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Abstract: In this paper, linear quadratic Gaussian regulators are presented and formalized for multi-rate sampled-data
stochastic systems using two well-known approaches: lifting technique and time-variant periodic modeling. It
has been demonstrated that both regulators are equivalent at the global frame-period with different computa-
tional costs and execution periods. An interesting analysis has been done to demonstrate the convergence of a
periodic Kalman filter, used in the periodic regulator, into its equivalent continuous one (Bucy Kalman filter),
when the periodicity ratio converges to infinity. In addition to this, in both regulators, multi-rate holds have
been used, acting as interfaces between signals at different sampling rates, which may improve the system
performance. A numerical example of LQG multi-rate control of a MIMO plant shows the application of both
regulators, where in addition to showing the improvement with respect to the single-rate case.

1 INTRODUCTION T = ged(T,,,T,,). The ration between periods is
N = T/T, whereN is the periodicity of the system.

In complex real-time control systems, it becomes Therefore, inputs and outputs are updated/sampled at

more and more realistic to assume different sampling MUItiPle time instants of the base-period, with, =
periods for different system variables. This is the case Nu, T andTy, =Ny, T
of many distributed control systems, where there are  The multi-rate problem has been extensively
more than one processor and many communicationtreated in the last four decades and it is possible
channels involved. Moreover, sensor and actuatorsty find many contributions dealing with modeling
with different dynamics should be treated at different ang analysis (Albertos, 1990; Araki and Yamamoto,
rates. For all these situations, multi-rate techniques 1986; Godbout et al., 1990; Khargonekar et al., 1985;
may be used to improve system performances. Tornero, 1985; Tornero and Armesto, 2003; Tornero
In multi-rate sampled-data systems, inputs and out- et al., 1999), as well as control design of multi-rate
puts are updated at different sampling rates. In mostsystems (Chen and Francis, 1995; Colaneri and de
of the cases, multi-rate sampling is due to technolog- Nicolao, 1995; Qui and Chen, 1999; Tangirala et al.,
ical limitations in sensors and actuators. Other lim- 1999). One of the approaches to treat the modeling
itations may come from computational requirements phase is to assume an enlarged MIMO system (Khar-
in real-time applications such as multi-rate sensor fu- gonekar et al., 1985; Albertos, 1990; Araki and Ya-
sion, data-missing, mapping, etc. mamoto, 1986; Godbout et al., 1990). In these ap-
A general multi-rate sampling could be asynchro- proaches, a discrete time-invariant state equation ex-
nous and totally random, although it is generally ac- pressed at frame peridfl is used, with enlarged in-
cepted that a periodicity between sampling-rates of put and output vectors. Many of these modeling tech-
inputs and outputs exists. On the one hand,rthe niques are based on the initial idea of VSD (Kranc,
inputs are updated &,,, with v =1,2,...,m; on 1957). In (Tornero, 1985), Tornero proposed an in-
the other hand, the outputs are sampled &%, , teresting time-variant modeling technique for multi-
with w = 1,2,...,p. The frame-period is for- rate systems expressed at base-péefidoased on two
mally defined ag’ = lem(7,, , Ty, ) which involves auxiliary state vectors associated to inputs and out-
all input and output periods, and the base-period is puts. In this approach, usually periodic, input and
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output sampling hold mechanisms are represented by2 MULTI-RATE TIME-VARIANT

two periodic and diagonal matrices. In (Tornero and PERIODIC LINEAR
Armesto, 2003), it is demonstrated that the approach
is equivalent to many other well-known multi-rate QUADRATIC GAUSSIAN

modeling techniques. REGULATOR

In this paper, we focus on multi-rate linear

quadratic Gaussian regulators, which has been pre-2.1  Sampled-data System M odel
viously treated in (Colaneri and de Nicolao, 1995;
Tornero et al., 1999). In (Lee and Tomizuka, 2003), Suppose a continuous-time stochastic system:
a Kalman filter is developed using the lifting tech- CV— A L . .
nique. Shah et. al. (Shah et al., 1995) implemented a X()= Aex(f) TBe-u(f) TG w(i)
multi-rate formulation of the iterated EKF on a biore- y(H)=Cx(®)+v({®)
actor. Kalman filters have also been used in multi- where A, € R is the state matrixB. € R in-
rate digital signal processing and filter banks (analy- put matrix andC € ®P* output matrix, being:, m
sis/synthesis) (Hong, 1994). In (Zhang et al., 2004) a andp the dimensions of the statg¢), inputu(t) and
Kalman filter is obtained based ord{volterra equa-  outputy(¢), respectively;G. € 1™ is the system
tions for continuous, multi-rate and randomly sam- noise transmission matrix, coupling the system noises
pled measurements. with the statew (¢) € R andv(t) € R are inde-

. : . i pendent Gaussian Wiener processes with covariances

Techniques applied for multi-rate Kalman filter Q. c 7% andR. € RP?, respectively

have been also extended to non-linear multi-rate filter- < c \ P i
. ! The sampled-data system with discrete inputs at
ing such as the Extended and Unscented Kalman fil- hase period is (Loan, 1978):
ters (Julier et al., 2000; Julier and Uhimann, 2002). In
this sense, different multi-rate sensor fusion applica-  X((k+1)T)=A(T)-x(KT)+B(T)-u(kT)+w(kT)
tions in mobile robotics have been already presented @
(Armesto et al., 2004; Armesto and Tornero, 2004). y(kT)=C-x(kT)+v(kT) @

In the paper, two different but equivalent multi- with,

rate LQG regulators are presented, based on perio- A—A(T)= AT B:B(T):/T AT-p 4

dic (time-variant) and on lifting techniques (time- o
invariant), which can be summarized in figure 1. One w(kT):/T AT G w(r—kT)dr
of the most important contributions comes from the 0 )

fact that multi-rate holds are integrated into LQG reg- x1)=c /T /t eAc<T4>chw(T_kT)dt+/T dv(r—kT)
ulators. Another contribution is the demonstration o Jo 0
of convergence of discrete-time Kalman filter to the In the remainder of the paper, we use notatigh) =
continuous one (Bucy-Kalman), when the periodic- x(kT), u(k) = u(kT), y(k) = y(kT), w(k) =
ity ratio goes to infinity. In addition, multi-rate holds  w(kT) andv(k) = v(kT'), with discrete covariances
are defined according to general primitive functions, Q=Q(T) andR=R(T") computed as (Colaneri and
which can generate conventional ZOH and FOH as de Nicolao, 1995),
well as others holds based on Bezier, exponential or T At v AT (1)
sinusoidal functions (Armesto and Tornero, 2003). Q:/O e Ge Qe Ge etie T dT
TN T Ae(s—r T 7 AT (s—r T
R:C/O {[/Te ( )GLﬂds]Qc[/; cTehe )ds”drc +R.T

k) ¥,k

e Gigl
T | N
“Ikl PERICOIC ilk/kl
? 7

w, (KN + M)

PERIODIC
HOLD

2.2 Multi-rate Time-Variant
Periodic High Order Holds

Multi-rate high-order holds (MR-HOH) are used
as multi-rate interfaces between signals at differ-

NT N, ent sampling frequencies (Tornero and Tomizuka,
: 2002). Low-frequency signals are extrapolated to
“‘(ENM' high frequency, usually at base-period. In (Armesto
vr LaR ar and Tornero, 2003), it was proposed a methodol-
ogy for designing MR-HOHs based on primitive
Figure 1: Multi-rate LQG control structures. functions such as polynomial extrapolation, approx-

imation functions (Bezier) and even non-polynomial
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i , . wherev, (k) is an auxiliary state vector related to the
Table 1: Multi-rate High Order Holds Based on Polynomial input hold mechanism. The periodic multi-rate hold

Extrapolation Functions. matrices are defined as,
Name | Order Primitive functionuy, (t) I— Ay(k) o o o A (k)
ZOH 0 ult;) - Ay (k) I— Ay (k) o o [0}
fon n 1+i) .u(t ‘)7 i.u(t,;l) Ap(k)= : : By(k)= :
ti—tj1 Tttt ! 0 Ay(k)  T—Ay(k) o
o | n [ 3 |TI [t - tm*] “u(tj_1) GH=[o) T SOl 0 AR =2
=0 | q=0 Lti—t —ti—q Despite of the mathematical complexity, the perio-
Lzl d:c state-space representation for a MR-ZOH is sim-
. . . p y!
Table 2: Multi-rate High Order Holds Based on Polynomial
Extrapolation Discret% Functions. g vu (k1) = (I=Auk))-vu (k) +Au(k)-u(k)
Name | Order Primitive functionuy, (¢) up (k) =(I—Ayk))-vu(k)+Auk) u(k)
ZOH 0 u(jN.T) which means that the inpui(k) is incorporated into
FOH 1 1+ A;'u)~u(jNuT)— ~yu((G—1)NuT) the state on every update (at low frequency) and the
. outputuy, (k) maintains this value until the next up-
NoH | i I [%] a((j — DN, T) date. For a MR-FOH the formulation is,
0 LZ;? ! ) [/uuzlgik;ulll)}:[llﬁ&)k) I—Aou(k)]'{vu?}lgikaru)}*{A%(k)] u(k)

functions (exponential, sinusoidal, etc). In (Kabamba, —wn®=[1+ x5 ;] e r=aum [, w5, +autum
1987), other Generalized Sampled-data Hold Func- where e represents the inner product. In this case,
tions (GSHF) can be found. _ the present updated input and the last updated input
Multi-rate sampled-data systems are obtained com- gre stored in the state and used to generate a ramp
bining different MR-HOH and the continuous-time, hased on these values at the output. In section 3.1
providing different system performance (Braslavsky it ijs shown a very simple numerical example of the
etal., 1998). transfer function of several holds.
In Table 1 it can be found the primitive functions

for polynomial extrapolation functions used to gener- 2 3 Multi-rate Time-Variant
ate conventional ZOH, FOH and even the general case AT .
NOH (N-th Order Hold). Periodic Stochastic System
Primitive functions use signal samples at low fre- ] o )
quency as control point for generating an extrapolated A general multi-rate periodic stochastic system can

continuous-time signal, be seen as the concatenation of a multi-rate high or-
der hold (3) and (4) and the discrete-time stochastic

up(t) = D En bty tis et alt ) = Y faa(ultj—1) model (1) and (2) at base-period. Note that, we have
=0 1=0

=0 i i expressed the multi-rate stochastic system in terms of
wheren is the order of the hold device arg is the k instead ofk + 1 because the LQG requires the es-

time of the last updated input, with <¢ < t;,4. timation of x(k) in real-time, that is at the present
The discrete function expressed at base-period with sampling period,
regular sampling is, x(k)=Ax(k—1)+Bup(k—1)+w(k—1) (5)
wn(9)=3 £ V) - w(G-DNT) o) = O X v )
=0 wherey (k) only contains measured outpufs (k)
wheret; = j-N,-T, t; —tjqy = N, andi = is the row-reduced matrix o andv,(k) is the re-

Mod(k, N,) = k — jN,. Table 2 shows the signal duced noise vector, respectively. In the remainder of

; the paper, matrices and vectors affected by the multi-
sampled at high frequency for ZOH, FOH and NOH. ; ; : -
In order to describe the multi-rate input sampling rate sampling will be also denoted with sub-index

at base-period, a periodic diagonal matrix is defined The size-varying output vector is defined as,

(Tornero, 1985), Yo (k) C ys(k)e RPEHif 5V (k) =1
Ay(k)=diag{6"" (k),v=1,2,...,m} s 1 if Mod(k, N,)=0
(k)= 0 otherwise

N (k):{1 if Mod(k, N,,)=0

0 otherwise beingp(k) the number of sampled outputs at a given

According to this, the periodic representation for time instant:. In fact, the complete state-space repre-
multi-rate high-order holds (Armesto and Tornero, Sentation of the multi-rate system including the hold
2003) is , is,

vu (k4 1) = Auk) vu()+BAk) u(k)  (8) (0= Aur(h— eaan (b= 1)+ Buarh— tuci—1) [V
up (k) =Cn(k)vu(k)+Dn(k)-u(k) 4) ¥ s (k) = Cur(k) -xaim (k) + v (k)
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wherexyr (k) = [x(k) v, (k)]T and, The multi-rate periodic equivalent index to the
single-rate one considering the hold is,
AMR(k):[Ig BAC’(ISC];)] BMR(k):[BBD’(L,(J;)] Cur(k) =[Cs(k) 0] oo = -
" ' dan=3 3 W wuf ] [ 1] [ X))
R 2 h MT R |un(k)
24 Multi-rate Time-Variant =5 bl (k) u@)] [ =) un] prm b
. . . k=0 IR
Periodic Kalman Filter where.
According to the periodic multi-rate stochastic system QMR@):[CST%M CTIE/,IfR(Ck)(k)] MMR@):[CST“&?,{%;,C)]
(5) and (6), we define the periodic estimation model, Farr(k) = DT(k) RDy (k)
&(klk—1)=A-%(k—1|k—1)+B-uy (k—1) The optimal multi-rate control input is obtained

from the solution of theV-Periodic Riccati equation
Note that the state of the hold is not included, si (Torero et al., 1999),

ote that the state of the hold is not included, since - 4 T
it is completely known. Therefore, input of the esti- Anr (k) = Avr(k) —Bur(k) - Ryr(k) - Myr(k)
mation model is the output of the hold. In this sense, Syg(k)=A g (k)-Sur(k+1)-[Anr (k) +Kar(k)) H-
equations related with the Kalman Gaif(k) and & -
output covariance matri$ (k) are affected by the +Qur(k) —Mur(k)-Ryr(k) - Mu(k)
multi-rate output sampling, while the equation related K, ;x(k) = [Ryr(k) +Bhn(k) - Sur(k+1) - Bur(k) ™
with the state covariance predicti®@k|k—1) is not rarik) = Cgglf) + Bun QAR LK (+)

R(k|k) =R(k|k—1)+K(k) (ys(k) = Cy(k)-R(k[k—1))

affected. Therefore, the multi-rate periodic Kalman - Bur(k)-Sur(k+1)- Anr ()
filter (MR-PKF) equations are, u(k) = — (Rys(k) - Miir(k) + Kur(k)) - x (k)
Pklk—1)=A-P(k—1|k—1)-A"+Q Remark 1 Rygr(k) issingular if non oneinput is up-
- T 1 dated. This apparent problem can be solved since el-
K(k) =P (klk—1)-C.(k)-S. (k) ements related with non updated inputs do not affect
Sd(k)=Cyk)-P(k|k—1)-CI(k)+Ra(k) to the index (Colaneri and de Nicolao, 1995).

P(k|k) =P (klk—1) — Kd(k)-Cu(k)-P(k|k—1)

Special attention requires the cagé) =0, where
outputs are not sampled. The output vector is void and 3 MULTI-RATE LIFTED LINEAR

also each vector/matrix denoted with sub-indext QUADRATIC GAUSSIAN
is not possible to correct the state and its covariance,
and they both are simply predicted. REGULATOR

2.5 Multi-rate Time-Variant 3.1 Multi-rateLifted High Order
Periodic Linear Quadratic Holds
Regulator The lifting technique for the dual-rate HOH gives the

) , lifted transfer function expressed at frame-period,
Suppose a single-rate index as follows, n n
~ =\ * . ——1 * _ . ——I1T
1, ) & N [x(h) Gr(®)=[1 Y fo1)-z" ... > f(N—-1)-27"]
JSR:§Z [X (k) u (k)] M7 R| |uk) ) ) =0 =0 ) )
=0 where inputs are updated once per frame-period. This
o=~ ~ - . transfer function is derived from the state-space rep-

and inputs previously computed from a discrete-time o Cx
continuous-time index, Uu(kN+N)=Ap-0u(kN)

ch1 /0 ¢ [x"(t) u"(t)] [%C f(t)c] : {ﬁgﬂ dt (8) where,

I _
Gp(z2)=Cy (21— Ay) "B + Dy,

Wlth’ 0 0 0 I
I 0] 0 0
Q:/T At Qeehett An= {: S :] By = H
S o :

T t o] I (0]
T, ~
M:/ eAetQ, {/ eAcTBCdT} dt 0 0 o I
0 £, 1(1) £ (1) Y £ 0(1)
. . . | Bp= .

0
~ T t T - t - Cp=
R:/ U BZeAchT:| Q. [/ eAcTBCdT:| dt+Re-T
0 0 0

/7€ +Bh~
l_lh(l_CN):Ch~§u(l;3N)+Dh~l_l(];:N)

£r(N=1) ... fr (N-1) 0O £ o(N—1)
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Table 3: Numerical Examples of Lifted Transfer Function
of MR-HOHs.

N DR-ZOH DR-FOH DR-SOH
1 Gp, =1 G, =1 Gy =1
1 1 1
2 | Gp=|; Gp = |32-1 Gp = | 152210243
2% L )
1 1 !
_2 _
. 4z—1 14z° —-7z42
3 | Gu=|1 Gn = |53 Gn = 922
1 pee 202216245
z L 922 i

Lifted MR-HOH for a periodic sampling can be ob-
tained using successive substitution of equation (3)
and (4). Inthat case, the lifted input vectofig:V ) =
[u”(kN—N) ... u"(kN—-2N,) u”(kN-N,)]T. In
order to show that despite of the mathematical com-
plexity the implementation of MR-HOH is very sim-
ple, since at the end they are composed with simple
transfer functions. In this sense, table 3 shows the
lifted transfer functions of ZOH, FOH and SOH.

3.2 Multi-rate Lifted Stochastic
System

A general multi-rate lifted stochastic system is ob-
tained by combining multi-rate holds with the sto-
chastic system,

EN)=A-%((k—1)N)+B-t,(kN)+G-w(kN)
=C, %((k—1)N)+Ds tGp (kN)+ G, -w(kN)+v,(kN)

with lifted signals,

W(kN)=[w(kEN—N) ... w(kN—-2) w(kN—-1)]"
Fo(bN)=[y " (kN=N+N,) ... y' (kN—N,) y" (kN)]"
Vs(kN)=[vI(EN=N+N,) ... vI(kN—N,) v'(kN)]"
and,
A AN
B=[AN1.B AN2.B ... B]
G=[AN1 AN2 1]
rc.ANy
C~A2Ny
C, =
| c.AN
r CB 0 0
. C.ANy.B CB 0
D= .
_C-AN;N?J-B C-ANizN?J-B C:B
r C 0 0
~ C-ANy C 0
Gs: .
_C-A}V—Ny C-AN—QN?/ C

In fact, the complete state-space representation, in-
cluding the hold, is:

MR (EN) = AMrEMR ((E—1)N)+Byra(kN) + [GW(()EN>]

¥s(kN)=CyurEMr ((k—1)N)+Dyru(kN)+Gs W (EN) 4+ (EN)

wherexyr (EN) = [%(kN) 5, (kN)]T and,

AMR= [‘é Ejjjh} BMR: [Bﬁ?h}
Gur=[Cs DsCp]  Dur=Ds Dy

3.3 Multi-rateLifted Kalman Filter
(MR-LKF)

The lifted estimation model is,
X(kN|(k=1)N)=A-%((k—1)N|(k=1)N)+B-fy (kN)
R(EN|EN) =% (EN|(k—1)N -
K (RN (F5(kN) —Cs - X((k=1)N|(k—1)N) ~Ds-G(kN))
whereK (kN) is the Kalman correction matrix. Once
again, the state of the hold is not estimated since it is

assumed to be completely known.
Kalman filter equations for the lifted model are

P(AN|(k—1)N)=A -B((k—1)N|(k—1)N)-AT +&.Q- &7
Puy,s(RN|(E—1)N) = CsP((k—1)N|(k—1)N)AT+G.QGT
By, (AN)=C,P((k—1)N|(F—1)N)CT+ &G.QET+ R,
(kN |(k=1N)-P 1 (kN) ©
P (RN |&N) =P (kN | (k= 1N ) =R s(RN) - Py s (RN | (k- 1)
where the enlarged covariance matrices are,
Q=E[W(N) " (&N)] R.=E[v.(kN)-v7 (kN)]

3.4 Multi-rateLifted Linear
Quadratic Regulator

R kN)=PT

TY,s

The multi-rate lifted equivalent index to the single-
rate one (8) considering the hold is,

- 1 o~ 0T 7oA 2T f ) Qur Mur . xMmr (kN)
uﬁ\dR* D) ’;z:.; [XMR(kN) u (kN)] |:1\—/I1\7/I"R ﬁl\/IR:| |: ﬁ(];N)
where,
- I\ZIMR _ A _0 _0 6 I\=/I A _0 _0
Myr Bur| |0 B&, BD,| |17 &]lo Bg, BD,
with,
Q=diag{Q, ..., Q} M=diag{M, ..., M} R=diag{R, ..., R}
I 0 0 0
R ' B 0 o
A=| . B=
X . .0
AN ANB B 0

The optimal control input is obtained from the so-
lution of the Riccati equation in a similar way,

Swr(kN) = Qur 71\7IMR1?{1\_/11R1\_/II;1;R+ [Axir— Mﬁnﬁﬁlr(gl\q/;rt]
Sur(EN +N) - [Ayr—Bur (Ryfg Mg + Rur(kN))]

Rup(kN) =[Rur +Biig Sur(kN + N)Bur] " B7 Sur(EN +N)-
(AR — Bur Ryfr MR )

G(EN +N) = — (R Mg + Rur(kN)) -x(EN)
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4 MULTI-RATE BUCY-KALMAN
FILTER

The limit case, wherV — oo with constant frame-
period, both discrete-time Kalman filters converge to
their equivalent continuous-ones. Continuous lifting
technique must be applied to converge MR-LKF into
its equivalent one (Bamieh et al., 1991). In this pa-
per the convergence of MR-PKF to the Bucy-Kalman
filter (continuous) is shown.

The prediction and correction covariance equations
fora sampled-data system is,

P(t4+T]t) =" P(tt)- ™ T+ Q(T)
S{(t)=C <t>P<t+T\t>c It +R(T)

K (t+T)=P(t+T]t)-Cl (t) s. (1)
P+Ti+T)=Pt+Tt)-Kt+T)-Ct)-P(t + T|t)
being C4(t) the output matrix considering the multi-
rate sampling. The derivate of the covariance is,
P(t+T[t+T)—P(¢[t)

T
OP(t+Tt)
or

P(t|t):TnLnO

OK (t+T)
lim
T—0 oT
OP(t+T|t)
aT
Operating and re-ordering some terms,

OP(t+T|t)
T

CL(t) PE+T|t)—

P(t|t):TnE]0

— Jim K,(t+7)-C(t)-

=Pt|)=Ac-P)+P(tD)-AT+G:-Qc-GT

T—0

OK(t+T)

. : _ 3 7 AN
lim —— L Cu (P (4T ) =P (1) Co()K (1)

T—0
K(1)Ss (KL (1)
AP (t+T|t)

orT
whereS ! (t) = —S;(t)S.(t)S; (t). Operating, we

get to multi-rate Bucy-Kalman filter equations:
P(tft)
K.(0) =B () CT0) [ChBHnCT®) + )]
B (1)) =P (4]1) ~K.(1)-Co(t) P(1]1)
Finally, the state estimation is as follows:
%(t) =A%) +Be-up () + Kot ys(t) —Cs(t) %

Jim, K(t+T)Cq(t) =K (t)Cs(t)P(t|t)

=A.-P(t|t)+P(t|t)- AT+ G, Q.- GT

®))

5 NUMERICAL EXAMPLE

Suppose the weak-coupled plant proposed by (Araki
and Yamamoto, 1986; Godbout et al., 1990), with in-
putswu; andus updated afl,,, = 0.1sec. andT,,

0.15 sec. and outputg andy2 sampled af’,, = 0. 15
sec. andl}, = 0.1 sec., respectively. Thelf)ase -period
isT = 0.05 sec. and the frame-periad= 0.3 sec.,
thus N =6.

x(t)+Be-u(t)+w(t)

Ac
C-x(t)+v(t)

72

with,
x(t)=[z1 w2 ws]", u(t)=[ur ua]”, y(t)=[y1 v2]"
A.=diag{—-2.5,-2,—1}
2.5 0
B.=[ 10 -12], C=<_I‘/13 5 (1’)
5/6 1
where noise covariances are Q. =

diag{0.05,0.3,0.1} andR, =diag{0.1,0.1}.

The lifted input and output vectors are:
a(kN)= T

75 (EN) = [y2 (kN—4) y1 (kN-3) y2 (kN—2) y1 (kN) y2 (&N)]T

[u1 (kN—N) ug (kN—N) u1 (kN—4) ug (kN—3) u1 (EN—2)]

\évrrgle the periodic time-variant vectors and matrices

AL0)=T A1) =0 Ay(2)=Ay(4) = [(1)

ys(0)=[y1 327, ¥ (1)=ys(5) =0, ys(2) = ys(4) =v2, ys(3) =v1

Figure 2 shows the state covariance computation
using a MR-LKF and MR-PKF for unit step with
ZOH. The MR-LKF is combined with the fast sam-
pling model of the plant (inter-sampling prediction).
It can be observed that the covariance (and also the
estimation error, which is not represented), are the
same at every frame-period, therefore both filters are
equivalent at those time instants. However, the advan-
tage of the multi-rate periodic time-variant approach
is that estimations are performed at a fast sampling
rate, while the lifting approach is iapen-loop until
all inputs and output of the frame-period have been
processed.
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Figure 2: State covariance for MR-LFK (dotted line) and
MR-PKF (dashed line).

Now, can compare the equivalence of the perio-
dic and lifted LQG control using a ZOH. In figure
3, it is depicted the state evolution with initial val-
uesx(0) = [0.5 —0.4 0.3]7, and weighting matrices
Q. =10-I343, R.=0.1-I54». It can be appreciated
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that in both cases, they give the same estimation eachrectly in this paper or indirectly in other authors’ ref-
frame-period, however in the periodic approach the erences, open a research field to be exploited.

state estimation is much more closer to the real state. An interesting analysis has been done to demon-
This is because the lifted LQG is in open-loop among strate the convergence of the Periodic Kalman filter
frame-periods. Figure 3 shows the state evolution for to its equivalent continuous one (Bucy Kalman fil-
the proposed example, where the same conclusionger), when the periodicity ratio converges to infinity.
can be obtained. A new approach related with Bucy Kalman filter is
the fact that continuous signals with discontinuities
can be easily incorporated for estimation.

The multi-rate periodic modeling can be also used
in non-linear filters such as Extended and Unscented
Kalman Filters and Particle Filters, widely used in
mobile robotics.

Many technological limitations associated to sen-
sors and actuators can be overtaken in a systematic
way, using the multi-rate sampling approaches used

in this paper.
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