discrete actions, but in many stated in section 4.

engineering applications it is necessary to control

continuous parameters. Continuous formulations of

Reinforcement Learning are not developed as good as

discrete action learners. For single agents there is aI-2 LEARNING AUTOMATA

ready quite a lot of work on continuous action learn-

ing but there is not much work done in multi-agent The learning automaton is a simple model for adap-

settings. tive decision making in unknown random environ-
This paper performs an analysis of the perfor- ments. The concept of a Learning Automaton (LA)

mance of Continuous Action Reinforcement Learn- originated in the domain of mathematical psychology

ing Automaton (CARLA) (Howell et al., 1997) oniits  (Bush and Mosteller, 1955) where it was used to an-

usefulness for future exploration in Multi-agent Sys- alyze the behavior of human beings from the view-
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point of psychologist and biologists (Hilgard, 1948; _ _ 2

Hilgard and Bower, 1966). Ot 1=0t+A Btrézt)z(c Btc“;) <m::t((0 “tc )) - 1}
The engineering research on LA started in the Lok Lo

early 1960's (Tsetlin, 1961; Tsetlin, 1962). Tsetlin —AK (o —oL)

and his colleagues formulated the objective of learn- G

ing as an optimization of some mathematical perfor- WhereA is the learning parameter controlling the step
mance index (Thathachar and Sastry, 2004; Tsypkin, SiZ€ (0<A <1),Kiis alarge positive constant aod

1971; Tsypkin, 1973): is a lower bound ofr. Authors also introduced the
convergence proof for this automaton and tested it in
J(A) = / R(a,A)dP (1) games with multiple learners.
A Notice that this first formulation presented in ex-

whereR(a,A) is a function of an observation vector Pressions (2) and (3) works with a parametric Proba-
awith A the space of all possible actions. The perfor-- bility Density Function (PDF) so it is simple and fast
mance index] is the expectation dR with respectto  to incorporate the signal into the knowledge of the
the distributionP. This distribution includes random- ~automaton.. Thathachar and Sastry (Thathachar and
ness ima and randomness R. Sastry, 2004) introduced several examples of how to
The model is well presented by the follow- manage a game of multiple automata meaning that
ing example introduced by Thathachar and Sastry these automata can be used for controlling multiple
(Thathachar and Sastry, 2004). Consider a studentvariablesin a MAS. Notice that the update rule needs
and a teacher. The student is posed a question andnformation about the response of the environment for
is given several alternative answers. The studentthe selected actiog; but it also needs the feedback
can pick one of the alternatives, following which the for the action which corresponds to the mean of the
teacher responds yes or no. This response is probaProbability distribution, beingk. In most of practical
bilistic — the teacher may say yes for wrong alterna- engineering problems it is impossible to explore both
tives and vice versa. The student is expected to learnactions. Additionally, the convergence proof assumes
the correct alternative through such repeated interac-that the function to optimize should be integrable and
tions. While the problem is ill-posed with this gener- the minimal achievable standard deviatimnis very
ality, it becomes solvable with an added condition. It sensitive to noise: the stronger the noise, the higher
is assumed that the probability of the teacher saying the lower bounds.. These constraints are really re-

'yes’ is maximum for the correct alternative. strictive for practical applications. .
All in all, LA are useful in applications that in- The second implementation we would like to re-

volve optimization of a function which is not com- call is the CARLA (Howell et al., 1997). The authors
pletely known in the sense that only noise corrupted implemented® as a PDF as well but nonparametric
values of the function for any specific values of argu- this time. Starting with the uniform distribution over
ments are observable (Thathachar and Sastry, 2004)the whole action spaca and after exploring action

Some standard implementations are introduced belowa: € Ain time stept the PDF is updated as (4) shows.

2.1 Learning Automata w(ft(a)+&(at)ae‘%(¥)2> acA

. fiy(a) =
| mplementations 0 adA
—_ . : (4)
The first implementation we would like to refer This second formulation (4) saves the unneces-

to is the Continuous Action Learning Automata gary exploration and the function to optimize is not
(CALA) introduced by Thathachar and Sastry in 2004 equired to be integrable, just not chaotic. The prob-

(Thathachar and Sastry, 2004). The authors imple- e js that it controls the strategy for the action selec-
mentedP as the Normal Probability Distribution with  tjoy of the automaton with a nonparametric PDF so it
meany and standard deviatian. At every time step  pecomes computational very expensive. The solution
t an action is selected according to a normal distri- i to numerically approximate the function but still,
butionN (p, o). Then, after exploring actioa and  some heavy numerical calculations are necessary for
observing signaP; (a) , the update rules (2) and (3) v No convergence proofis given either.

are applied resulting in a new value far; andot. 1. If the computational cost of this method could be
Be(a) — Bt (k) a — 1k decreased and the convergence proof shown, then the
Her1 = +A (2) CALA introduced by Thathachar and Sastry could be

max(ot,0L) max(ct, o ) -
(o1, 0) (o1, 01) substituted by the CARLA providing a better way for

solving practical problems with a MAS approach.
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2.2 CARLA UpdateRule Although there is no analytical definition for the
normal CDFFy,,¢) it can be approximated by means

Let us restart the analysis on expression (4) in order of numerical integration. So still numerical integra-

to look for possible reductions on the computational tion is needed however one single CDF is required,

cost. Leta_ = min(A) anda; = max(A) be the mini- beingFy(o,1) Which can be calculated at the beginning
mum and maximum possible actions. The normaliza- of learning — only once — and there is no more need
tion factory; can be computed by expression (5). for integration during the learning process.
1 Finally, the original constraint has to be met for
Vi = e (5) practical solutions, that ist : & € A — see (4). So
& (ft (a) + B (at)qe’?(T) )da vt andk defined in (9) and (11) should be trans-

formed as shown in (12) and (13) Wheﬁ;%'ff (x,y) =

The original formulation is for the bounded con-  Fy1) (52) — Py (52)-
tinuous action spackwhich makes the analytical cal-
culation of the normalisation factgr unlikely. Let o 1
us relax this constraint and work over the unbounded w3 14+ &R (a_,ay)
continuous action spacé. Then the PDF update rule
introduced in (4) should be redefined as (6) where
fn(a.) IS the normal PDF with meas and standard 0 a<a
deviationA. Analogously, (5) is transformed into (7). diff
Notice that numerical integration is no longer needed Rua(@)=9 ¥ (Ft (@) +ak (&’at)) ek

(12)

for calculatingy. 1 a>a;
s (13)
" PL . .
foo1(a) = f (a)+ ae 2(5%) ) For a practical implementation of this method,
b (d) =¥ ( @+ @) equations (8), (12) and (13) are sufficient to avoid
_ numerical integration saving lot of calculation time
R (ft (2) + B (a) oAV 2o ) (@) during learning process. We would like to stress

(6) that without this reformulation the method was really
computationally too heavy to be applied in practice,

= 1 but with this change it turns to be computationally
T2 (i (a) + B (&) oA/ 2 da feasible. In the next subsection we will perform an
S t(l) (@) ) (7) analysis ofA used in expression (8) which will result
=7 B () Ay in better convergence properties.
+Bt(a)a T

Let &, introduced in (8), be the extra area added 2.3 CARLA Convergence
to the PDF by stretching the curve beyond the interval

(-] then (7). can be written as (9) and (6) as (10). The analysis will be performed for normalized reward

& =P (at)q)\\/ﬁ (8) signalsp : 0 — [0,1] — no generality is lost because
any closed interval can mapped to this interval by a
1 linear transformation. The final goal of this analysis
V= 75 (9) is to find the necessary restrictions to guarantee con-
vergence to local optima.
fii1(a) = v (ft (@) + & fN(a;,)\) (a)) (10) The sequence of PDF updates is a Markovian pro-

cess, where for each time-ste@n actiona; € A is
selected and a new is returned. At each time-step

fi will be updated as shown in expression (10). The
expected valud; 1 of fi;1 can be computed follow-

Rii(a)= /jo fi+1(2)dz ing equation (14).

In order to generate the actions following the
policy f; the cumulative density function (CDF) is
needed (Parzen, 1960) which is introduced in (11).

= /:oyt (fe (2) + 3t fnan) (2)) dz

=\ (R (X) + &tFna ) (@)

a—a Letw, = \t|as = zbe the value fow if & = zand
R (%) + 301 A vt the expected value gf then (14) could be rewritten

+o0
a (@) =_/ (2 fua(ala=2dz  (14)
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1(at-7)?
2 (19 vicinity around it and defined bg’?( X ) which
_ iy L ran depends on.
fiia(a) = / ft(2)v, (ft(a)+aﬁt(z)e*z(7) )dz
- +oo VieDaea: /Bt z)e 2(55%7) dz> /ﬁt e (%) 4z
~f@¥%+a [ (i @w @k @e ) dz o .
i (15) Itis afact thataca : Gt () < Gt (a") and since the

Let us have a look at the right member of the in- firSt derivative depends 0%’ the value offt (a")

tegral. f; (2) is multiplied by the factor composed by necessary for keepin%f‘étﬁ =0 is also higher than
the normalization factor given that = z the feed-  any otherf; (a):

a—z)\2

back signap; (z) and the distance meastee? (%) of af, (a*

K . . * t (a) t ( )
which can be interpreted as the strength of the relation  Vaea: ft(a) > fi (") = <—— (20)

) ; : ot ot

of actionsa andz, the higher the value of this prod- _ _
uct, the bigger the relation of these actions. Letuscall ~ Notice that the-maximum update theta*) may
this composed factd®; (a,z) andG; (a) its expected ~ receive is ob'talned whesg = a* — cente?ng_the.bell
value at time-step with respect te. Then equation ~ ata’ —, then iff, (a") reaches the valug=-, its first
(15) could be finally formulated as (16). derivative will not be higher than 0 as shows (21)

fii1(a) = fi (a)ﬁ+a§t(_a) sinceB: 0 — [0,1].
= fi(a) (ﬁ_’_GGt (a)> (16) firr(a®) =w (ft (a)—i—Bt(at)qe_%(?) )

ft (a)
1 1
The si fth first derivati d dsonth < +a
eS|gno efirs erlvalvedt epen sonthe 1+G)\\/ZT<)\\/ET >
(21)
shown in (17) < 1 1+aivan
o) T l+oav2m\ AV2n
. <0 yt+ft() <1 1
< -
170 (R =1 an Y
>0 (y+ ft(<)) >1 Then the equilibrium point off; (a") has the

higher boun%{. Notice that the closer th@ (a*)

Notice y is a constant for alla € A and to 1, the closer the equilibrium point df (a*) to its

[T2f (2)dz=1 so:

higher bound.
_ &6
Top bpeA ft b1 7& fi bzz)) = o 0 fi(a)> ﬁl
Jar A-cAATIA- =0 VateAta-eA (18) of(a) | _q fi(a*) = — (22)
o (at) af(a) ot MRS
— >0 A —5—~ <0 >0 ft(a)<ﬁ1

From logical implication (18) it can be assured ~ We can conclude from (20) and (22) that the high-
that the sign Ofﬁft(a) will be determined by the ra- est value forf will be achieved ag* as shown in (23)

which has the higher boung—.
tio 5 Gi(@) Notice subsetd™ andA~ are composed by g van

(@) "

the elements ol that have not reached their value for Vaca(a} limi—e fi (@) < fr (@°)

the probability density function in equilibrium with . 1 (23)
Gt (a). Thatis, theAt subset is composed by alk A limg—e fi (@) < TWer

having a value of probability density function which T

is too small with respect t&; (a) and vice versa for Finally

A,

Iim;\lolimt_,w fi (a*) =00

Let a" € A be the action that yields the highest _ _
Vazar - limy olimy o ft (@) =0

(24)
value for [*2 Bt (2) €~ 5(52)° dz for all time-steps as
shown in (19). It is important to stress thadtis not This analysis has been developed under really re-
the optimum off}; but the point yielding the optimal  strictive assumptions, such as— o, A | 0, a is
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small enough — the bigger the the bigger the first
derivative of probability law through time allowing

a fast convergence but also the bigger the difference

between the actual probability law and its expected
value — and the reward function is noiseless enough
to assure (19).

The best solution for the problem stated above
about the constrains afis to start with a wide enough

B (a) = (0.9Bell(a;,0.2,0.4)) | JBell(a;,0.9,0.3)

(29)
1 08 1
V\ {\ 0.9 M|
i i
0 0.5 06" o2 08% 02 0.9

Figure 1: Characteristic function for scenarips andiii .

bell — allowing enough exploration —and make it thin-
ner as it approaches the optimum — to meet (24). A . .
good measure of convergence could be the standard ~Figure 2 shows the average reward obtained over
deviation of the actions selected lately. When the time. The selected learning rate was 0.1 Apé- 0.2.
standard deviation of actions is close to tnatis ~ 1he gray curve, shows the rewards collected with the
been used to update the probability density function Standard method and the black one shows the same
then the maximum value fof (a*) has been reached but using the convergence to tune the bgll thro.ugh
as stated in (23). time. Itis clear that the results obtained with the im-
Since fo is the Uniform Density Function, the Provementshow better convergence properties. These
standard deviation of actions should startaat= differences are more remarked for the first scenario
maxA)-minA)  \ve are proposing to use expression which has a very easy to learn function. The differ-

V12 ences for the other two scenarios are not so big.
(25) for the convergence@ny) value of the method 9

given the standard deviation of actioms Then, (26) 08 o 0o
could be used a% necessary in equation (8) for each %8 g -}
time-stept improving the learning process of the au- gﬁg gﬁg gﬁg
tomaton. . 6iteration6600 . 6iteration6600 " Oiteration6000
v 120; .
cony=1-————F—"—— 25 Figure 2: Average rewards.
¥ maxA) — min(A) (25) i 9
At = A (1—cony) 26) 3.2 Noisy Scenarios

We can add some random noise to the previous for-
mulations as (30), (31) and (32) shows. Figure 3 plots
these functions.

B (a) = 0.88 (&) +rand(0.2)

3 EXPERIMENTAL RESULTS

In order to validate these ideas the standard method (30)
will be tested against the new proposal in 2 scenarios:
noiseless and noisy. All examples will be introduced
by the characteristic function form (von Neumann and
Morgenstern, 1944). Formally, a characteristic func-
tion form game is given as a pdN,v), whereN de-
notes a set of players awvd SN — [ is a character-
istic function withS C [ being the action space.

B" (a) = 0.875B" (&) +rand(02)  (31)

Bil’ (a) = 0.8pi (&) +rand(0.2)  (32)

lE oy 1£
0 0.6

Figure 3: Reward functions for scenaribsi’ andiii’.

e
1]

0.2 0.9

3.1 Noisdess Scenarios 05

Three examples will be introduced in this subsection
({la},B"),({la},p") and ({la},p") wherela is a
learning automaton. Their analytical expressions are
presented in (27), (28) and (29) respectively. Figure
1 shows them graphically. The operator union is de-
fined asalJb = a+ b — ab and the bell function as

i (

Bell(a,ap,0) =€ 2
B (a) = Bell(a,0.5,0.2)
B (a) = 0.8Bell(a,0.2,1)

Figure 4 shows the average rewards collected over
time. The same parameter setting was used here. The
results obtained here are similar to the ones of the pre-
vious subsection.

Table 1 sums up results for 100 runs of the algo-
rithms for the above mentioned examples. Better re-
sults are observed for the new learner since the im-
proved method reduces through the learning pro-
cess. In case of environments with a high noise level,

0)*

(27)
(28)
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4 CONCLUSIONS games and economic behavior.

Learning automata are reinforcement learners, be-
longing to the category of policy iterators, that ex-
hibit nice convergence properties in discrete action
settings. In this paper an improve of the performance
of the method was proposed in order to avoid unnec-
essary numerical integration — speeding up the calcu-
lations — as well as the proof for the local convergence
and a way to adjust theparameter during learning to
speed up the learning itself.

In future work we want to investigate the conver-
gence of these LA in multi-agent settings. It has been
shown that a set of agents applying independently
from each other an LA update scheme can converge
to a Nash equilibrium in a discrete action games. We
will study if this convergence result can be extended
to continuous action games.
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