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Abstract: This paper studies the consensus problem of multi-agent systems with Markovian communication failure
which may be caused by limited communication capacity. The occurrence of the failures is modeled by
a discrete-time Markov chain. A consensus sufficiency condition is established in terms of linear matrix
inequalities (LMIs). Based on this condition, a new controller design method is provided. A numerical
example is utilized to illustrate the effectiveness of the proposed approach.

1 INTRODUCTION Markov jump linear system (MJLS), which is a hybrid
system composed of a finite humber of subsystem
In the past few years, multi-agent system (MAS) Mmodes, is an appropriate class of models and has been
has sparked the interest of researchers. Up to now,extensively studied (Xiong and Lam, 2007). How-
results of networked MASs have been broadly ap- €ver, to the best of our knowledge, although MASs
plied to biology, physics and engineering, such as the are usually treated as networked systems, the issue of
study of swarming behavior (Liu and Passino, 2004), Markovian topology switching processes has not been
automated h|ghway systems (AHSS) (Bender, 1991) fU”y investigated and fruitful results of MJLS were
and congestion control in communication (Paganini not applied to MASs until now.
etal., 2005). In the cooperative behaviors, consensus, I this paper, we investigate the consensus control
which means making a group of agents to reach an problem of MASs with communication failure. By
agreement on certain quantity of interest that dependsmodeling the communication process in a Markovian
on the states of all agents, is a fundamental topic in pProcess, a new sufficiency condition of the consensus
MAS:s fields and has been studied recently (Olfati- problem is established in terms of linear matrix in-
Saber et al., 2007). equalities (LMIs) which can be easily solved. Based
Due to the special property of MASs, the intercon- ©N this condition, a state-feedback controller is de-
nected communication network among agents p|ays Signed such that the consensus of the Closed—loop Sys-
an important role in the consensus reaching problemtem is mean square stable (MSS) with known com-
and is usually described by Laplacian graph. Depend- munication failure processes.
ing on applications, the network topologies of multi-
ple agents are either fixed or switched, while the lat- Notation. Throughout this papei", R™M, S"*"
ter is more practical due to the limited or imperfect represent th@-dimensional Euclidean space, the set
communication channel, noises or some special ob-of all n x mreal matrices and the x n real symmet-
jectives. Results on switching topology have been ric positive definite matrices, respectivel; is the
provided in recent articles such as (Olfati-Saber and set of non-negative integer®, ¥ ,P) denotes a com-
Murray, 2004).The physical systems are usually of plete probability space; the superscript‘tepresents
big complexity, thus some dynamic processes are de-the transpose; for Hermitian matricgs= XT € R™"
scribed by time-varying linear model. Particularly, andY =YT € R™", the notatiorX > Y (respectively,
for systems subject to randomly changing parameters,X > Y) means that the matriX — Y is positive semi-
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definite (respectively, positive definitd);is then x n j does not necessarily mean ag¢man receive data
identity matrix; E(-) denotes the expectation opera- from agenti. The control input of théth agent with
tor with respect to some probability measu(®);; communication failure is

refers to theth row, jth column element of matrii;

| - || represents the Euclidean norm for a vector and Uilk) =K 3 wij(k)oa(k) —xj(k)) (2)
the spectral norm for a matrix; the symholdenotes Viend

the Kronecker product; tra¢¢ is the trace of ma-  \\herek € R'*Mis the controller gain to be designed,
trix; diag(My, My, ..., M) is a block-diagonal matrix .. k) denotes the communication status from agent
with diagonal bIOTCle,\; Mz,....Mn; Iyisdefinedas o at timek (1 for successful communication, 0
In=(L1,....1)" € RT a”dSN is defined similarly,  for unsuccessful communication). The communica-
thatis,On = [0,0,...,0]" € R™. tion status process is assumed to be a discrete-time
homogeneous Markov chain taking values in a finite
setw = {0,1} with transition probability matrix

rlij _ [1[3” BIJ :| / (3)

(Xij 170(”'

2 PRELIMINARIES

A directed graphg = (7, £) consists of a finiteer-
tex setv and anedge setz C 2. Suppose there  where 0< Pr(yij (k+1) =0]yij (k) =1) =ajj <1and
aren vertices in7, then the graph has amder nand 0 < Pr(yij(k+1) = 1|y (k) = 0) =Bijj < 1 are called
each vertex can be uniquely labeled by an intdger the failure probability and the recovery probability,
belonging to a finite index set={1,2,...,n} . Each respectively. To simplify the expressio, £ (aj),
edge can be denoted by an ordered pair of distinct ver- 5 2 (Bij) are used to denote the failure probability
tices(vi,v;) wherev; is the head and is the tail, that  matrix and recovery probability matrix, respectively.
is, the edge points from; to vj with no self-loop.  Nptice that the communication failure model in (2)
Each edggvi,v;) € £ corresponds to the information i gjcates that the error signaik) — x; (k) will not be
transmission from agerjtto agent. The graph with employed by the controllen; at timek when thej

the property that for anyvi,vj) € £ < (vj,vi) € £ communication channel fails.

is said to besymmetricor undirected Thein (out)- Under the above formulation, if there is no com-
degreeof vi, denoted byli(vi) (do(Vi)), is the number — mnication channel from ageiitoi, that is, no edge

of edges withy; as its tail(head). Ifv;,vj) € £, then (Vi,vj) in the graph and; = 0 in the Laplacian ma-

vj is one of theneighborsof vi. The set of neighbors iy then the absence channel is treated as an ‘inef-
of vi is denoted by\i = {vj € ¥ : (Vi,vj) € £}. A0 fective’ channel withy; (k) = O for all k, with the fail-
adjacency matriof graphg with ordernis ann xn ure and recovery probabilities assigned toofpe= 1

matrix 1 = {aj } defined as andi; = 0, respectively. By treating the absent com-
. munication channels this way, the original problem is

i = 1 i (Vi’vj_> - & equivalent to considering the communication failure

0 otherwise problem of an MAS with a complete graph governed

by known communication failure probability; (k)

in the communication channel frofnto i at timek.

Consequently, the Laplacian matrix at tikean be
rewritten as

YizaY(K) —yiz2(k) ... —yin(k)

An in-degree matrixof graph g with ordern is an
nx nmatrix » = diag{d11,d22,...,dnn} Whered; =
Yvjen; &j- A Laplacian matrix2 of graphg with
ordernis ann x n matrix defined as follows:

L=D—-A4. L(k) =

Let us consider a MAS wit agents. The “Yn(k)  —n2(k) - FjznVni(K)
discrete-time linear dynamics of ageantan be de- 4

scribed by the following equation: wherel (k) € 02 {£1,L2,..., Ly} such that ° con-

tains all possible Laplacian matrices of the MAS.
Xi(k+1) =Ax(k) +Bu(k), ier (1) Here, maxd = 29 whered 2 3" , d; is the total num-
: : ber of effective communication channels in the graph
wherex; (k) € R™is the system state; (k) € R! is the .
contro)l(‘i%pzutAe RMXM Ige R ke'(Zl is the time (that is, .the numb_er of edges of the complete graph
stepx (0) 2 xio is the ir,1itial state. subtracting those ‘ineffective’ edges).
Suppose the communication failure between Definition 1. A communication failure process is said
agentd andj of the MAS (1) behaves in an indepen- to be Markovian if it is a discrete-time homogenous
dent way, that is, agemtcan receive data from agent Markov chain defined in a complete probability space
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(Q, ¥,P), and takes value irn’ with known transi-
tion probability matrixfy = (Aj) € Ro*%,

Denote by X the concatenation of vectors
X1,X2,- - -, %n, thatis, X = (x],xJ,...,x1)T, by (1) and
(2), the closed-loop dynamics of MASs (1) can be
rewritten in a matrix form

X(k+1) = (A+ B(K))X(K), (5)

whereA = l,®A, B(k) = L(k) ® (BK), L(Kk) takes val-
ues from.P. In this paper, we always assume that
every agent could receive information of some other
agents with a non-zero probability during the whole
control process.

The mode transition probability, ., from L5 to
Lp is given by

n
Teary, = (rLaLb)ij (6)

i j=1i%]

foralla,b=1,...,d, which satisfies?_, 1., =1,
where

1-ay i (e = (ca)y =1

(P = 4 1B i (o) = (2a)y =0,
zaLp )i Qi if (Lo)ij =0, (La)ij = —1,
Bij if (Lp)ij = —1,(La)ij =0

3 STABILITY ANALYSIS AND
CONTROLLER SYNTHESIS

In this section, we first give definitions on stabil-

Theorem 1 Consider MAS (5) with Markovian com-

munication failure (2), given the controller gain ma-

trix K, consensus is reached if there exist real matri-
ces B, e S-Umx(n=1m ¢; ¢ £0 such that

S Ty ®pP,®, —Py <0, Vu e

verl

where®,, = I,_1®A+A, @BK,A, =TJ ¥ T, and
T, is the orthogonal basis for the null spacelgf

(9)

Proof. Construct orthogonal matrix T
%L\ To} € R™" where T, is the orthogonal

complement ofl, satisfyingToTT0 =lh_1. SinceTy
is the orthogonal complement &, then
1

n'o=VYn-1, = \/ﬁn of =In,

n

T
which meansT is an orthogonal matrix an@i’ £ T
is a similarity transformation. Partition the Laplacian
matrix £ and matrixT " conformably:

4 agqT
TT:[ﬁ ﬁ”—ly

To To
then
0 A
TT2T = - 10
[On_l ,\J | (10)
whereA, = L1 cToandA, =T) £ To.

NG
If the graph is undirected, thatis,= . T. Thus

T (R Llnf} 2 %
n—1 TJLTO Oh1 AL |’

ity and consensus. Then we consider the consensus

reaching and controller design problems for MASs
with communication failure characteristics described
in Section 2.

Definition 2. MAS (5) with Markovian communica-
tion failure process (2) is said to be mean square sta-
ble (MSS) if

lim E(|[X(K)[|* X(0))

0 @)

for any initial state X0) € R™.

Definition 3. Agents of MAS (5) with Markovian
communication failure process (2) are said to reach
consensus if

lim E(x(k) — X} (k) =0

Jim 8

foralli,jer.

Now we are in the position to present the main
contribution of this paper.

DenoteX (k) = (T ® Im)TX(k), the dynamics of
the closed-loop system can be described by

X(k+1)

0®Im AL ®(

BK
On—1®1Im /\L(k) ® (BK

= (In®@A)X(K) +[ )] X(K),

whereA 4 = 213 L(K)To, Ay = To LK) To.
Define
5 [ Xa(k+1)
X(k+1) = [Xl(k+ 1)] )
where
Xi(k+1) = AX(K)+ (ALg @ (BK))Xa(K)11)
Xo(k+1) = Q)L(k)XZ(k). (12)

WhereCDL(k) =1 QA+ /\L(k) ® BK. Let
z(k)= > ij(K)(x(k)—xj(K)),

VjEAG

375



ICINCO 2010 - 7th International Conference on Informatics in Control, Automation and Robotics

Z(k) = (4 (k),Z) (k),....Z (k) T, Proof. Define :
then W& (TP TP, . TP ],
Z(K) = (L(K) @ 1,)X (K WhereCD.,,, =Ih-1®A+ A\, ®BK. Pre- and post-
_ (_) (L) ® lm)X (k) multiplying inequality (13) by[%i |(n-1)md| and its
whereL (k) is given by (4), and transpose, respectively, then
T A ®@Im LI—’i)(i‘-lJ;r—/\<07
(T ®lm)z( = |:/\L(k)®|m Xe(K), that is,
-1 T
—X: W
whereTTL(K)T = 0 A . Thus,Z(k) is MSS { W '/J <0 (14)
On-1 A . L T . .
if Xo(K) is MSS, that is, the consensus of MASs (5) is Thus, inequality (14) is equivalent to inequality (9) by
reached if (12) is MSS. replacingP, by xi‘l. This completes the proof. O

Define a Lyapunov function as follows:
V(K L(K) = X3 (K)P_ggX2(K)
whereP,_ ) > 0 are matrices to be determined.

4 CONCLUSIONS

Letu =L(k), ¥ =L(k+1), then In this paper, a consensus control problem of MASs
o with communication failure between agents has been

E(V$k+ Lkt D)ILk) = u) =V(ku) studied. A sufficient condition on consensus reaching

= EQg (k+DP ki Xe(k+1)[L(k) = ) problem is established in terms of the feasibility of
_sz(k)p,u Xa(K) some LMls. In addition, a state-feedback consensus

controller is designed to make the closed-loop sys-
tem reach consensus. A numerical example has been

= G| S Tuy® Py, —Py| Xe(k) given to demonstrate the effectiveness of the proposed
ver? results.
I=1,...%

< 0

for any Xp(k) # 0 if inequality (9) holds. Hence =~ ACKNOWLEDGEMENTS
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thatis, system (12) is MSS. This completes the proof.
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