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Abstract: Nonlinear discrete time and continuous time optimal control problems with terminal constraints are solved
using a new evolutionary approach which seeks the control history directly by evolutionary computation.
Unlike methods that use the first order necessary conditions to determine the optimum, the main advantage of
the present method is that it does not require the development of a Hamiltonian formulation and consequently,
it eliminates the requirement to solve the adjoint problem which usually leads to a difficult two-point boundary
value problem. The method is verified on two benchmark problems. The first problem is the discrete time
velocity direction programming problem with the effects of gravity, thrust and drag and a terminal constraint
on the final vertical position. The second problem is a continuous time optimal control problem in rocket
dynamics, the Goddard’s problem. The solutions of both problems compared favorably with published results
based on gradient methods.

1 INTRODUCTION tryagin and Mishchenko, 1962).

It has been known, however, that the TPBVP is

An Opt|ma| control prob|em consists of f|nd|ng the much more difficult to solve than the initial value
time histories of the controls and the state variables Problem (IVP). As a consequence, a second class of
such as to maximize an integra| performance index solutions, known as the direct method has evolved.
over a finite period of time, subject to dynamical con- For example, attempts have been made to recast the
straints in the form of a system of ordinary differential Original dynamic optimization problem as a static
equations (Bryson, 1975). In a discrete-time optimal Optimization problem by direct transcription (Betts,
control problem, the time period is divided into a fi- 2001) or some other discretisation method, eventually
nite number of time intervals of equal duratia’. ~ reformulating the original problem as a nonlinear pro-
The controls are kept constant over each time inter- 9ramming (NLP) problem. This is often achieved by
val. This results in a considerable simplification of the Parameterisation of the state variables or the controls,
continuous time problem, since the ordinary differen- Or both. The original differential equations or differ-
tial equations can be reduced to difference equations€Nce equations are reduced to algebraic equality con-
and the integral performance index can be reduced toStraints. A significant advantage of this method is that
a finite sum over the discrete time counter (Bryson, the Hamiltonian formulation is completely avoided,

1999). In some problems, additional constraints may Which can be advantageous to practicing engineers
be prescribed on the final states of the system. who have not been exposed to the theoretical frame-

Modern methods for solving the optimal control worlI;I of opt_lrﬂa:]_control. 1°V;?V6fz th?—‘fﬁ are slo_me
problem are extensions of the classical methods of theProP'ems with this approach. First, it might resultin a
calculus of variations (Fox, 1950). These methods are Iargg scale NLP problem which might suffer from nu-
known as indirect methods and are based on the max-Merical stability and convergence problems and might
imum principle of Pontryagin, which is a statement of €JUiré excessive computing time. Also, the para-
the first order necessary conditions for optimality, and meterisation might mt_roduce spurious local minima
results in a two-point boundary value problem (TP- which are not present in the original problem.

BVP) for the state and adjoint variables (L.S. Pon-  With the advent of computing power and the
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progress made in methods that are based on op-to iterate, the need to solve the initial value problem
timization analogies from nature, it became pos- many times does not represent a serious problem. For
sible to achieve a remedy to some of the above instance, the example problem presented here , the
mentioned disadvantages through the use of globaldiscrete velocity programming problem (DVDP) with
methods of optimization. These include stochas- the combined effects of gravity, thrust and drag, to-
tic methods, such as simulated annealing (Laarhovengether with a terminal constraint (Bryson, 1999), runs
and Aarts, 1989), (Kirkpatrick and Vecchi, 1983) on a 1.6 GHz pentium 4 processor in less than one
and evolutionary computation methods (Fogel, 1998), minute CPU time.
(Schwefel, 1995) such as genetic algorithms (GAs) In the next section, a mathematical formulation of
(Michalewicz, 1992), see also (Z. Michalewicz and the discrete time optimal control problem is given.
Krawczyk, 1992) for an interesting treatment of the This formulation is used to study a specific example
linear discrete-time problem. of a discrete time problem, namely the velocity di-
Genetic algorithms provide a powerful mechanism rection programming of a body moving in a viscous
towards a global search for the optimum, but in many fluid. Details of this problem are given in Section 3.
cases, the convergence is very slow. However, as will The evolutionary computation approach to the solu-
be shown in this paper, if the GA is supplemented tion is then described in Section 4 where results are
by problem specific heuristics, the convergence can presented and compared with the results of an indi-
be accelerated significantly. It is well known that rect gradient method developed by Bryson (Bryson,
GAs are based on a guided random search through1999). In Section 5, a mathematical formulation of
the genetic operators and evolution by artificial se- the continuous time optimal control problem for non-
lection. This process is inherently very slow, be- linear dynamical systems is presented. A specific il-
cause the search space is very large and evolution proJustrative example of a continuous time optimal con-
gresses step by step, exploring many regions with so-trol problem is described in Section 6, where we study
lutions of low fithess. However, it is often possible to the Goddard’s problem of rocket dynamics using the
guide the search further, by incorporating qualitative proposed evolutionary computation method. Finally
knowledge about potential good solutions. In many conclusions are summarized in Section 7.
problems, this might involve simple heuristics, which
when combined with the genetic search, provide a
powerful tool for finding the optimum very quickly. 2 OPTIMAL CONTROL OF
The purpose of the present work is to incorporate
problem specific heuristic arguments, which when DISCRETE TIME NONLINEAR
combined with a modified hybrid GA, can solve SYSTEMS
the discrete-time optimal control problem very eas-
ily. There are significant advantages to this approach. |n this section, a formulation is developed for the
First, the need to solve a difficult two-point boundary nonlinear discrete-time optimal control problem sub-
value problem (TPBVP) is completely avoided. In- ject to terminal constraints. Consider the nonlinear

stead, only initial value problems (IVP) need to be gjscrete-time dynamical system described by differ-
solved. Second, after finding an optimal solution, ence equations with initial conditions

we verify that it approximately satisfies the first-order

necessary conditions for a stationary solution, so the z(i+1) = flz(i), u(i), ] (2.1)
mathematical soundness of the traditional necessary ’ ’

conditions is retained. Furthermore, after obtaining

a solution by direct genetic search, the static and dy- z(0) = xo (2.2)
namic Lagrange multipliers, i.e., the adjoint variables,  \yheresz: ¢ R™ is the vector of state variables, €
can be computed and compared with the results fromger ), < 4 is the vector of control variables aride

a gradient method. All this is achieved without di- 19  — 1] is a discrete time counter. The functighn
rectly solving the TPBVP. There is a price to be paid, s a nonlinear function of the state vector, the control
however, since, in the process, we are solving many yector and the discrete time i.e., f:R" X RP X

initial value problems (IVPs). This might presenta R, R». Next, define a performance index
challenge in more advanced and difficult problems,

where the dynamics are described by higher order

systems of ordinary differential equations, or when J[z (i), u(i), i, N] = ¢[x(N)]|+ M L[z (i), u (i), i]
the equations are difficult to integrate over the re- (2.3)
quired time interval and special methods of numer- whereM =N -1, ¢:R" — R, L:R"”XRP X
ical integration are required. On the other hand, if R +— R

the system is described by discrete-time difference HereL is the Lagrangian function ant{z(N)] is
equations that are relatively well behaved and easya function of the terminal value of the state vector
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z(N). In some problems, additional terminal con-

straints can be prescribed through the use of functions , . ) ) N

Y of the state VSriabI(N) ° N(i) = Hy(i) = N (i4+1) fpl2(i), u(i), i] (2.11)

with final conditions

Ylxe(N)] =0, Y:R*"—RF k<n (24) AT(N) = ¢y + 17 s (2.12)
The optimal control problem consists of findingthe  The controhu(i) satisfies the optimality condition:

control sequence(i) such as to maximize (or mini-

mize) the performance index defined by (2.3), subject ) ) ) .

to the dynamical equations (2.1) with initial condi- ~ Hu(i) = AT (i + 1) f, (i), u(i),i] = 0 (2.13)

tions (2.2) and terminal constraints (2.4). This formu-  |f e define an augmented functidnas

lation is known as the Bolza problem in the calculus

of variations. In an alternative formulation, due to d=¢+v7 (2.14)

Mayer, the state vectar;, j €[1,n]is augmented by

an additional state variable,.; which satisfies the

initial value problem:

then the final conditions can be written in terms
of the augmented functio in a similar way to the
problem without terminal constraints

Tp1(i+1) = 21 (6) + Lz(i), u(i),i]  (2.5) M(N) =®p = o + 1" ¢ (2.15)
The indirect approach to optimal control uses the
Zni1(0) =0 (2.6) necessary conditions for an optimum to obtain a so!u-
el ' tion. In this approach, the state equations (2.1) with
The performance index can then be written in the injtial conditions (2.2) need to be solved together with
following form the adjoint equations (2.11) and the final conditions
(2.15), where the control sequena¢i) is to be de-
_ termined from the optimality condition (2.13). This
J(N) = ¢[®(N)] + 2011 (N) = dafza(N)] (2.7) represents a coupled system of nonlinear difference
wherez, = [z z,.1]7 is the augmented state €quations with part of the boundary conditions speci-
vector andgp, the augmented performance index. In fied atthe initial timei = 0 and the rest of the bound-
this paper, the Meyer formulation is used. ary Conqltlons SpeCIf!ed at the final time= N. This
We next define an augmented performance index IS & nonlinear two-point boundary value problem (TP-
with adjoint constraints» and adjoint dynamical con-  BVP) in difference equations. Except for some spe-
straintsf[z (i), u(i),i]—x(i+1) = 0, with staticand ~ cial simplified cases, it is usually very difficult to ob-
dynamical Lagrange multipliezsand), respectively, ~ tain solutions for such nonlinear TPBVPs in closed
in the following form: form. Therefore, many numerical methods have been
developed to tackle this problem.
Several gradient based methods have been pro-
Jo = ¢+ v+ 2T (0)[zo — z(0)]+ posed for solving the discrete-time optimal con-
trol problem (Mayne, 1966). For example, Mur-
ray and Yakowitz (Murray and Yakowitz, 1984) and
+EM AT G+ D) {flxz(i), u(i),i] —2z(i+1)} (2.8) (Yakowitz and Rutherford, 1984) developed a differ-
ential dynamic programming and Newton’s method
Define a Hamiltonian function as for the solution of discrete optimal control problems,
see also the book of Jacobson and Mayne (Jacobson
. T, . N and Mayne, 1970), (Ohno, 1978), (Pantoja, 1988) and
H(i) = A" (i + 1) f[»(), u(d), ] (2.9) (Dunn and Bertsekas, 1989). Similar methods have
Rewriting the augmented performance index in been further deve|0p8d by Liao and Shoemaker (Liao
terms of the Hamiltonian function, we get and Shoemaker, 1991) Another methOd, the trust
region method, was proposed by Coleman and Liao
(Coleman and Liao, 1995) for the solution of uncon-
Jo=¢+ v = XT(N)x(N) + AT(0)zo+ strained discrete-time optimal control problems. Al-
though confined to the unconstrained problem, this
. N method works for large scale minimization problems.
+Tio[H (i) = N ()2(3)] (2.10) In contrast to the indirect approach, in the present
A first order necessary condition fof, to reach a  proposed approach, the optimality condition (2.13)
stationary solution is given by the discrete version of and the adjoint equations (2.11) together with their
the Euler-Lagrange equations final conditions (2.15) are not used in order to obtain
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the optimal solution. Instead, the optimal values of 3 VELOCITY DIRECTION

the control sequence(:) are found by a modified ge- CONTROL OF A BODY IN A
netic search method starting with an initial population
of solutions with values ofi(7) randomly distributed VISCOUSFLUID

within a given domain of admissible controls. Dur-

ing the search, approximate, not necessarily optimal In this section, we treat the case of controlling the mo-
values of the solutions(i) are found for each gen- tion of a particle moving in a viscous fluid medium
eration. With these approximate values known, the by varying the direction of a thrust vector of constant
state equations (2.1) together with their initial condi- magnitude. We describe the motion in a cartesian sys-
tions (2.2) are very easy to solve as an initial value tem of coordinates in which is pointing to the right
problem, by a straightforward iteration of the differ- andy is positive downward. The constant thrust force
ence equations from = 0 toi = N — 1. At the F' is acting along the path, i.e. in the direction of the
end of this iterative process, the final valuegV)  velocity vectorV' with magnitudel” = amg. The ac-

are obtained, and the fitness function can be deter-celeration of gravity is acting downward in the pos-
mined. The search than seeks to maximize the fitnessitive y direction. The drag force is proportional to the
function F' such as to fulfill the goal of the evolution, ~square of the speed and acts in a direction opposite
which is to maximizeJ(IV), as given by the follow-  to the velocity vectorV’. The motion is controlled
ing Eq.(2.16), subject to the terminal constraints as by varying the angley, which is positive downward
defined by Eq.(2.17). from the horizontal. The velocity directionis to be
programmed such as to achieve maximum range and
fulfill a prescribed terminal constraint on the vertical
final locationy ;. Newton’s second law of motion for

a particle of mas#s: can be written as

maximizeJ(N) = ¢[x(N)) (2.16)

subject to the dynamical equality constraints, Eqgs.
(2.1-2.2) and to the terminal constraints (2.4), which

i (2. 1
are repeated here for convenience as Eq.(2.17) mdV/dt = mg(a + siny) — §pVQCDS (3.1)

Ylz(N)] =0 wherep is the fluid density( is the coefficient
of drag andS$ is a typical cross-section area of the
body. For example, if the motion of the center of
Y:R"—RF k<n (2.17) gravity of a spherical submarine vehicle is considered,
) ) . _then§ is the maximum cross-section area of the ve-
Since we are using a direct search method, condi- hicle andC, would depend on the Reynolds number
tion (2.17) can also be stated as a search for a maxi-pe — pVd/u , wherey is the fluid viscosity and the

mum, namely we can set a goal which is equivalent to diameter of the vehicle. Dividing (3.1) by the mass
(2.17) in the form we obtain

dV/dt = g(a + siny) — V?/L. (3.2)

. . _B T
maximizeJy(N) = =y [#(N)[$[=(N)]  (2.18) The lengthL. = 2m/(pSCp) is a typical hydro-

The fitness functiod” can now be defined by dynamic length. The other equations of motion are:
de/dt =V 3.3
F(N)=aJ(N)+ (1 —a)i(N) = x/ cosy (3.3)
dy/dt = Vsiny (3.4)
= ag[z(N)] — (1 — )¢ [(N)]e[x(N)] (2.19) with initial conditions and final constraint
with o € [0, 1] andz(N) determined from a solu- V(©0) =0, 2(0)=0, y(0)=0 (35)
tion of the original initial value problem for the state ’ ’
variables:
y(ty) = yy (3.6)

In order to rewrite the equations in nondimen-
sional form, we introduce the following nondimen-
sional variables, denoted by primes:

w(i+1) = flz(i),uw(i),i], i€[0,N—1] (2.20)

z(0) = xo (2.21) t = (Le/g)"?tr, V = (gLc)"?V1
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We now determine the coordinatesandy as a
x = Lext, y= Loyl (3.7) function of time. Using the state equation (3.9) to-
where we have chosef, as the characteristic ~98ther with the result (3.12) and definifig= bt, we
length. Substituting the nondimensional variables ©Ptain
(3.7) in the equations of motion (3.2-3.4) and omit-
ting the prime notation, we obtain the nondimensional dx = Vcosydt = becosytanh(bt)dt =
state equations

dV/dt = a + siny — V? (3.8) = cosytanhfdo (3.19)
Integrating along a straight line segment between
dx/dt = Veosy (3.9) points: andi + 1, we get
x(i+1) =x(i)+
dy/dt = Vsiny (3.10)

In order to formulate a discrete time version of this
problem, we first rewrite (3.8) in separated variables
form as dV/(a + siny — V2) = dt. Integrating and
using the conditio’ (0) = 0, we get 6(i) = ib(i)trs /N = Go(3) (3.21)

+cosvy(i)[logcoshf(i + 1) — logcoshd(i)] (3.20)

(1/b)argtanh(V/b) =t (3.11)

Solving for the speed, we obtain 0Gi+1) =b(i)(i + try/N = ib(i)try [N+

V= btanh(bt) B12) i) IN = Gold) + b(i)trs /N = Gi(i) (3.22)
_ o A1/2 Substituting (3.21-3.22) in (3.20), we obtain the
b= (e + S”W)_ (3'_13_)_ following discrete-time state equation (3.24) for the
We now develop a discrete time model by dividing |ocation z(i + 1). The equation for the coordinate
the trajectory into a finite numbe¥ of straight line ;4 1) can be developed in a similar way¢i + 1),
segments of fixed duratiohT" = t;/N along which  with cosy(i) replaced bysinv(i). Adding the state
the controly is kept constant. The time at the end of gquation (3.18) for the velocify (i + 1), which is re-

each segment is given biyi) = AT, withi atime  peated here as Eq.(3.23), the state equations become:
step counter at point. The time is normalized by

(L./g)*/?, so the nondimensional final timetig = V(i + 1) = b(i)tanh[G4 (i)] (3.23)
ty/(L./g)*/? and the nondimensional time at step
is t/(i¢) = it/y/N. The nondimensional time interval 2(i+1) = z(6)+

is (AT)r = try/N. Writing (3.12) att(i + 1) = (¢ +
1)AT, we obtain the velocity at the poifit4 1) along

the trajectory +cosy(i) log[coshG1(i)/coshGo(i)] (3.24)
V(i+1) = b(i)tanh[b(i)(i + 1)tr¢/N]  (3.14) y(i+1) =y(i)+
b(i) = (a + siny(i))"/? (3.15) +siny(i)loglcoshG (i) /coshGo(i)]  (3.25)
Similarly, substituting the time/(i) = it/; /N in with initial conditions and terminal constraint

(3.11), the following expression is obtained, which we

define as the functiot (7). V(0)=0, 2(0)=0, y(0)=0 (3.26)

ib(i)trs /N = argtanh[V (i) /b(i)] = Go(i) (3.16)

Introducing a second functiof: (i) defined by The optimal control problem now consists of find-
_ ‘ ‘ ing the sequence(i) for i € [0, N — 1] such as to
G1(i) = Go(i) + b(i)t/p /N (3.17) maximize the range(XN), subject to the state equa-
Eq.(3.14) can be written as tions (3.23-3.25), the initial conditions (3.26) and the
terminal constraint (3.27), wheig; is in units of L.
V(i + 1) = b(i)tanh|[G1 (7)) (3.18) and the final time/; in units of (L. /g)'/2.
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4 EVOLUTIONARY APPROACH
TO OPTIMAL CONTROL

We now describe the proposed direct approach which
is based on a genetic search method. As was previ-
ously mentioned, an important advantage of this ap-
proach is that there is no need to solve the two-point
boundary value problem described by the state equa-
tions (2.1) and the adjoint equations (2.11), together
with the initial conditions (2.2), the final conditions
(2.15), the terminal constraints (2.4) and the optimal-
ity condition (2.13) for the optimal contral(z).

Instead, the direct evolutionary computation
method allows us to evolve a population of solutions
such as to maximize the objective function or fit-
ness functionF'(N). The initial population is built
by generating a random population of solutior{s),

i € [0, N — 1], uniformly distributed within a domain

Y € [Ymin» Ymad- Typical values aremax = 7/2 and
either ymin = —m/2 Or ymin = 0 depending on the
problem. The genetic algorithm evolves this initial
population using the operations of selection, mutation

beginning and at the end of the motion, but remains
constant in the middle of the maneuver, resulting in
a dive along a straight line along a considerable por-
tion of the trajectory. This finding agrees well with
the results obtained by Bryson (Bryson, 1999) using
a gradient method.

Average f
)

L L L L L
20 30 35 40 45
Generations

L L
10 15 50

Figure 1: Convergence of the DVDP solution with gravity,

and crossover over many generations such as to max+hrust a=0.05 and drag, with no terminal constraintgn

imize the fitness function:

F(N)=aJ(N)+ (1 —a)i(N) =

= ag[¢(N)] — (1 = )y [E(N)Y[E(N)] - (4.1)
with « € [0,1] andJ(N) and.J; (N) given by:

2(N) (4.2)

J(N) =9 [E(N)] = (y(N) —y)*  (43)

For each member in the population of solutions,
the fitness function depends on the final valuéd’)
andy(N), which are determined by solving the initial
value problem defined by the state equations (3.23-
3.25) together with the initial conditions (3.26). This

x(NN) is maximized. With final time ; = 5.

gama/ (pil2)

yiL,

yiL,

2
vii2gL,

process is repeated over many generations. Here, weFigure 2: The control sequence, the optimal trajectory and
run the genetic algorithm for a predetermined num- the velocity V(i) for the DVDP problem with gravity,
ber of generations and then we check if the terminal thrust a=0.05 and drag. No terminal constrainggnFinal

constraint (3.27) is fulfilled. If the constraint is not
fulfilled, we can either increase the number of gener-
ations or readjust the weight € [0, 1].

We now present results obtained by solving this

timet; = 5. The sign ofy is reversed for plotting.

problem using the proposed approach. We first treat5 NONLINEAR CONTINUOUS

the case where(N)is maximized with no constraint
placed onys. We solve an example where the value
of the thrust isz = 0.05 and the final time ig; = 5.

TIME OPTIMAL CONTROL

The evolution of the solution over 50 generations In this section, a formulation is developed for the non-

is shown in Fig.1. The control sequengg), the op-
timal trajectory and the velocity ?(i) are displayed
in Fig.2. The sign ofy is reversed for plotting. It

linear continuous time optimal control problem sub-
ject to terminal constraints. Consider the continuous
time nonlinear problem described by a system of or-

can be seen from the plots that the angle varies at thedinary differential equations with initial conditions
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Introducing a Hamiltonian function
dz/dt = flz(t),u(t),1] (5.1)
H(t) = AT () flz(t),u(t),f]  (5.9)

z(0) = zo (5.2) and rewriting the augmented performance index in

wherez € R" is the vector of state variables, terms of the Hamiltonian, we get
u € RP, p < nis the vector of control variables and
t € [0,¢y] is the continuous time. The functighis a
nonlinear function of the state vector, the control vec-
tor and the time, i.e., f : R”" X R? X R — R™.
Next, define a performance index tf

Jalty) = o+ vT =X (tp)x(ty) + AT (0)wo+

+ [ [H(t) — A (H)z(t)]dt (5.10)
0
tf . ..
_ A first order necessary condition fof, to reach
T@(®), u(®), 7] = Sla(ts)] + ({ Llw(?), u(t), tldt a stationary solution is given by the Euler-Lagrange
(5.3) equations

¢:R"— R, L:R"XRPXR — R
d)‘T/dt = *Hw(t) - 7>‘T(t)fw [:B(t), 'U,(t), t]

Here L is the Lagrangian function ant{x(ts)] is (5.11)
a function of the terminal value of the state vector  \yith final conditions
x(ts). In some problems, additional terminal con-
straints can be prescribed through the use of functions
1 of the state variables(t ;) MN(tp) = pux(tp)] + 5 Pulx(ty)]  (5.12)

The controlu(t) satisfies the optimality condition:
Ylz(ts)] =0, Y:R"—RF k<n (54)

The formulation of the optimal control problem ac- Hy(t) = AT () folz(t), u(t), t] = 0 (5.13)
cording to Bolza consists of finding the contral(t)
such as to maximize the performance index defined If we define an augmented functidriz(t ;)] as
by (5.3), subject to the state equations (5.1) with ini-
tial conditions (5.2) and terminal constraints (5.4). In

_ T
the alternative formulation, due to Mayer, the state Dlw(ty)] = dla(ty)] +v° lz(ty)]  (5.14)
vectorz;, j €[1,n]is augmented by an additional  {hen the final conditions can be written in terms
state variabler,, ., which satisfies the following ini-  of the augmented functiof in a similar way to the
tial value problem: problem without terminal constraints
dtnsr Jdt = Lz (t), u(t), ] (5.5) ) .
A (ty) = Ozlx(ty)] = dalx(ty)] + V7 Ve [m((gfl)%)
x’f“(o) =0 ] (56) In the indirect approach to optimal control, the nec-
The performance index can then be written as essary conditions are used to obtain an optimal solu-

tion: the state equations (5.1) with initial conditions
A , - (5.2) have to be solved together with the adjoint equa-
J(ty) = Sla(tp)l + nia(ty) = Galzalts)] (5.7) tions (5.11) and the final conditions (5.15). The con-
wherex, = [x x,.1]7 is the augmented state trol history u(t) is determined from the optimality
vector andp, the augmented performance index. We condition (5.13). Consequently, this approach leads
next define an augmented performance index with ad- t0 @ coupled system of nonlinear ordinary differential
joint constraints) and adjoint dynamical constraints ~equations with the boundary conditions for the state
fz(t),u(t),t]1—dx/dt = 0, with static and dynam- variables spemﬂgd at the |n|t|al_t|.me: 0 and the _
ical Lagrange multipliers and )\ as: boundary conditions for the adjoint variables speci-
fied at the final timg = ¢;. This is a nonlinear two-
point boundary value problem (TPBVP) in ordinary
Ja(ty) = ol (ty)]+v Pla(ty)]+ A7 (0)[xo —2(0)] differential equations. Except for some special sim-
plified cases, it is usually very difficult to obtain solu-
tions for such nonlinear TPBVPs analytically. Many
tf numerical methods have been developed in order to

+ ({ MO fle(t),u(t),t] — dz/dtldt  (5.8)  gptain approximate solutions to this problem.
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6 GODDARD’SOPTIMAL
CONTROL PROBLEM IN ¢ = (3.264gh,)"/* = 1581 ft/s

ROCKET DYNAMICS = /g = 49.14sec 67
We now illustrate the above approach with a contin- ~ The initial conditions are
uous time optimal control example. We apply the
optimal control formulation described in the previous _ . . .
section for continuous time dynamical systems to the 7(0) =0, v(0)=0, m(0) =mo =3 Slu?g 8)
study of the vertical climb of a single stage sound- :
ing rocket launched vertically from the ground. This hi
is known in the literature as the Goddard’s problem.
The problem is to control the thrust of the rocket such
as to maximize the final velocity or the final altitude.
There are two versions to this problem: in the first
version, the final mass of the rocket is prescribed and
the final time is free. In the second version, the fi-
nal time is prescribed and the final mass is free. The
second version of this problem will be presented.

Let h(t) denote the altitude of the rocket as mea-
sured from sea level andt) andm(t) the velocity
and the mass of the rocket, respectively. Here the
time ¢ is continuous. The trajectory of the rocketisa  , — p nr, v = (gh,)? 01, t = (hy/g)"/*tr
vertical straight line. The forces acting on the rocket
are the thrusf'(¢), which is used as the control vari-
able or control history, the aerodynamic drag force
D(h,v), which is a function of altitude and speed

The optimal control problem is to find the control
storyT'(t) such as to maximize the final altitude (or
the altitude at burnouf)(t, ) in a given timet ., where

a valuet, = 18 sec was used in this example. The
state equations (6.1-6.3) with the initial conditions
(6.8) are to be solved in the optimization process. Be-
fore solving this problem, we first restate the problem
in non-dimensional form. Choosing the characteristic
speed(gh,.)'/? = 875 ft/s and the characteristic time
(h,/g)'/? = 27.2 sec, we introduce nondimensional
variables, denoted here by primes:

m=mom!, T =TyT!, D=TyDr (6.9)

and the weight of the rockeh(t)g, wherem(t) is Introducing the variables from Eq.(6.9) in the state
the mass and g is the acceleration of gravity, assumedequations (6.1-6.3) and simplifying, the following
constant. The equations of motion are: system of non-dimensional equations is obtained:
dh/dt =v (6.1) dh/dt =v (6.10)
mdv/dt =T —JJ= mg (6.2) mdv/dt = 7T — to*v?exp(—h) —m  (6.11)
dm/dt = =T 6.3
™/ r /e & dm/dt = —1.186 07T (6.12)
where the drag force is given by ) ) )
In this system of equations (6.10-6.12) all the vari-
D(h,v) = Do v? exp(=h/h,) (6.4) ables are non-dimensional and the prime notation has

] " ) been omitted. Two independent non-dimensional pa-

Hereh, = 23800 ft is a characteristic altitude and  rameters characterizing this problem are obtained: the

Dy is a characteristic drag force given by thrust to weight ratio-, introduced before and a ratio
. of two speeds defined by

where Ty, is the maximum thrust developed by . . o
the rocket. The speedis the propellant jet exhaust 7="Tu/(mog) =2, Tu =193 Ibs
speed. An important parameter in rocket dynamics is
the thrust to weight ratie = T, /(mog), wheremy 1/2
is the initial mass of the vehicle agd= 32.2 f1/s. o = (0.711gh)"? /c = 0.467 (6.13)
In this example, a ratio of 2 is chosen: The non-dimensional initial conditions are:

™ =T/ (mog) = 2 (66) h(0) =0, v(0)=0, m(0)=1 6.14)
Here we take a value of,, = 3 slugs for a small (0)=0, v(0) =0, m(0) = (6.
experimental rocket. A typical value of the exhaust = The optimal control problem is to find the control
speedc and the specific impulsé,, for an early historyT'(¢) such as to maximize the final altitude (the
rocket such as the one tested by Goddard is given by altitude at burnouth(¢,) in a given normalized time
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try =tp/(he/g)"? = 0.662

subject to the state equations (6.10-6.12) and the
initial conditions (6.14). The results of this contin-
uous time optimal control problem are given in Fig-
ures (3-4). Figure 3 shows the control history of the
thrust as a function of the time in seconds. In the

genetic search, the search range for the normalized

thrust was between a lower bound of (7). = 0.1
and an upper bound (T4EJu = 1. It can be seen that
the thrust increases sharply during the first two sec-
onds of the flight and remains closer to 1 afterwards.
Figure 4 displays the state variables, the altitude, the
velocity and the mass of the rocket as a function of
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tlme The mass Of the rocket decreases almost IlnearlyF|gUre 4: The state Variables, the altitude, VeIOCity and mass

during the flight due to the optimal control which re-
quires an almost constant thrust. This is in agreement
with the results of Betts (J. Betts and Huffman, 1993)
and (A.S. Bondarenko and More, 1999) who used a
nonlinear programming method. See also (Dolan and
More, 2000).
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Figure 3: The thrust control history. The upper graph dis-
plays the value of the thrust normalized by maximum thrust.
The lower graph shows the actual thrust in Ibs.

7 CONCLUSIONS

A new method for solving both discrete time and con-
tinuous time nonlinear optimal control problems with
terminal constraints has been presented. Unlike other
methods that use the first-order necessary conditions

to find the optimum, the present method seeks the best

control history directly by a modified genetic search.

As a consequence of this direct search approach, there

is no need to develop a Hamiltonian formulation and
therefore there is no need to solve a difficult two-point
boundary value problem for the state and adjoint vari-
ables. This has a significant advantage in more ad-

of the rocket as a function of time

vanced and higher order problems where it is diffi-
cult to solve the two point boundary value problem
(TPBVP) with large systems of ordinary differential
equations. There is a computational price to be paid,
however, since the method involves repetitive solu-
tions of the initial value problem (IVP) for the state
variables during the evolutionary process.

The method was demonstrated by solving a
discrete-time optimal control problem, namely, the
discrete velocity direction programming problem
(DVDP) of a body with the effects of gravity, thrust
and hydrodynamic drag. Benchmark problems of this
kind were pioneered by Bryson who used analytical
and gradient methods. This discrete time problem was
solved easily using the proposed approach and the re-
sults compared favorably with the results of Bryson.

The method was also applied to a continuous time
nonlinear optimal control problem, the Goddard’s
problem of rocket dynamics. The results compared
favorably with published results obtained by a non-
linear programming method.
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