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Abstract: We propose an extension of the heterogeneous multi-context reasoning framework by G. Brewka and T. Eiter,
which, in addition to logical contexts of reasoning, also incorporates sub-symbolic contexts of reasoning. The
main findings of the paper are a simple extension of the concept of bridge rules to the sub-symbolic case and the
concept of bridge rule models that allows for a straightforward enumeration of all equilibria of multi-context
systems. We illustrate our approach with two examples from the fields of text and image classification.

1 INTRODUCTION There is no strict boundary between symbolic
and sub-symbolic: what in one example are micro-

One of the important prob|ems in knowledge repre- features can be declared as entities and be symbol-
sentation and knowledge engineering is the impossi- ically reasoned about in another example (and vice
bility of writing globally true statements about realis- versa). In this paper, we integrate contexts of logi-
tic problem domains. A circumstance thatis also doc- cal reasoning and contexts of sub-symbolic reasoning
umented by the use of contexts and micro-theories in into a single MCS. Possible applications of such rea-
CYC ((Lenat, 1995)). Multi-context systems (MCS) Soners are numerous. |.e. shortcomings of statistical
are a formalization of simultaneous reasoning in mul- methods could be remedied with declarative knowl-
tiple contexts . Different contexts are inter-linked €dge and vice versa.

by bridge rules which allow for a partial mapping

between formulas/concepts/information in different

contexts. Recently there have been a numberofinves-2 |INTEGRATING LOGICAL AND

tigations of MCS reasoning (for instance, see (Roelof-
sen and Serafini, 2005) or (Brewka et al., 2007)), SUB-SYMBOLIC CONTEXTS

with (Brewka and Eiter, 2007) being one of the lat- OF REASONING

est contributions. There, the authors describe reason-

ing in multiple contexts that may use different log- We now generalize concepts from (Brewka and Eiter,
ics locally. Logical reasoning on the one hand is a 2007) to be applicable for both logical and sub-
special case of symbolic reasoning where, accordingsymbolic reasoners.

to (Kurfess, 2002), entities of the application domain Observation L The concept of ‘logic’ as defined
are represented by symbols. In sub-symbolic reason-

. the other hand d . i i din (Brewka and Eiter, 2007) is — besides its hame —
Ing on the other hand domain entities are representecy s, 5 yvalid characterization of sub-symbolic reason-
by (micro-)features.

ing: The knowledge base consists of the available ev-

“This is a short version of the paper. The full ver- d€nce (the input of the sub-symbolic reasoner), the
sion, containing a short introduction to the notion of MCS St of possible belief sets is the set of possible results
and another more sophisticated application example from of the sub-symbolic reasoner, and the functhAs®C

the domain of image classification, as well as proofs for defines the actual reasoning. (ItA<C that is often
the propositions stated, a categorization of our work and generated from training examples.)
a comparison to similar approaches in the field can be

found underht t p: // wwn8. i nf or mat i k. uni - er| angen. In fact the only conceptual generalization that we
de/ i nf 8/ Publications/bridging_nts_original . pdf. make is to make no assumptions about the form of
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the inputsof the reasoner which in the original work

Cond;,Upd;) is a reasoner, inpan input (an ele-

were assumed to be sets. Instead, we require test andnent ofinp; ), and by is a set of Rbridge rules over

update functions. This idea leads to our definition of
a reasoner.

Definition 1. A reasoner is a b5-tuple R=
(Inpr,Resxk,ACCRg,Condg,Updg) where Inpg
is the set of possiblénputsto the reasonerResk

is the set of possibleresults of the reasoner,
ACCR : Inpg — 2Re% defines the actual reasoning
(assigning each input a set of results in a decidable
manner),Condg is a set of decidable conditions on
inputs and results, cord: Inpgx Rexk — {0,1},
and Updg is a set of update functions for inputs,
upcR: Inpg— Inpr.

The example below shows that our Definition 1 com-

{R4,...,Rn} as of equation (1).

Concerning the belief states, we require input-output
pairs instead of belief sets in every context.

Definition 4. Let M = (Cy,...,C,) be a generalized
MCS. A generalized belief state is a sequence S
(S1,...,S) such that each;Ss of the form(inp;, res)
with inp € Inp; and res € Res.

We say a bridge rule of form (1) is applicable
in a generalized belief state= (Sy,...,S,) iff for
1<i<j:c(inp,res)=1linSandforj+1<k<
m: ck(inpg,re) = 0 in S. Now we prepare for the
concept of equilibrium in the generalized setting.

prises logics in the sense of (Brewka and Eiter, 2007) Definition 5. The set of (context local) update func-
and SUb'SymbC)“C reasoners like Neural Nets, which tions with respect to a Corresponding e|emeno&

originally were not covered. Hence Definition 1 is a
generalization.

Example 1 A logic L defined over a signature
(as of Definition 1) is a reasoner withnpg =
KB_, Rest = BS_, ACCgr = ACC_, Updg = {fry:
kb — kbU {x}|VX € Ukekp, k,Vkb€ KB}, Condr =
{fnx: (-,b) = Liff x € b,0 elséx € Upspg bS}

Example 2 A standard feed-forward neural network
A with n real valued inputs and m real valued out-
puts is a reasoner witlnpg = R", Rek = R™ and
ACCRg(inp) = {a((inp)} where inpe Inpg. In this
case ACCRr maps to singleton set€ondr is a set of
indicator functions on feature vectordpdy is a set

of update functions, each performing an update for a
certain value of a component of a feature vector.

The following definitions adapt the basic concepts of
multi-context reasoning given in (Brewka and Eiter,
2007) for the use with reasoners as of Definition 1.

belief state S is given lyS (MCS S) = {headr)|r €
br; applicablein §, where br denotes the set of
bridge rules of 8s corresponding context,C

In general, a set of update functions may vyield dif-
ferent results when the functions are applied multiple
times or in different orders. We do not allow such sets
of update functions.

Definition 6. An applicable set of update functions
US(MCSS) is stationary for an input inpiff the
following two conditions hold:Yu € US(MCSS) :
u(inp;) =u™(inp;) for m> 1 (i. e. idempotency), and
Vu,u' € US(MCS'S) : u(U(inpi)) = U'(u(inp)) (i. e.
commutativity).

Definition 7. The update of a belief state element
S of a belief state S, with respect to a set of up-
date functionsUS with k elements, is given by
ug(uz(...ug(inpi)...)) if US is stationary for inp,
and undefined otherwise.

In order to adapt the concept of bridge rules, we have

to take into account the fact that the assumption of Please note that stationarity is only required for the
the reasoner inputs being sets is not made for generaet of update functions that is actually applied to be-
reasoners. Instead we have to use the defined test antief state elements at a time. We now can give the
update functions. definition of the generalized concept of equilibrium.

Definition 2. Let R={Ry,...,Ry} be aset of reason-  Definition 8. A generalized belief state
ers. An R -bridge rule over R1 < k < n, containing S=((inps,res),...,(inpn,res,)) of M is an equilib-
m conditions, is of the form rium iff, for 1 <i < n, the following condition holds:
updaté€inp;,US) inp; and res € ACC(inp;)
where updaténp;,US) denotes the update of; S
with respect to USwhich in turn has to be stationary
for the corresponding inp

U< (rz:cp),...,(rj:cj),
Not(rj+1: Cj+1),-..,NOt(rm : Cm)

1)

where j<m,1<rg<nand is acondition of inputs
and results of some;Rand u is an element &Ipd,. Please note that inputs for which the update is non-

— . ) stationary are not part of any equilibrium.
Definition 3. A generalized multi-context system

M = (Cy,...,Cp) consists of a collection of contexts
C = (R,inp,br;), where R = (Inp;,Res,ACC;,

Proposition 1 Definitions 1 to 8 are a generalization
of Definitions 1 to 5 in (Brewka and Eiter, 2007).
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3 COMPUTING EQUILIBRIA model yieldinginpj...inp,. Then we compute the set

FOR FINITE MCS of results for each contextgiven inp; by applying
ACC(inp(), yielding a set of resultses' for eachi,

For a belief state being an equilibrium only means that being of finite cardinality as MCS was said to be fi-
all the bridge rules are respected. As local reasonershite. Thus, testing whethémnpi,req ) is an equilib-
may be non-monotonic and, furthermore, the bridge rium for all j, we obtain the set of equilibria for the
rules are non-monotonic also, there may be severalgiven bridge rule model. Iterating the procedure over
equilibria for a given MCS. In general it is not clear the (finite) set of all bridge rule models and joining
which one constitutes the desired one. the resulting sets of equilibria finally yields the set of
When no external knowledge about preferences all equilibria.

(e. g a_pre_ferenqefunc'_[ionWhi_ch induces an or_deron Definition 11. Given an MCS with a (global) set
eqL_nIlbrla) is a\_/allable,_ m_the ﬂeld_o?c computatlonal of bridge rules br= (Jbri. A set of bridge
Iog|g, th_erg exists therinciple of mlnlmahty Sadly rules by C br is called update-monotonic iff
minimality in general has no straightforward transla- ¢, 411 pelief states S, S’ the following condi-

tionto sub—symbolicre_asoning contexts (e. g. forvec- tion holds: % — updatéMCS'S) = VC(MCS S) C
tor valued sut_)—symbohc_reasonlng contexts we would VC(MCSS) where VGMCSS) = Ui{cond ¢
need some kind of metric). , Ri|cond(inp;,res) = 1} and updatéMCSS) is the

_ As for a Qetermlnlstlc_ sub-symbolic reasoner, (global) update over all S S.
given a set of inputs, there is exactly one correspond- 4 ; )
ing set of results, one may nonetheless try to carry  As bridge rules in the update-monotonic subset
over minimality from the symbolic-only background. Of bridge rules of the MCS are guaranteed to remain
Using the notion of C*-minimality as introduced by ~active after ar)y_l_deate, _the_update-monotonlc bridge
in (Brewka and Eiter, 2007), minimality may be de- _rules that are mmally active in t_he MCS When_ _search-
manded for the symbolic contexts of a generalized iNg for equilibria have to be active in any equilibrium.
bolic and deterministic sub-symbolic reasoners. As Only those bridge rule models that comply with the
the deterministic sub-symbolic reasoners only yield initially active update-monotonic bridge rules have to
exactly one set of results for a given set of inputs (and b€ considered. _ _
no phenomena as self-sustaining equilibria are possi- As @ downside computing the update-monotonic

ble), the C*-minimality generalizes to a global prop- Subset of the bridge rules depends on the idiosyn-
erty of the equilibrium. crasies of the reasoners involved, condition test and

The remainder of this section describes a proce- Update functions and therefore cannot be performedin
dure to compute all equilibria of a finite MCS, based 9eneral. Anotherinconvenienceis the fact that if there
on complete enumeration. Thus criteria as e. g. min- &€ N0 update-monotonic bridge rules all elements of
imality may be applied to the set of equilibria after- the entire set of bridge rule models have to be tested
wards. Part of future research will be to construct for representing an equilibrium.

more specialized algorithms, already exploiting the Definition 12. A reasoner R =
properties of ordering relations during the computa- (Inp,Resz, ACCg,Condr,Updg) is determin-
tion. istic iff ACCRr(X) is a singleton set for everyxInpg.

Definition 9. An MCS M= (Cy,...,Cq) issaidto be  Proposition 3. For an MCS with deterministic rea-
finite, iff for 1 <i < n, following condition holds:  soners only, there exists at the most one equilibrium

|ACC(inpi)| < e and |bri| < co. for each bridge rule model.

For the implementation, we consider finite MCS Applying the proposition to the algorithm
only. sketched above, one may reduce the number of pairs
Definition 10. Let Br be a set of n bridge rules of  (inpi,res) to be tested for being an equilibrium, by
an MCS. A bridge rule model is an assignmBnt— testing each paifinp;, rea’) directly after it was gen-
{0,1}" that represents for each bridge rule Br erated, and switching to the next bridge rule model
whether it is active or not. after having found an equilibrium for this very model,

Proposition 2. For each equilibrium there is exactly as there may be one at the most.

one bridge rule model.

For a given bridge rule model and an MCS we first
apply all the bridge rules activated in the bridge rule
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4 EXAMPLE

We present an example application for multi-context
reasoning which involves logical and sub-symbolic
contexts of reasoning.

assume a propositional logical reasori®y. As

sub-symbolic reasoners, we assume a maximum-
likelihood reasoner using the Naive Bayes assumption

Rnb.
4.1 Text Classification

This example is taken from the domain of (statistical)
text classification. Text may be categorized into two
different classes: ‘music event’ and ‘political event'.
We assume a binomial text model (see (Manning
et al., 2008) for more details) and — for the sake of
simplicity — a vocabulary of only two term®ueen,
Elizabeth

Term t P(mus. evit) P(pol. evit)
Queen 41%x10°° 20x 1073
Elizabeth 3.0x10°3 1.9x10°?
Query q Naive Bayes probability of q
Queen Elizabeth 1.2 x 10> 38x10°

Figure 1: Prior probabilities of terms and Naive Bayes prob-
ability of a query for the classes ‘music event’ and ‘pohfic
event'.

Figure 1 shows the prior probabilities of the

classes given the terms, and the Naive Bayes prob-

abilities given the combined quefQueen Elizabeth

Then, the belief state

(({Queen, Elizabeth {‘political event’}),
(inppi U{Queer},inpy U {Queen, Elizabet}))

As logical reasoners, we is the only equilibrium oMt. Hence, with multi con-

text reasoning, the result for the que@ueen has
been changed from ‘music event’ to ‘political event'.

5 CONCLUSIONS

The paper presents a generalization of heterogeneous
multi-context systems that allows for the use of sub-
symbolic contexts of reasoning alongside logical con-
texts of reasoning. An exhaustive algorithm for enu-
merating all equilibria of an MCS is given.

Still, the lack of a conceptual notion of minimality
or stability for sub-symbolic beliefs poses a challenge
for future research, which we are confident to handle
in the near future.

On the pragmatic side, the illustrative examples
demonstrate that a more powerful language to de-
scribe updates and conditions on reasoner inputs and
results, respectively, has to be developed in order to
allow for concise definitions of bridge rules.
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