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Abstract: Stochastic control design chooses the controller that makes the closed-loop behavior as close as possible
to the desired one. The fully probabilistic design describes both the closed-loop and its desired behavior
in probabilistic terms and uses the Kullback-Leibler divergence as their proximity measure. Such a design
provides explicit minimizer, which opens a way for a simpler approximations of analytically infeasible cases.
The current formulations are oriented towards finite-horizon design. Consequently, the optimal strategy is non-
stationary one. This paper provides infinite-horizon problem formulation and solution. It leads to a stationary
strategy whose approximation is much easier.

1 INTRODUCTION its solution for the growing horizon. This is the main
result of the paper. Section 4 concludes the paper by

Stochastic control design (Kushner, 1971) Choosesdiscussi(_)n about the practical significance of the re-
control law that makes the closed-loop behaviour of SUlt obtained.
the controlled system as close as possible to the de-
sired behaviour. To review the numerous existing so-
lution methods and major restrictions of their applica-
tion, a survey (Lee and Lee 2004) can be advised. 2 PRELIMINARIES

In a wider context, the stochastic control design
can be viewed as a specific case of Bayesian dy- . -
namic decision makingp(Berger 1985) w?]lich min—y In the paper= stands for the equallt)D/ by definition;
imises the expected value of a loss function express--X ~_denotes a set of all values of; X means car-
ing control aim. Probabilistic description of both: the dinality of a finite setX™; X(¢) stands for the se-

closed-loop behaviour of the controlled system and dUence(Xi, ..., Xy), f(|-) denotes probability den-
the desired behaviour makes a ground for fully prob- Sity function (pdf); ¢ labels discrete-time moments,
abilistic design (FPD) of stochastic control. Thisde- ¢ € ¢ = {L,....,t}; L is a given control horizon

sign (Karny, 1996: Karny et al., 2003; tarny et al,  thatcan grow up to the infinityd; = (y;,u,) is the
2005; Karny and Guy, 2004) selects randomised con- f|n|te_-d|_men5|onal data record at the discrete time
trol laws that make thentire joint distribution of ~ COnsisting of the observed system outputand of
variables describing closed-loop behaviour as close astn€ Optional system input;; z, stands for the finite-
possible to their desired distribution. The paper con- dimensional unobserved system state at ime

siders asymptotic version of FPD. It suits to the situa-  Arguments distinguish respective pdfs and no for-
tions when control horizon is large enough and leads mal distinction is made between a random variable,
to simplified design applicable to a wider set of con- its realisation and an argument of a pdf. Integrals en-
trol problems than the non-stationary, finite-horizon countered are multivariate and definite with integra-
version. tion domains coinciding with those of integrands.

The next section introduces necessary notions and The FPD exploits theKullback-Leibler (KL) di-
notations. Section 3 recalls the FPD in the most gen- vergence, an information entropy measure, (Kullback
eral state-space setting and provides the extension ofand Leibler, 1951)
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is constructed in the way analogous to (4) with the
~ X) user-specified factors are marked by the superséript
fIF) = [ 1 ( ) d

= 1
(X) . TF(d(E), x(t) | 2o) ' f (o) = H T (yeloe, 1)

~ tet*

It measures proximity of pdfg, f acting on a set

X* and has the following key property < f(eltpe, we—1) ' f (weld(t = 1)) f (o)
< N e o 7 The pdfs?f(ye|we, 1), Lf(x¢|vs, x¢—1) describe the
DfIIf) = 0, D(fllf) =0t f=f 2) ideal models of observation and state evolution and

almost everywhere o *. Tf(ug|d(t — 1)) the ideal control law. The prior pdf

The joint pdf f(d( ), x(t)|z0, d(0)) f(x0|d(0)) = on possible initial states’ cannot be influenced by
F(d(#), z(t)|zo) f (z0) of all random considered vari- the optimized control strategy so that it is left to its
ables is the most complete probabilistic description of fate, i.e.”f(zo) = f (o).
the closed-loop behaviour. The variahlgconcerns The formulation of FPD is straightforwaréind an
to have character of C|osed_|oop state V\aﬂns an admissible CO”trOl Strategy mInImIZIng the KL di-
initial uncertain state.d(0) stands for the prior in-  vergenceD (f(d(), z(D)[[*f(d(i), z(7))).
formation serving for the choice of the input at time ~ Solution of the FPD requires the solution of sto-
t = 1. Further on(0) is considered implicitly only.  chastic filtering problem in the closed-loop.

The chain rule for pdfs (Peterka, 1981) implies the proposition 1 (Filtering in the closed-loop) Let the

following decomposition of the joint pdf prior pdf f(zo) be given. Then, the pdf
o e f(x¢|d(t)), determining thetate estimateand the pdf
F(d(t), 2 (®)]xo) f(z¢|us, d(t — 1)), determining thestate prediction
= f(xo) H fye|ue, d(t — 1), z(t)) (3) evolve according to the coupled equations
tet* Time updating
X f(ze|ug, d(t— 1), z(t— 1)) f (ue]d(t— 1), z(t— 1)).
The chosen decomposition (3) distinguishes: f(xth‘t’d(t_l)):/f(xtwt’ 1) f (@l d(t—1))daey
observation modef (y;|u, d(t — 1), z(t)); Data updating
time evolution modef (x4 |us, d(t — 1), z(t — 1)); Fnltbo, ) f nluag, d(t — 1))
x T|U —
randomized controller lawf (u,|d(t — 1), z(t — 1)). f(z|d(@)) = Yel¥e, Te) T\ Te1Ue
As the variablez, represent closed-loop state, all /f Yelthe, o) f(we|ug, d(t — 1))dl‘f
above models do not depend on its historyyi(g) =
x¢. Moreover, assumeddmissible controllergen- fyelue,d(t—1))

erate the system inpuf; using at most the historical  the stochastic filtering does not depend on the used
data observed(t — 1) and cannot use the unobserved 54missible control strategf/f (ug|d(t — 1)) }see- but
statese(t — 1). Besides, the addressed stationary de- only on the generated inputs.

sign requires all functions to be time independent. To | ot the time-invariant state estimaty (z|V;) =
gain this, observed daté(t — 1), growing with time f(z¢|d(t)) exist, wherd/; is a finite-dimensional sta-

¢, has to enter the models via a fixed-dimensi@ial  jigtic. Then, this function solves the equation
servable staté,_;. Thus, the introduced closed-loop

description (3) reduces to: fxe|V2) = (5)
F(d(#), 2(8)]x0) “4) S(yelbe ) [ f@elvpe, we-1) °f (w1 |[Vier) dae—y
- ]._.[ Fyele, we) f(@eltpe, we—1) fueld(t = 1)), /f(th}t, x) f(we|br, we—1) °f (21 [Vie1) dwy 1 davy
tet*
where theegression vectot); = [us, dr—1]. flyelye, V1)
Proof: See, e.g. (Arny and Guy, 2004). ]
Example 1 (Stationary Kalman filter) Let the time
3 FULLY PROBABILISTIC evolution model be (o [ter e ) = N (A
DESIGN Buy, R), with NV,(%,w) denoting normal pdf of

z having expectationZ and covariance matrix
The control aim and constraints are quantified by the w. Let also the observation model be normal
so-calledideal pdf that defines the desired joint dis-  f(y:|[¢r, 2¢) = N,,(Czy + Duy,r). Assuming that
tribution of the closed-loop variables considered. It matricesA, B,C, D, R,r are known, the stationary
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estimate®f (z,|V; = (&, P)) = N, (i1, P). The ex-
pectation and covariance matrix of this estimate fulfill
the equations coinciding with stationary Kalman filter
(Meditch, 1969)

i’t == Ai’t_l + But + K(yt - Ci’t_l - Dut), with
K=PC'rtandP ! =C'r'C+(APA +R)™ .

Respecting the aim of the paper, the solution of
FPD for the stationary state estimate is written.

Proposition 2 (Solution of FPD) Let the state esti-
mate reached its stationary formyf(z:|V;). Then,
the optimal admissible control strategy in FPD

The functionw(vyy, V1) fulfills the following equa-
tion with *f(z;|V;) updated as in the Proposition 1

w(the, Viz1) E/f(yt|¢t7$t)f(xt‘wtamt71) (8)
f (el o)

X <f If(ut+1|¢t)

exp[—w(Yiy1, Vi)] dugsr
% f(xt|'(/}t7xt71)
Tf (elbe, we—1) Lf (yelabe, )

X f(xi—1|Vio1) dys dwvyday .
Proof: The KL divergence is an expectation of the

sense is the randomized one given by the pdfslogarithm containing ratio of products. Thus, it rep-

°f (we|pe—1, Viz1)
exp[—w(¥y, V1))

_ I *

- f(ut|¢t—1) '7(¢t717v%—1) ) tet ) (6)
7(¢t717thl)
= / T (url$e—r) expl—w(the, Vi1)] due.

Starting with ~(¢;, V) 1, the functions
w(v, Vi—1) are generated recursively in the back-
ward manner fot = ¢,¢ — 1,...,1, as follows

w(the, Vi—1) E/Q(wt,l‘t—l)Sf($t—1|Vt—1)d$t—1~

°f(x¢|V;) is updated according to Proposition 1 and
Qps, 24-1) = /f(tht,xt)f(xtWt, Ti1)

f(yt|wt71't)f(xt|wt;xt71) >
. 1n<7(¢t7 Vt) If(tht, xt) If(xtWt, xt—l) Ay sz
Proof: See (Karny and Guy, 2004) 0

The following proposition describes the key result
of this paper.

Proposition 3 (Solution of FPD fori — oo) For a
given randomized admissible strategy

{f(ut|d(t - 1)}€:17 f < 00,
the KL divergence is expected value of an additive
loss function.

Let there is such a controller for which the state
estimate reaches its stationary forff (z;|V;) and
expectation of the partial loss forming the Kullback-
Leibler divergence is bounded even for~ oo by a
finite constantk'. )

Then, for the horizon — oo, the optimal admis-
sible control strategy in FPD sense is stationary ran-
domized one given by the pdfg(u:|di—1, Vi—1)

If(ut|¢t_1)exp[_w(¢t’Vt—l)]

’Y(éf)tfl, Vt71)
Y(pe—1,Vi1)
= / T (el $e—r) expl—w(the, Vi1)] dse.

, tet”, (7)

resents an expected value of the additive loss func-
tion. According to the assumptions, there is a strategy
that makes expectations of the partial losses bounded.
The loss function, which equals to the KL divergence
—tIn(K) for any constank” > 0 is minimised by the
same control law as the original KL divergence. At
the same time, there exiskSsuch that the shifted loss

is bounded from the above for anyand thus its limit
superior exists. The minimising strategy depends on
the reached minimg (whose constant shifts do not
change the minimising strategy), which converges,
too. This implies convergence af and, finally, sta-
tionarity of the strategy obtained for growing hori-
zon. The functionw, determining it, meets station-
ary version of non-stationary equations in Proposition
2. By excluding the intermediate functions (2, the
claimed final version can be obtained. ]

Example 2 (FPD for normal state-space model)
Let us assume controlled system described by the
normal state-space model as in the Example 1. Let us
consider the regulation problem, which implies that
we try to push all dynamics to zero while leaving the
uncontrollable innovations to their fate. Therefore,
the ideal pdf is {f(z¢|vs,zi-1) = N, (0,R),
Tf (ys e, ) Ny, (0,7), while requiring
If(ut|d(t - 1)) = Nut (07(1)

In this case, the optimal stationary control law is

Of (ugld(t — 1)) = N(LEy—1, °q)

with

aq _ (B/Q71B+D/’I"71D+q71)71

L = °¢'(B'QT'A+D'r'C)and
Q1 AQ A+ C'r1C - L' %L+ R™!.

Note that the non-standard equation for stationary
Riccati matrix is caused by non-standard presence of
the term Du, in the observation model and by the
non-standard attempt to optimise jointly output and
the state. Without this, the mean value of the optimal
controller is usual stationary control law obtained in
linear quadratic design with the state penalisation
R~! and input penalisatiog—!.
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