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Abstract: In this paper we perform a practical review on higher-order statistics interpretation. Concretely we focuss
on an unbiased estimate of thth-order time-domain cumulants. Some synthetics involving classical noise
processes are characterized using this unbiased estimate, with the goal of checking its performance and to
provide the scientific community with another result, dealing with the interpretation of this signal processing
tool. A real-life practical example is presented in the field of electrical power quality event analysis. The work
also aims to present a set of general advice in order to save memory and gain speed in a real signal processing
frame, dealing with non-stationary processes.

1 INTRODUCTION signals under study (Nikias and Petropulu, 1993).
The power spectrum (second-order spectrum) is

Gaussian processes are completely characterized® Particular case of higher-order spectra. The third-
by the autocorrelation sequence and its associatedorder spectrum is called the bi-spectrum and the
Fourier transform, the power spectrum. In the power fourth-order spectrum is called the try-spectrum.
spectrum estimation, the information regarding the They are defined to be the Fourier transforms or the
phase of the frequency components of the signal is third _and the fourth-order cumulant sequences, re-
not present. The information in the power spectrum is SPectively.
essentially the same as in the autocorrelation (Nandi,  Poly-spectra are defined as the higher-order mo-
1999). ment spectra and cumulant spectra can be defined for
However, there are numerous situations where both deterministic signals and random processes. Mo-

we have to look beyond the autocorrelation in or- Ment spectra can be very useful in the analysis of de-
der to get extra information regarding deviations from terministic signals (transient and periodic), whereas
the Gaussian behavior and nonlinear characteriza-Cumulant spectra are of great importance in the anal-
tion. These additional characteristics help us distin- YSis of stochastic signals.
guish among apparently similar measurement data se- The motivation of the poly-spectral analysis yields
guences; therefore getting the complete characteriza-in three applications: (a) To suppress Gaussian noise
tion of the process. processes of unknown spectral characteristics; the bi-
Data sequences, and their associated power specspectrum also suppress noise with symmetrical prob-
tra, which have been obtained by multiplying more ability distribution, (b) to reconstruct the magnitude
than two time-series are called higher-order statistics @nd phase response of systems, and (c) to detect and
(HOS). Their associated Fourier transforms are called Characterize nonlinearities in time-series.
poly-spectra. They contain additional information re- In this paper we show the application results deal-
garding the phase of the frequency components of theing with the characterization of random processes,
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following the indications in (Nandi, 1999) and in bumps indicate by the way the presence of a phase
(Nikias and Petropulu, 1993). A real example in- shift.
volving power quality event analysis is then stud

ied to show the difference in dealing with real time- 200
series instead of synthetics. Computational intelli 100
gence based in neural classifiers are pointed as t
classification strategy, once the transients have be
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Figure 1: Two sinusoids with the same frequency, shifted

m/2 radians (Two upper graphs). They have the same  |et's revise some mathematical foundations.
second-order statistics (the autocorrelation sequence).

2.2 Cumulantsand Moments
Figs. 2 and 3 show the contour plots associated
to the third-order cumulant and the bi-spectrum of the High-order statistics, known as cumulants, are used to
former cosine sequences. Qualitatively (but also in infer new properties about the data of non-Gaussian
almost every practical case) we only have to pay at- processes (Hinich, 1990; Mendel, 1991; Nikias and
tention at the coarser differences between graphs. ThePetropulu, 1993). Before cumulants, due to the lack
main bump in the center of Fig. 2, which corresponds of analytical tools, such processes had to be treated as
to the situation of zero phase shift between the sinu- if they were Gaussian. Cumulants and their associated
soids, disappears in Fig. 3, giving rise to others, sec- Fourier transforms, known as poly-spectra, reveal in-
ondary bumps. Thanks to the bi-spectrum, these extraformation about amplitude and phase, whereas sec-
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ond order statistics (power, variance, covariance and

spectra) are phase-blind (Mendel, 1991; Swami et al., Coo(T) = E{2(t) - 2(t +71)} (4a)
2001; pe la Rosa et al., 2005e la Rosa and Ruz- '
zante, 2007, ). C32(11,m2) = E{x(t) - x(t +m1) - 2(t + 72)} (4b)

Before the definitions, it is convenient to remark  C, (1,72, 73)
that cumulants of order higher than 2 are all zero in  _ . . i
signals with Gaussian probability density functions. Bla(t) ot +m)-alt+72) 2t +7)}
What is the same, cumulants are blind to any kind of C2,0(71)C2,0(T2 — 73) (4c)
a Gaussian process. This is the reason why it is not — C24(72)C2 2(m3 — 71)
possible to separate these signals using the statistical _— Cy.2(13)Co (11 — T2)
approach (Nikias and Petropulu, 1993).

The relationship among the cumulantraftochas-
tic signals,{z;};cp1,,, and their moments of order

By puttingT, = » = 73 = 0in EQ. (4), we obtain

p,p < r, can be calculated by using theonov- V2,0 = B{z?(t)} = C2,4(0) (5a)
Shiryaevformula (Mendel, 1991; Nikias and Petrop- 3.0 = BE{z3(t)} = C3..(0,0) (5b)
ulu, 1993) .

Ya,x = E{Jf (t)} - 3(72,%‘)2 W 04,-’17(03 070) (50)

Cum(z1,...z) =Y _(=1)P " - (p— ! E{]] =} The expressions in Eq. (5) are measurements of

i€s1 the variance, skewness and kurtosis of the distribu-

tion in terms of cumulants at zero lags (the central

{16—[2 i} {le—[p or) cmulants).
(1) Normalized kurtosis and skewness are defined as

Y/ (V2,2)* and 3.2/ (72,2)*/?, respectively. We
where the addition operator is extended over all Will use and refer to normalized quantities because

the partitions, like one of the forrfsy, s, -« , s,), they are ;hift anq scale invaria_nt.xl(t) is sy_mmetri-
p=1,2---,mand(1<i<p<r),s;isasetbe- callydistributed, its skewness is necessarily zero (but
longing to a partition of ordep, of the set of integers notvice versy; if x(t) is Gaussian distributed, its kur-
1,.... tosis is necessarily zero (but nate versi

For a zero mean variable, using (1), the second-
, third-, and fourth-order cumulants, are particular 2.3 Poly-spectra
cases and are given by:
We will assume in the following that the cumulant se-
Cum(zy1,x2) = E{xy - 22} (2a) quences satisfies the bounding condition:

Cum(zy, x2,23) = E{xy - x5 - w3} (2b)

Cum($1,$2,$3,$4> . E{l‘1 “Xo - X3 - $4} T1=+00 Tr—1=+00
_E{$1 -xz}E{xs ~£C4} (ZC) Z |CT7‘”(T1’72""’TT_1)| < o0
T1=—00 Tr—1=—00
7E{"E1 'l’g}E{l’Q '£B4} (6)
— E{x1 - 24} E{zs - 23} Under this assumption, the higher-order spectra

are usually defined in terms of th¢h-order cumu-

Let {x(t)} be anrth-order stationary random real- | . "~ theirr-1)-dimensional Fourier transforms

valued process. Theh-order cumulant is defined as
the jointrth-order cumulant of the random variables

X(t)! X(t+Tl)r' v 1X(t+7-’r‘*1)! Sr,r(flv f27 LR frfl)
T1=-+00 Tr—1=+00
Cnr(’rl,’fg,...,ﬂ«_l) (3) = Z Z Cr,z(7_177—27~~-77—7’71)
= Cum|z(t), 2(t + 1), ..., z(t + 7_1)] nom e
. cexp[—j2n(fim1 + foro + -+ fro1Teo1)]
For stationary random processes theorder cu- @)
mulant is only a function of-1 lags. If {x(t)} is non-
stationary then theth-order cumulant includes time The special poly-spectra derived from (7) are
dependency. power spectrumrE2), bi-spectrum r=3) and try-

The second-, third- and fourth-order cumulants of spectrumi=4). Only power spectrum is real, the oth-
zero-mearx(t) can be expressed using (2) and (3), via ers are complex magnitudes.
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Poly-spectra are multidimensional functions Exponentaly dioibuted random process
which comprise a lot of information. As a con-
sequence, their computation may be impractical
in some cases. To extract useful information
one-dimensional slices of cumulant sequences and ‘ l
spectra, and bi-frequency planes are employed in mmmum.mmmmmmmﬂ.x‘Lumu,mmmmmummJJMW
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tained from the application of an estimator. In prac- g 9376585626518 (theoretical=6).
tice, the computation of the cumulants and the poly-
spectra is based in estimates. In order to asses the
performance of the selected estimator we test it con- 10
sidering a 2048-point sample register for each noise
process, as it was catalogued in (Nikias and Petrop-
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Figure 4: The four second-order cumulants corresponding ANALYSIS
to 4 sample registers, each of which is a realization of a dif-

ferent noise process. They exhibit the same autocorrelation . . . . .
sequence. The aim of the experiment is to differentiate between

two classes of transients (PQ events), hamed long-
. duration and short-duration. The experiment com-
If we look into the fourth-order sequences, sub- prises two stages. The feature extraction (classifica-
stantial differences are observed, specially those COr-tion) stage is based on the computation of the cumu-
responding to zero time lags. This can be seenin Figs.|gnts Oe la Rosa et al., 2007, ). Each vector’s coordi-
form5to 8. nate corresponds to the local maximum and minimum
of the4th-order central cumulant. This is the feature-
extraction stage. And the classification stage is based
on the application of the competitive layer to the fea-
ture vectors, in order to obtain two clusters in the fea-
ture plane. We use a two-neuron competitive layer,
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| Caestan dinbued fandom process tral cumulants (2nd, 3rd and 4th order) are calculated.
The window’s width (50 points) has been selected nei-
ther to be so long to cover the whole signal nor to be
very short. The algorithm calculates the 3 central cu-
mulants over 500 points, and then it jumps to the fol-

lowing starting point; as a consequence we have 98

L L L L L L L L L n
200 400 600 800 1000 1200 1400 1600 1800 2000

Sampl number per cent overlapping sliding windows (49/50=0.98).
015 ‘ ‘ ol ‘ ‘ ‘ Thus, each computation over a window (called a seg-
o . e e ment) outputs 3 cumulants.
s % o . op° o ° o o] Fig. 9 shows an example of signal processing
g % 5o° Lo° °°%o oo © o1 analysis of two sample registers corresponding to
S o A o | a long-duration and a short-duration events, respec-
g ‘ L ‘ s tively.
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Figure 9: Long-duration vs. short-duration transient anal-
-1p 1 ysis. From top to bottom: the original data record, the fil-
tered sequence, 2nd-3rd-4th-order cumulants sliding win-
20 15 -10 -5 0 5 10 15 20 dOWS, respectively.

lag, T,

Figure 8: A 2048-point redlizationgof a ‘uniformly dis- The 2nd-order cumulant sequence corresponds to
tributed noise process. Extreme value (for zero lag) = -

1.15845526517794 (theoretical=-1). the variance, which clearly indicates the presence of
an event, due to the excess of power. Both types
of transients exhibit an increasing variance in the

) 4 ) ) 7 neighborhood of the PQ event, that presents the same
yvh|c_h receives two-dimensional input feature vectors shape, with only one maximum. The magnitude of
in this training stage. this maximum is by the way the only available feature

We analyze a number of 16 1000-point (roughly) which can be used to distinguish different events from
real-life registers during the feature extraction stage. the second-order point of view. This may suggest the

Before the computation of the cumulants, two pre- uyse of additional features in order to distinguish dif-

processing actions have been performed over the samferent types of events.

ple signals. First, they have been normalized because  For this reason the higher-order central cumu-

they exhibit very different-in-magnitude voltage lev- |ants are chosen. An unbiased estimator of the cu-

els. Secondly, a high-pass digital filtétif-order But-  mulants has been selected. Third-order diagrams

terworth model with a characteristic frequency of 150 don’t show quite different clusters if we consider a

Hz) eliminates the low frequency components which bj-dimensional space (2 coordinates for each feature

are not the targets of the experiment. This by the way vector) because maxima and minima are similar. It is

increases the non-Gaussian characteristics of the sigpossible to differentiate PQ events from Bre-order
nals, which in fact are reflected in the higher-order perspective if we consider more features in the input
cumulants. vector, like the number of extremes (maxima and min-

After filtering, a 50-point sliding battery of cen- ima), and the order in which the maxima and the min-
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ima appear as time increases. In this paper we haved CONCL USION
focussed the experience on a bi-dimensional represen-
tation (2-dimensional feature vectors) because we ob-In this work we have reviewed computation of higher-
tain very intelligible 2-D graphs. order statistics. Concretely we have focussed on a
Fourth-order sliding cumulants exhibit clear dif- 4-order estimates. We have also proposed a method
ferences, not only for the shape of the computation to detect and classify two electrical power transients,
graph (the bottom graphs in Fig. 9, but also for the named short and long-duration. The method com-
different location of minima, which suggest a cluster- prises two stages. The first includes pre-processing
ing zone for the points. (normalizing and filtering) and outputs the 2-D fea-
Fig. 10 presents the results of the training stage, ture vectors, each of which coordinate corresponds to
using theKohonerrule. The horizontal (vertical) axis  the maximum and minimum of the central cumulants.
corresponds to the maxima (minima) value. Each The second stage uses a neural network to classify the
cross in the diagram corresponds to an input vector signals into two clusters. This stage is different-in-
and the circles indicate the final location of the weight nature from the one used i®©ter Nezih Gerek and
vector (after learning) for the two neurons of the com- Ece, 2006) consisting of quadratic classifiers. The
petitive layer. Both weight vectors point to the aster- configuration of the clusters is assessed during the
isk, which is the initializing point (the midpoint of the  simulation of the neural network, in which we have
input intervals). obtained an acceptable classification accuracy.

x10° Cluster classification. 4th-order cumulant
T T T T
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