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Abstract: A general procedure of average-case performance evaluation for population dynamics such as genetic algo-

rithms (GAs) is proposed and its validity is numerically examined. We introduce a learning algorithm of Gibbs
distributions from training sets which are gene configurations (strings) generated by GA in order to figure out
the statistical properties of GA from the view point of thermodynamics. The learning algorithm is constructed
by means of minimization of the Kullback-Leibler information between a parametric Gibbs distribution and
the empirical distribution of gene configurations. The formulation is applied to a solvable probabilistic model
having multi-valley energy landscapes, namely, the spin glass chain. By using computer simulations, we dis-

cuss the asymptotic behaviour of the effective temperature scheduling and the residual energy induced by the

GA dynamics.

1 INTRODUCTION 2 GA AND SA

Genetic Algorithm (GA) (H.Holland, 1975) is a Aswe mentioned, in this paper, we consider the statis-
heuristics to find the best possible solution for com- tical properties of GA from the view point of thermo-
binatorial optimization problems and it is based on dynamics. In simple GA, we define each gene config-
several relevant operators such as selection, crossovegration (member) by a string of binary variables with
and mutation on the gene configurations (strings) lengthN, that is,s = (s1,%, - ,),S € {—1,+1},
leading to transition from one state to the others. In and we attempt to make each configuration in ensem-
this paper, in order to figure out the statistical prop- ble with sizeM to the state which gives a minimum
erties of GA from the view point of thermodynamics, of the energy functio (s), say,s.D The problem
we introduce a learning algorithm of Gibbs distribu- is systematically solved by GA if the system evolves
tions from training sets which are gene configurations according to a Markovian process and the gene distri-
generated by GA. A procedure of average-case per-ptionpl)(s) at time (generatiortymight converge as
formance evaluation for genetic algorithms is exam- _ ) (o) (e0)
ined. The learning algorithm is constructed by means PG,\/IA(S) — Pga (8) and we havég, (S) = 5(s—S.) =
of minimization of the Kullback-Leibler information  [li—=19(S —Six). On the other hand, one of the ef-
between a parametric Gibbs distribution and the em- fective heuristics which is well-known &8imulated
pirical distribution of gene configurations. The for- Annealing (SAKirkpatrick et al., 1983) is achieved
mulation is applied to a solvable probabilistic model by inhomogeneous Markovian process. The process
having multi-valley energy landscapes, namely, the iS realized by Markov chain Monte Carlo method
spin glass chain (Li, 1981) in statistical physics. By (M(;MC) which leads to anlequmbrlum Gibbs dl_strl—
using computer simulations, we discuss the asymp- bution at temperaturé = 3~ (from now on, the is
totic behaviour of the effective temperature schedul- "éférred to as ‘inverse temperature’), namely,
ing and the residual energy induced by the GA dy- )
namics ®) e P He® ~BUH(s)
S
In SA, the temperature is scheduled very slowly in
time asB(®) — oo (T(*) — 0), and then, we can solve
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the problem aB{”™ (s) = 5(s—s.) = MY, 8(s —si). we obtain
Therefore, both the GA and the SA share a concept dp ) () )
to make the distribution convergence to a single (or G ZPGA (s)-{oP; '(s)/9B}/Pg '(9)
several) delta-peak(s) at the solution(s). However, in

general, the Markovian (dynamical) process of GA is (0/0B) z o(s—s.)=0a/0p=0 (4)
very hard to treat mathematically due to the global s

transition between the states by the crossover or, espeznd the time evolution of inverse-temperature then
cially, the mutation operator, whereas the SA causesstops. We should notice that= y<3(s—s,) is the
only local transitions between the states. From the nymber of degeneracy at the lowest energy states.
view point of EDA (Baluja, 1994), the dynamics of

GA should lead to an empirical distribution of states. 3.2 Learning Equation for Spin Systems

Here we attempt to restrict ourselves to more particu-
3 FORMULATIONAND TOOLS lar problems, namely, we deal with a class of combi-
natorial optimization problems whose cost functions
In this section, we explain our formulation and sev- are described by the energy function of Ising model.
eral tools to evaluate the average-case performance of ~ We first reformulate the equation (3) by means of
GA through the effective temperature scheduling of Ising spin systems having the energy functit{s) =
the Gibbs distribution that is trained from gene con- —¥;; Jjjss;. For the case of positive constant spin-

figurations of simple GA. spin interactionj; =J > 0, Vj j, the lowest energy
state is apparently given lsy= +1, V; (all-up spins)
3.1 Kullback-Leibler Information ors =—1, ¥ (all-down spins). However, as we shall

see in the following sections, for the case of randomly

We start our argument from the distance between andistributedJ; (the + sign is also random), the low-
empirical distribution from GA dynamid§g,l(s) and est energy state is highly degenerated and it becomes

i (1) ] very hard to find the state.
a Gibbs distributiorPy’(s) at the effective tempera- Substituting the corresponding Gibbs distribution

ture T = Bl The distance is measured by the fol- p,(g) — exg—pH (5)]/ T sexp—BH ()] into equation
lowing Kullback-Leibler information (KL) (3), the learning equation leads to

Ps(s)
KL(PeallPB) = 5 Poa(s) 'Og{ Psa(S) } @ % — 3 Pa(S) <z 3 jSSj)
5 J]

where the summation with respect to all possible

gene configurations = (sy,--- ,sz) is define% by _ Zs(Zijdiss)) expByij Jjss] (5)
Ys(-) = Fgos1 Seyera(---). In this paper, we sexpByij Jijssi]

represent each component of gene configurations by,,nere the second term appearing in the right hand
§ =*linstead of =0,1because we choose the cost gige of the above equation is internal energy of
function of spin glasses to_ be minimized as a bench- e system described by the Hamiltonigh(s) =
mar_k test Igter on. The ‘spin’ here means a tiny mag- _ 51 JiSsj at temperaturd — B~L, whereas the first
netin atomic scale-length arsp= +1 stands for 'up- (e is the energyi (s) averaged over the empirical

spin’ and vice versa. We should keep in mind that the gigyripytionPga(s) of GA. Then, we immediately find
above distance is dependent on the inverse temperin 4t the condition

aturep. Thus, we obtain the following Boltzmann-

machine-type learning equation with respedB s Z PGA(S)(Z Jijssj) = z PB(S)(ZJ”SSJ')

S 1] S 1]
dp aKL(PL PV o, oPY(s)/0p _ Xs(Zidiss)expByijdiss] o
da §§ : :ZPGA(S)' E’ét)(s) ' > sexXpByij Jijssj] ©

(3) yieldsdp/dt = 0 for Psa(S) = Pa(S).
In general, it is very hard to calculate the internal

We naturally expect that the effective temperature energy of the spin system

evolves so as to minimize the KL information for each
time step. When both distributions become identical v (i dijsisi) expByij Jijssi] ”
one in the limit oft — oo, namely,PSY (s) = PL™(s), U} B) = - ysexpByij Jijssi] @
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because ® sums for all possible configurations in
Ys(--+) are needed to evaluate tB€{J} : 3), where
we defined a set of interactions By} = {J;j|i, | =
1,--- ,N}. To overcome this difficulty, we usually use
the so-called Markov chain Monte Carlo (MCMC)

method to calculate the expectation (7) by important

sampling from the Gibbs distribution at temperature
T=p1

On the other hand, the first term appearing in the
right hand side of (5), we evaluate the expectation by

making use of

Uca({J}) = - Pea(s) <Z Jijssj>
S 1]
<ZJijs(t,I)sj(t,l)> (8)
J]

wheres(t, 1) is thel-th sampling point at timé from
the empirical distribution of GA. Namely, we shall
replace the expectation of the cost functidis) =
—¥ij Jijssj over the distributiorPsa(s) by sampling
from the empirical distribution of GA.

By a simple transformatiof — T~ in equation
(5), we obtain the Boltzmann-machine-type learning
equation with respect to effective temperatireas
follows.

%_I = -T2(U({3}:TH—Usa({I}) (9)

From this learning equation, we find that time-

L

lim 1
o L—o0 L|:

evolution of effective temperature depends on the dif- 5o
ference between the expectations of the cost function™ —

over the Gibbs distribution at temperatdreand the
empirical distribution of GA.

3.3 Average-case Performance

4 MATHEMATICALLY
TRACTABLE MODEL

In this section, we introduce a spin glass model which
will be used as a benchmark cost function to be mini-
mized by GA. The model is called apin glass chain

It is one-dimensional spin glass model having only
nearest neighboring interactionsD It is possible for us
to investigate the temperature dependence of internal
energy and moreover, one can obtain the lowest en-
ergy exactly. The energy function (Hamiltonian in the
literature of statistical physics) is given by

A(0,1)  (11)

N
H = —ZlJiSSJrL g
==

whereJ; stands for the interaction between spss
ands_i. A (a,b) denotes a normal Gaussian distri-
bution with meara variancebD We plot the typical

T
\ =200, s 20000

HIN o

c

Figure 1: Typical energy landscap#(s) = — 3 JiSS+1
with P(3) = A((0,1), E(3J;) = & j of the spin glass chain.
The number of spins i&l = 10. It should be noted that
the horizontal axisS denotes the label of states, that is,
1,2,---,2N(=1028. For instanceS= 1 stands for a
state, says(S=1) = (+1,+1,---,+1) andS= 2N denotes
s(S=2V)=(-1,—-1,---,—1). The right panel stands for
internal energy of spin glass chain as a function of temper-

ature. The solid line is exact resit = —3 (%, COSDé‘BX,

whereas the dots denote the internal energy calculated by
the MCMC for N = 3000. The error-bars are calculated

We should evaluate the ‘average-case performance’ ofby 10-independent runs for different choice of the =

the learning equation which is independent of the re-

alization of ‘problem’{J}. Namely, one should eval-
uate the ‘data-averaged’ learning equation

dT

= ~T?(Egy (U3} :TH) —Eg) (Usa({3})))

(10)

to discuss the average-case performance, wher

we defined the averagBy(---) by E(p(--) =
Mij Sd3j(---)P(Jj). We should keep in mind that
in this paper we deal with the problem in which
each interactiordj has no correlation with the oth-
ers, namelyE (JjJa) = J23ix3j; where we de-
fined J2 as a variance oP(J;j) anddyy stands for a
Kronecker’s delta.

{Jili=1,---,N}. The inset indicates tHé;, as a function
of Jp. We setl = 1.

energy landscape in Figure 1 (left). From this figure,
we find that the structure of the energy surface is com-
plicated and it seems to be difficult for us to find the

elowest energy state.

However, we should notice thatin (14 takest1
and the produc s .1 also has a valug-1. Hence, we
introduce the new variabfe which is defined by;
SS+1, thent; takest; € {1,—1}. Therefore, in order
to minimize H(T) = — 3;Jti, we should determine
Ti = sgn(J;) for eachi and then, we have the lowest
energy almin = — 3;JisgnJ) = —3;|Ji|. Namely,
whenJ; obeys a Gaussian with mednand variance
J?, the lowest energy for a single spin is obtained in

297



ICEC 2010 - International Conference on Evolutionary Computation

the thermodynamic limiN — o« as (The rate for a single point crossovepy, = 0.001
U © 4] G2 (The mutation rate) in Figure 2. From this figure,
[im =min - _ E (13]) = — e 22 |J we find that the asymptotic behaviour of the effec-
N—eo N —o /21 tive temperature follows a power-law. This schedule
2 ¥ is faster than the effective temperature scheduling for
= —d —J\/;e 222 the optimal simulated annealing1/log(1+t) (Ge-

man and Geman, 1984), however, slower than the ex-

whereE;, (---) here stands for the average over the ponential decreasing. Thus, here we define the resid-

configuration{J} = (Jy,--- , n). _ ual energy and its time-dependence as the difference
Thus, for the choice ofJ,J) = (1,0), namely,in  petween the lowest energy and current energy ob-
the limit of the ferromagnetic Ising model, we have tained by the GA dynamics. We find that the residual

the lowest energy dsmin/N = —1 (all spins alignin  energy which is defined by
the same direction), On the other hand, for the choice

of (J,Jd) = (0,1), we haveUn, = —/2/Tt._These e=H(s) —minH(s) (15)
facts mean that the lowest energy changes accordin
to the value of ratidy/J.

We next consider the case of finite effective tem-
perature, namelyf3 < «. For this case, internal en-
ergy per spin is explicitly given by lifp,e (H)«/N =
E(y((H)r) = —(9/0B)log 3 ePZi 3T with ()
SeexpByiditi]/Z: where we definedy((---)
St—t12y=+1(---) and the partition function
Zy = 5. ePZ19T is now calculated a2 cosipJ)IN.
Hence, we have the average free energy density de-
fined by f = limn-«(logZ/N) = N"'E(y) (logZ) is Figure 2: Time evolution of the effective temperature (up-

%Giso asymptotically goes to zero and it follows a
power-law in the scaling regintes 1.

evaluated as follows. per panel) and the residual energy defined by (15) (lower
o panel) for the case of spin glass chain. We used a simple
f = / Dxlog2costB(dh+Jx)  (12) GA havingo = 2, p; = 0.1, pm = 0.001. We set the number

of spinsN = 2000 and populatio = 100, respectively.

where we definedx = dxe‘xz/z/\/ﬁ From the The inset stands for the asymptotic behaviour.
above result, we immediately obtain the internal en-
ergy per spiid = —df /op by

©  Dx 6 CONCLUDING REMARKS

U=—p / . (13)

— COSIT fix We introduced a learning algorithm of Gibbs dis-
for the case 0fJp,J) = (0,1). In Figure 1 (right), we tributions from training sets which are gene strings
show theU as a function off. From the arguments generated by GA to figure out the statistical prop-
we provided above, we have the following learning erties of GA from the view point of thermodynam-
equation (14) for the spin glass chain whose Hamilto- ics. A procedure of average-case performance eval-

nian is given by (11) is now rewritten as uation for genetic algorithms was numerically ex-
amined. The formulation was applied to a solvable
dT 2 Lo babilistic model havi Iti-vall land
& T2)im 2 Z ZJiS(t7|)3+l(t7|> probabilistic model having multi-valley energy land-
dt Lol 5\ 4 scapes, namely, the spin glass chain. By using com-
w Dx puter simulations, we discussed the asymptotic be-
— / CosPTIx’ (14) haviour of the effective temperature scheduling and

the residual energy induced by the GA dynamics.
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