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Abstract: The dynamical system model proposed by3£ provides a theory of genetic algorithms as specific random
heuristic search (RHS) algorithms by describing the stochastic trajectory of a population with the help of
a deterministic heuristic function and its fixed points. In order to simplify the mathematical analysis and to
enable the explicit calculation of the fixed points the simple genetic algorithm (SGApwsdtection has been
introduced where the best arindividual is mated with individuals randomly chosen from the population with
uniform probability. This selection scheme also allows to derive a simple coarse-grained system model based
on the equivalence relation imposed by schemata.

In this paper, thei-selection scheme is generalisediteselection by allowing th@ best individuals of the
current population instead of the single besindividual to mate with other individuals randomly chosen
from the population. It is shown that most of the results obtained feelection can be transferred to the SGA
with generalisedx*-selection, e.g. the explicit calculation of the fixed points of the heuristic function or the
derivation of a coarse-grained system model based on schemata.

1 INTRODUCTION domly chosen from the current population with uni-
form probability. This paper extends tleselection
As specific instances of random heuristic search scheme to generalisexf-selection by allowing the
(RHS), genetic algorithms mimic biological evolu- B best individuals of the current population instead
tion and molecular genetics in simplified form. Ge- Of the single besti-individual to mate with other in-
netic algorithms process populations of individuals dividuals randomly chosen from the current popula-
which evolve according to selection and genetic op- tion. It is shown that most results obtained for the
erators like crossover and mutation. The algorithm’s SGA with a-selection can be transferred to the SGA
stochastic dynamics can be described with the helpwith generalisedxr*-selection by redefining the sys-
of a dynamical system model introduced by &k tem matrix of the dynamical system model, e.g. the
et al. (Reeves and Rowe, 2003; Vose, 1999a; \Vose,explicit calculation of the fixed points of the respec-
1999b). The population trajectory is attracted by the tive heuristic function or the derivation of a simple
fixed points of an underlying deterministic heuristic coarse-grained system model based on schemata.
function which also yields the expected next popula- ~ The paperis organised as follows. In section 2, the
tion. However, even for moderate problem sizes the SGA with a-selection is defined, the dynamical sys-
calculation of the fixed points is difficult. tem model, the corresponding heuristic function and
The simple genetic algorithm (SGA) with- its fixed points are formulated, and a simple coarse-
selection allows to explicitly derive the fixed points grained system model based on the equivalence rela-
of the heuristic function as well as to formulate a tion imposed by schemata is described. In section 3,
Simp|e Coarse_grained System model based on thethese results are extended to the SGA with generalised
equiva|ence relation imposed by schemata (Neubauerld*-semction. A brief conclusion is given in section 4.
2008a; Neubauer, 2008b). In this selection scheme,
the best on-individual is mated with individuals ran-
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2 SGAWITH a-SELECTION

The SGA witha-selection, crossover and mutation

and Schemata

with the help of the mutation mask € Q according
to Yg(a) = a®m. The mutation mashnis randomly
chosen fromQ according to the probability distribu-

defined by masks is described in this section follow- tion vectoru= (o, by, . ..,Mh-1)".
ing (Neubauer, 2008a; Neubauer, 2008b) and the no-

tation and definition of the SGA in (Vose, 1999a).

In the present context, the genetic algorithm is used

for the maximisation of a fitness functidn: Q — R
which is defined over the search spaRe= 7, =
{0,1}¢. Each binary/-tuple (ag,ay,...,a, 1) will

be identified with the integea = ag- 21 + a; -
2024 . +a,_1-2° leading to the search space
Q ={0,1,...,n— 1} with cardinality |Q| = n = 2*,
With this binary number representation, the bitwise
modulo-2 additiora&® b, modulo-2 multiplicatiora®

b and binary complemefare defined. The integar

is also viewed as a column vect@y, a;,...,a, 1)";
the integem — 1 = 2¢ — 1 corresponds to the all-one
¢-tuple . Finally, the indicator functiofi = j] is de-
finedby[i=j]=1ifi=jand 0ifi # j.

The SGA with a-selection formulated in

2.1 Dynamical System Model

The dynamical system model of the SGA with
a-selection can be compactly formulated with the
population vectorp = (po, p1,.-.,Pn-1)'. Each
component p; gives the proportion of element
i € Q in the current population. The popula-
tion vector p is an element of the simpled =
{PER™ pi 2 0AYicq i =1}

The SGA witha-selection is an instance of RHS
T: /A — A. The RHSt is equivalently represented by
a heuristic function; : A — A according tay =1(p)
with the expected next generation population vec-
tor g (see Fig. 2). For a given population vecior
the heuristic functiong yields the probability distri-
bution g (p); = Pr{individuali is sampled fron©}

(Neubauer, 2008a; Neubauer, 2008b) works over which underlies the generation of the next population.

populations of individual binary/-tuplesa € Q. In

The stochastic trajectony, T(p), T2(p), ... approx-

each generation, offspring individuals are generated imately follows the trajectoryp, G (p), 62(p), ...

by genetic operators like crossovgs and mutation

Mo which are applied to selected parental individuals.

In the a-selectionscheme, the best individual or
a-individual b in the current population is mated
with individuals randomly chosen from the current
population with uniform probability ! (see Fig. 1).

initialise population;
while end of iteration# truedo
selecta-individualb as first parent;
for the creation of offspringdo
select second pareatandomly;
create offsprin@ = pg (xa (b, €));
end
end

Figure 1: SGA witha-selection.

Thecrossoveperatolo : Q x Q — Q randomly
generates an offspringtuple a = (ap,a1,...,a,-1)
according toa = Xq(b,c) with crossover probabil-
ity x from two ¢-tuplesb = (bg,bs,...,b,—1) and
c=(co,C1,...,Cr—1). With the crossover maske Q
the -tuplesa=b@meémecora=bméemec
are generated one of which is chosen as offspaing
with equal probability 21. The crossover magk is
randomly chosen from according to the probability
distribution vector = (Xo,X1,---,Xn-1) "

Themutationoperatoiyg : Q — Q randomly flips
each bit of the/-tuplea = (ap, ay, ..., a—1) with mu-
tation probability. It can be equivalently formulated

of the deterministic dynamical system defined gy
The RHST behaves like the dynamical system model
in the limit of infinite populations (Vose, 1999a).

P —> G —» =6 (p)

Figure 2: Dynamical system model of the SGA.

2.1.1 Heuristic

In the a-selection scheme, the-individual b is se-
lected as the first parent whereas the second parent is
chosen uniformly at random from the current popu-
lation. The heuristic functiom; (p) is then given by
(Neubauer, 2008a; Neubauer, 2008b)

q=¢6(p)=A-p 1)
with the system matrix
[A=ontiay]. @

Here, (op); ; = [i © j = b] denotes the permutation
matrix. Then x n mixing matrixis defined by (Vose,
1999a)
Xu+ Xu
Mij = My - :
u,éQ 2

The twistM* of the symmetric mixing matriM =
MT is given by(M*); ; = Migi. The components of
then x n system matrix are given by

[uetej=Vv] . (3)
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Compared to the SGA in (Vose, 1999a), the
selection scheme yields a simpler heuristic function
G which is completely described by tleindividual

b and the mixing matriXM. This dynamical system
model is illustrated in Fig. 3.

Aij = Migbjiaj

Ob

A 4

M*

Y

Op

_>q

Figure 3: Dynamical system model of the SGA with
selection.

2.1.2 Fixed Points

For a givena-individual b the heuristic function
G (p) = A-p of the SGA witha-selection is linear.
The fixed pointsv = g (w) = A- w are obtained from
the eigenvectors of the system mathixo eigenvalue
1. There exists a single eigenvalg= 1 with corre-
sponding eigenvectap whereas the remaining— 1
eigenvalues fulfill 0< A; < 1— 2. The eigenvectan
yields the unique fixed point of the heuristic function
G for a givena-individual b.

The fixed pointw can be determined explicitly
with the help of the WWLSH transform. For the ma-
trix A the WALSH transform isA = W - A-W with
the symmetric and orthogonalx n WALSH matrix
W = n~Y2.(—1)"i (Vose and Wright, 1998). The
WALSH transform of the vectow is @ =W - w. A
and its WALSH transformA have the same eigenval-

ues with eigenvectors which are also related by the

WALSH transform, especially yieldingp = A- w <
®W=A-Q®. The WALsSH transform of the system ma-
trix is given by

3 ~ B

A =Migjj- (~1)> =D . (5)

For 1-point crossovegxg and mutationyg the

WALSH transform of the mixing matris is formu-
lated in (Vose, 1999a). Because the\MgH trans-
form of the mixing matrix fulfillsM; ; O [i® j = 0]
the WALSH transformA is a lower triangular matrix

(Neubauer, 2008a; Neubauer, 2008b). Due to the rela-

tion @ = A- @ the WALSH transform of the fixed point
can be iteratively determined from

1 2
~ ) Aj W
1*Ai,i =

@ = (6)

for 1 <i < n— 1 starting withtyy = n~¥/2 which en-
suresycq i = 1. The fixed pointo=W - ®is finally
obtained via the inverse M/sH transform.
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2.2 Schemata

Following (Vose, 1999a3chemataan be considered
as specific equivalence relations in which two equiva-
lent individualsi = | in the search spad® belong to
the same equivalence cldgs= {j € Q: j =i}. With
the help of thequotient magx; ; = [i = j] this can be
expressed as= j if and only if =j; ; = 1. Two popu-
lations are equivalent if the proportions of individuals
in each equivalence clase Q/= withi € Q are the
same in both populations. With population vectprs
andp’ this corresponds to the conditi@p = =p’.

A schemata familis defined by thé-tuple§ € Q
via the quotient mag ;) j = [j® & =i] withi € Qg =
{icQ:i®&=0}and]j € Qleading to the ¥'& x 2
matrix =. Two individualsi, j € Q are equivalent if
they agree on the defining positions of the schemata
family accordingtd = j < i®¢& = j ® €. The cardi-
nality of Qg is |Q¢ | = 2178 with the number of defin-
ing positionsl'&.

2.2.1 SchemaHeuristic

A dynamical systemg is consistently modeled by
the simplified coarse-grained systéwimplied by the
equivalence relatioee if the diagram in Fig. 4 com-
mutes, i.e. for two equivalent population vectprsnd
p’ the population vectors in the next generatip(p)
andg (p’) must also be equivalent.

G

©
\ 4

p
Figure 4: Commutativity diagram with quotient map

For the SGA witha-selection, crossover and mu-
tation the proportion of the expected next population
representing schenja = i & Qg with i € Q; is given
by (Neubauer, 2008a; Neubauer, 2008b)

=G(p)=A¢-=Zp . (7)
The 2'€ x 218 schema system matrix
(Ae) 5 = Me) o ®)

with i, j € Q; is defined with the help of thel® x
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21"€ schema mixing matrix

Me)yy = > Gy TEmt

u,veQs
[uate|j=V| . (9)

The schema system matrf can be obtained from
system matriXA and quotient mag according to

217%

AZ:T-EAET (10)

The schema heuristic functiog is defined ac-
cording to§ (2p) = A; - =p. Since the schema system
matrix A; depends on the-individualb the heuristic
function g is not compatible with the equivalence re-

lation imposed by schemata in the strict sense. If the

a-individual b is lost or a better individual is sam-
pled from the search spa€gin the next generation
the schema system mati and the schema heuristic

functiong change. The-individualb can be consid-

and Schemata

Similar to the system matriA it can be shown that
the WALSH transform,&z of the schema system ma-
trix A; is a lower triangular matrix with an eigenvalue
Ao = ('&E)[Ql,[o] = 1 leading to the unique schema
fixed pointw = Ag - @ which is related to the fixed
point w according tow = =w. Taking into account
O= '&E -® the WALSH transform of the schema fixed
point can be iteratively determined from

~ 1
i) =

A&yl (3)

1-Aii jeounibi,..i-1}

for i € Qg starting with(f)[o} = 2-1"¢/2_ The schema

fixed pointw =W - w is finally obtained via the in-
verse WALSH transform ovel);.

3 SGA WITH GENERALISED
o*-SELECTION

ered as an exogenous parameter to the coarse-grained

system model (see Fig. 5).

i —

» G (p)

G
A
|
I

b

Figure 5: Coarse-grained system model of the SGA with
a-selection depending on tleindividual b.

2.2.2 Schema Fixed Points

As for the dynamical system model and the corre-
sponding heuristic functiowy, there exists a unique

fixed point of the schema heuristic functi«}nwhich
can be calculated from the AsH transformA; =
W - As - Wk of the schema system matdg. Here, the
218 2178 WAL SH matrixW is defined ovef;. The

WALSH transformA of the schema system mate
is given by

b, _ -
()i i) = (Mg - (-1 )

with i, j € Q. A is obtained fromA by choosing
rows and columns with indices @, i.e.

(11)

~

(A = A (12)

Thea-selection scheme can be generalised by allow-
ing the 3 best individuals of the current population
instead of the single best-individual to mate with
other individuals randomly chosen from the current
population. Most of the theoretical results obtained
for a-selection with a single-individual are trans-
ferrable to the SGA with generalised-selection.

The SGA with generalised*-selection is illus-
trated in Fig. 6. For thegeneraliseda*-selection
scheme the3 best individualsbg, by, ..., bg_1 in
the current population are mated with individuals ran-
domly chosen from the current population. For the
creation of each offspring individual one of tBdest
individuals b, by, ..., bg_; is chosen with uniform
probability 1 as the first parerth whereas the sec-
ond parent is chosen uniformly at random from the
current population with probability .

initialise population;
while end of iteration# truedo
selectf best individualdy, by, ..
for the creation of offspringdo
select first parertt from 3
best individuals randomly;
select second pareafrom
population randomly;
create offsprin@g = g (Xa (b,€));
end
end

- bp_1;

Figure 6: SGA with generaliseal*-selection.
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3.1 Dynamical System Model

In this section, the dynamical system model, the cor-
responding heuristic function and its fixed points are
derived for the SGA with generalised-selection.

3.1.1 Heuristic

In the generalised*-selection scheme, one of tife
best individuals is selected from the &k} o<x<p—1
as the first parent with uniform probabilitp~t

whereas the second parent is chosen uniformly at ran-

dom from the current population according to the

probability distribution Pfindividual j is selectedl =

pj with j € Q. The heuristic functior is given by
B-14n-1

G (p)i= kZOE ,Zopj -Pr{pa (Xa (b, j)) =1} -

The mixing operation comprises crossovygs and
mutationplg. With the help of the probability distri-
butions for crossover and mutation this leads to

Pr{ua (Xa(bk, j)) =i}
- ZDUUPY{XQ(bk,J):i@U}

PP

Misbyiej
with n x n mixing matrix M according to (3). The
heuristic function is

n-1 1 B-1
L = Miop o
g (p>| JZO P B kZD ioby,id]

With then x n system matrix

1|
Aij=3 > Miepisj
B k=0

this leads to the linear system of equations for the ex-
pected next population vector

n—-1
a=6Mi=> Aj pj
JZO ] J

or equivalently

a=6(p)=A-p (16)
which corresponds to the heuristic function in (1) for
the SGA witha-selection. By making use of the per-
mutation matrixa, and the twistM* of the mixing
matrix the system matriA can be expressed as

1Pt
A= E %O’bk-M*-O'bk
K=

The corresponding dynamical system model is illus-
trated in Fig. 7.

Xv+XV.
2

[by@VEVR j=id Ul

(14)

(15)

(17)
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Figure 7: Dynamical system model of the SGA with gener-
aliseda*-selection.

3.1.2 Fixed Points

Similar to the SGA witha-selection the fixed points
w of the heuristic function; are obtained from the
eigenvectors of the system matixto eigenvalue 1
due to the linear relatiog (p) = A-p for a given set
{bx}o<k<p-1 Of B best individuals. Since the system

matrix A and its WALSH transformA have the same
eigenvalues with eigenvectors, which are also related
by the WALSH transform, the WLsH transform of
the system matrix
A . 1 P12
Aj=Migjj- 5 ;(*1)
B\&

is derived. The system matrixas well as its WWLSH
transformA depend on th@ best individuals.

The WALSH transformA is a lower triangular ma-
trix with eigenvalues\; given by the diagonal ele-
mentsh; = A ; = Mo; leading to

_ ol
a-2 k;)T (Xk+ Xkai) -

2
Because ohp =1 and 0< A <1-—-2uforl1<i<
n—1 there exists a single eigenvectoto eigenvalue
1 which is a fixed point of the heuristic function=
G (w) = A-w. Taking into accountd = A- @ with
lower triangular matriXA the WALSH transformé of
the fixed point can be recursively calculated according
to (6). The fixed point is then obtained via the inverse
WALSH transformw =W - Q.

bI(i@j) (18)

A= (19)

3.2 Schemata

In correspondence to the SGA withselection, the
schema heuristic function will be formulated for the
SGA with generalised*-selection in this section.

3.2.1 SchemaHeuristic

The proportion of the expected next population repre-
senting schemf] =i @ Qg with i € Qg is given by

=G(p)=A:-=p . (20)
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The 2'€ x 218 schema system matiix defined by deterministic heuristic functiog and its fixed points.
Since for practical problem sizes the calculation of
1 Pt M 21 the fixed points is difficult the SGA witki-selection

<A5)[i],[1'] B k;< E)[iebk].,[iej] (21) has been introduced in (Neubauer, 2008a; Neubauer,
— 2008b). For a given-individual b the heuristic func-
with i, j € Q¢ and the 3"€ » 21"€ schema mixing ma- tion g of the SGA witha-selection is defined by a
trix Mg defined in (9). As in (10), the schema system linear system of equations with system matixThe
matrix As can be obtained from system matiand ~ unique fixed poiniw can be calculated analytically
quotient maykt. from the WALSH transformed system matrix

The schema system matrié; and the schema As is shown in this paper, the theoretical re-
heuristic function§ defined by§ (Zp) = A¢ - =p de- sults obtained for the SC_;A with-se]ection can be
pend on the sefby}ok<p_1 Of B best individuals. transferred to the SGA with generalisettselection.

This set (or the Se{t[bk]_}ogkggfl of their correspond- In this selection sc_heme, tHe best indi_viduals of
ing equivalence classes) thus acts like an exogenoudh€ current population instead of the single best

parameter set to the coarse-grained system model, addividual mate with other individuals randomly cho-
illustrated in Fig. 8. sen from the current population. Generaliset

selection withp > 1 represents a weaker selection

SGA with generalised*-selection is also formulated
i by a linear system of equations with a suitably re-
defined system matriA. As for the SGA witha-
selection, the SGA with generalised-selection al-
lows to explicitly determine a simple coarse-grained
system model for a schemata family defined by the
{-tuple&. The corresponding RHS is defined by the
schema system matrik; with similar properties as
the system matriA.

[ — scheme thaa-selection in the sense that not only the
best individuab is used as the first parent but tBe
p —> G > G (P) best individuald, by, ..., bg_; are allowed to repro-
iy duce as the first parent. For a given §Bt}o<k<p-1
+ of B best individuals the heuristic functiop of the
I
I

{b}o<k<p-1

Figure 8: Coarse-grained system model of the SGA with
generalisea*-selection.

3.2.2 Schema Fixed Points

For a given sef{by}o<k<pg_1 Of B best individuals
there exists a unique fixed point of the schema heuris-
tic functioné which again can be calculated from the
WALSH transformAy of the schema system mate
which is given by
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