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In this paper a methodology for design of stabilizing control for high order system viareduced order model is

presented. In the first part a method is proposed for the reduction of original higher order passive system to
alower order stable model, using this reduced order model, a strictly passive controller of order equal to that
of reduced order model is designed. It is shown that this lower order controller designed from reduced order
model when applied to original higher order system resultsin to close loop stability.

1 INTRODUCTION

The reduced model makes the synthesis and analysis
of controller ssimpler so the reduction of high order
systems to areduced order system has been atopic of
interest of many researchers. However, the controller
designed from reduced order model do not guaran-
tee stability of resulting closed loop when it is ap-
plied to original higher order system. This problem of
guaranteed stabilization of original system has been
addressed by very few researchers such as (Bandy-
opadhyay et al, 1998), (Lamba and Rao, 1974), (Chi-
dambaraand Schanker, 1974). In this paper amethod-
ology for lower order controller design is proposed,
theory is developed to show that the lower order sta-
bilizing passive controller designed for the reduced
model by proposed method stabilizes original passive
system.

The rest of the paper is organized as follows: Sec-
tion 2 reviews theory of passivity and passivity based
control. In Section 3 the conditions are derived under
which the given lower order controllers are strictly-
passive. In Section 4 new methods for passive system
reduction preserving stability is presented with two
numerical examples. In Section 5, new methodology
for low-order controller design is described and based
on this methodology a numerical example of low or-
der controller design for higher order systemisillus-
trated followed by conclusion.
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2 THEORY OF PASSIVITY

In this section we will review the theory of passiv-
ity (Guillemin, 1957)-(Yengst, 1964),(Braess, 2003),
(Van Der Schaft, 1999), (Lozano-leal and Joshi,
1988), (Wen, 1988), (Lozano-leal and Joshi, 1990)
and (Tao and loannou, 1990). For a given transfer
function it is possible to synthesize the network using
the passive circuit components only if the given trans-
fer function satisfy certain conditions. These condi-
tions are known as the realizability conditions for the
given transfer function. Any transfer function is real-
izable iff

e Numerator and denominator polynomials are Hur-
witz.

e The given transfer function is positive real.
2.1 Positivereal function

In this sub-section we will state various definitions,
theorem and corollary related to the positive real func-
tion (Lozano-lea and Joshi, 1990; Tao and loannou,
1990).

Definition1: Let H(s) bearational function O

1. If H(s) is positive real, then it has no poles and
zerosin C*

2. Any pole and zero on the imaginary axisis ssimple
and have positive real residue.
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Figure 1: Feedback interconnection of passive systems and
their Equivalence

3. Thefunction H (s) ispositivered iff it has no poles
inC* and Re(H (jw)) > 0fordlw € R.

Definition 2: A rationd transfer function H (s)
is strictly positive real function iff O

1. All elementsof H(s) are analyticin Re(H (jw))
2. Hjw)+ H*(jw) z 0fordl w € R.

3. Strong  definition  imposes  condition  as
limy, oo w?(H (jw) + H*(jw)) Z 0

Theorem 1: A positive real function Z(s)
cannot have any polesor zerosinther. h. s. plane. j
axis poles of Z(s) and ﬁ must be simple with real
positive residues. O

Theorem 2: If Z(s) is prf, the degree of the
numerator cannot differ from that of the denominator
by more than unity. |

2.2 Passivity based stabilizing
control

Any system H(s) satisfying Definition 1 or Defini-
tion 2 is passive system. Passivity based control is
a methodology which consist in controlling a system
with the aim at making the closed loop system, pas-
sive(M. Vidyasagar, 1983).

Theorem 3 : Consider two passive systems
interconnected as shown in Figure 1. If one of the
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system is strictly passive and another strong strictly
passive then the resulting close loop system will
aways be stable. a

This theorem alows a passivity based stability
analysis(M. Vidyasagar, 1983). Alternatively it can
be stated that a negative feedback loop consisting of
two passive systemsiis passive(Sepulchre et al, 1997).

3 LOWER ORDER PASSIVE
CONTROLLERS

In this section we will derive the conditions under
which the lower order controller is strictly passive.
We will restrict this discussion to third order con-
troller. These conditions are extremely important in
the design of lower order controller using the pro-
posed method of controller synthesis. For the deriva-
tion of these condition we are referring the spr condi-
tion given in definition 2.

3.1 First order system

Conditions under which afirst order system is spr are
simple asit has only three parameters. Let the system

be of the form
Zo

Ci(s) = Yo + y15 1)

for this system to be spr the necessary and sufficient
condition are met by xg, yoand y; being greater than
Zero.

3.2 Second order system

Let the second order strictly proper system be
o+ 18
Cys) = —————— @)
Yo + Y18 + Y28
The Ca(s) will be sprif (Cy(jw)C5 (jw)) > 0 for al
w€Ri.e
o+ T18 o — T1S
Yo+ Y15+ Y252 Yo — Y15 + Y252
2x0yo + 2(xoy2 — T1y1)s”
Y3 + 2y2y08? + Y35t — yis?
2x0yo + 2(x1y1 — Toy2)w?
y2 + (¥} — 2y2y0)w? + y3w?
This condition will be true when both the numerator
and denominator are of the same sign. We arerestrict-
ing ourselves to the case when all the coefficients of
the controller are greater than zero. Thus, conditions
satisfying above inequality are xq, x1, y,, y1and ysbe
positive with

T1y1 > Toy2 and yi > 2yayo ©)

>0

>0
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3.3 Third order controller

L et the system be of the form

o + 1S + To8>

03 S) = r
(s) Yo + Y18 + y2s? + y3s?

4

Now again by spr definition, the conditions under
which the C3(s) isspr are

0 < Yo,Y1,92,¥3,To,x1 ad z2 )
T1yr > YoT2 + Ya22o,
Toyo > T1Y3
V> 2yay0
v > 21y

4 A NEW MODEL ORDER
REDUCTION TECHNIQUE

An approximation that is frequently used is the Pade
technique. The approximated model by Pade tech-
nique matches first 2r time moments with the original
higher order system, where r is the order of the re-
duced model. However, the Pade approximation does
not guarantee the stability of the reduced model. This
problem is addressed in (Shamash, 1975) and over-
come by Routh-Pade approximation technique. In
this method reduced model matchesonly initial r time
moments with the original system thus compromising
with the accuracy of the fit. In (Lepschy and Viaro,
1982) an improvement to this method is suggested to
improve the accuracy of thefit, but method is cumber-
some and in few casesit’s possible to perfectly match
only one additional time moment and approximately
matching another. In this section anew method is pro-
posed to reduce the order of a linear time invariant
higher order stable system, using the Hermite-Biehler
stability theorem and Pade approximation. The pro-
posed method not only tackle the problem of the guar-
anteed stability but it can match additional time mo-
ments over the conventional Routh-Pade method.

4.1 Theorder reduction problem

Let the transfer function of a higher order linear time
invariant stable system is given by

ap+a1s+ass® + -+ ap_1s" 1t

6
bo +b1s+ bas? + -+ b,s™ ©

The order of the original higher order systemisn. We
want areduced order model of order r. Thus, the prob-
lem is to find the approximated reduced order model
of order r such that it matches two additional time mo-
ments while preserving the stability.

G(s) =
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4.2 Matching additional time
moments

Let G(s) be the transfer function of a higher order
linear time invariant stable system. Let D(s) be the
denominator polynomial of order n and N(s) is the
numerator polynomial of order (n — 1). Then denom-
inator and numerator of equation 6 can be expressed
as

N(s) = ap+ a15 + ass + -+ ap_18" !
D(s) = bg+bys+bys®+ - +Db,s"

These polynomial s can be separated into even and odd
parts as follows (Bhattacharya et a, 1995), For n odd

Deven(s) by + bas? 4+ bast + -+ -+ by_1s" L
DOdd(s)/s = by +b3s®+bsst+--F+b,s" !
For n even

D" (s) = by 4 bos® +byst £+ b,s"
D°%(s)/s = by +bss®+bgst+-- +b,_15"72

Let (0 + wf;) and (0 + wg,) denotes the roots of
the Deve"(s) and D°%(s)/s respectively. Then for
the stable plant, by interlacing property, the following
condition must be satisfied(Bhattacharya et al, 1995),

d d d d d
0<wey <wpgy <wey <wygy<weg - (7)

This concept of interlacing of roots of even and odd
polynomialsis used to construct areduced degree sta-
ble denominator polynomial as follows:

Write D" (s) and D°%(s) in term of their roots
wl i wly - andwd | Wiy, - - Forn even

n/2
Dyer(s) = [[(” +wie)
i=1
n/2—1
D(s)/s =[] (8% +wie)
=1

Now if we want to obtain a reduced r*"order model,
then the even and odd polynomials for the reduced
order denominator polynomial can be written as, for
r even

r/2
D;aven(s) — H(32 + wﬁe,i) (8
i=1
r/2—1
D () /s I *+wic)

i=1

Using (8) a modified reduced denominator can be
constructed as

D’r"m(s) = Klvaen(S) + KQngd(S) (9)
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Where K; and K, are rea numbers and should have
same sign so that the denominator polynomial isinter-
lacing and hence stable. Then the higher order system
given by equation (6) can be approximated by " or-
der system as

To+ xS+ TosZ+ -+ ap_q8" !

G =
) = et e Ty
(10)
Now, we know that

r/2
Drm(s) = Kl H(82 +w£216,7,')

i=1

r/2—1

+Kos [ (5° + i)
i=1

= Yo+ yi1s+y2st+ o+ yps

Now, the problem becomes finding (r + 2) unknown
coefficients of reduced model given in (10), this prob-
lem is addressed here with the help of Pade approx-
imation. Let the origina higher order system, given
by equation (6), be represented as

G(s) =cot+crs+-+cps" +cpprs T4 (10)

Now, taking the power series expansion of the re-
duced model given by equation (10), around s = 0
and equating equal powers of s we get

Ty = YsC (12)
T1 = YoC1+Yico
T2 = YoC2t+Yic1 + Y2co

Tr—1 = YoCr—1 +Y1Cr—2+ "+ Yr_1Co

YoCr + Y1Cr—1 + Y2Cr—2 + - - + YrCo

0 = wocry2tyiCry1+ - +yr_161

Where, C;s are the coefficient of the equation (11)
above. The above set of eguations can be written in
matrix form as

0 —Co
Cy Cr_1 oo W& 31 —a
Cry1 Cp .. Co X = .
Cry2 Cpi1 .. Cpr—1
ik i " Yr—1 —Cr_1
(13)
And
—X
co 0 Yo _xo
C1 Co .. 0 :.Ul = . !
Cr—1 Cr—2 .. (Cp ) ’
" " Yr—1 —Tr—1
(14)

It must be noted that in the above transformation of
equation (12) to (14) that iy, = 1. The solutions to
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the equations (13) and (14) gives the coefficients of
the reduced ‘" order model for the given n'" order
system.

Now, suppose that given higher order system is to
be reduced to a3"¢ order system. Then even and odd
parts of denominator can be written as

Det(s) = (5% +wien)
DyM(s)/s = (5*+wio1)
Hence, from equation (9)
Dym(s) = Ki(s* +wie) + Kas(s* + wip 1)

Dym(s) = Klwgetl+K2w30,1s+Kls2+K233

This gives guaranteed stability for any value of K
and K, such that ratio K /K> is positive. Then
this parameterized equation can be used to match two
additional time moments exactly and approximately
match the third.

Dyn(8) = bo + bys + bys® 4 bys®

So we have, b = K1w§e717 by = KQwﬁo,lﬂbQ =K
and b = K,. Observe that by and b, are linear com-
bination of K, where as b; and b3 are linear combi-
nation of K. Letsassumew, ; to beunknown. Then
using constraint optimization equations (13) and (14)
can be solved for K, K> and w3, ; such that

F = —boC5 + b1C4 + b203 — b362

isminimum and the solution set satisfy the constraints
for stahility, that is, K; and K have same sign and
0 < wf, < wi,, which ensure the Hermite-Beihler
stability of denominator polynomial as interlacing is
preserved. Then (r+2) moments of the approximated
system will exactly match with the original higher or-
der system while (r + 3)" will match approximately.
Under this condition the reduced third order model
will exactly match initial five time moments where as
matching 6" time moment will be matched approxi-
mately . The reduced 3" order model is given by

2
G%br(s) IL'0+1718+IE25

- Yo + Y15 + y2s? + y3s3
4.3 Numerical Examples

In this section we will consider two most critical ex-
amplestaken in from literature.

4.3.1 Numerical Example 1

Let us consider an example where ordinary Pade ap-
proximation technique resultsin to an unstable model,
while the method described gives directly a stable re-
duced model. The origina fourth order system is
given by

Gls) = 100 4 395s + 52752 + 26753
T 1445+ 682+ 483 + st

(15)
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we will reduce this system to third order model. Now
G(s) can be expressed as

H(s) = 100 — 55 — 53s% 4 109s> — 198s* + - -

The denominator of the original higher order system
is

D(s) =1+ 4s+65% + 45> + s*
We can write the polynomial in to even and odd parts
as following

D(s) = (1+6s*+s*) + (45 +4s%)

(5% +5.828)(s% + 0.1715) + 4s(s* 4+ 1)
separating thisin to even and odd parts

Deven(s) -
Drodd(s)/s =

It can be easily observed that the system is stable
as even and odd roots of this polynomial interlace ie
0 < (04141 = wye 1) < (1 = wao1) < (24141 =
We,2). Now the stable denominator of the reduced or-
der approximation can be obtained by using equation
(9) as,

Dym(s) =
D, (s) =

(s* +5.828)(s* +0.1715)
(s +1)

Ki(s® + wie,) + Kas(s* + wi, 1)
Klwge,l + KZWZOJS + K182 + K283

Putting w3, , = 0.1715 and solving equations (13)
and (14) under the required stability constraints on we
get K = 3.418, K, = 1 andwj,, = 2.7686. We
have 3rd order reduced model as

58.53 + 273.93s + 298.037s>

G =
PR(S) = ERss T 276865 + 3.4205 1 53(16

This model matches initia 5-time moments exactly
where as 6! time moment is matched approximately
with the original system. Where as, the approximated
model by Routh-Pade method for the same system is
obtained and is given by

100 + 176.25s + 62.937s>

G =
RPR(S) 1+ 1.8125s + 1.2552 4 0.3125s3

The step responses of original higher order system,
approximated model by proposed method, approxi-
mated model by Routh-Pade method are plotted in
Figure 2. From the response it is clear that proposed
method performs good than the conventional Routh-
Pade method and it matches 2 more time moments
exactly and one approximately over the Routh-Pade
method, which matches only initial 3 time moments
with the original system.
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Figure 2: Step responses of original and approximated sys-
tems

4.3.2 Numerical Example 2

Now, Consider one more critical example suggested
by A. Lipschy and U. Viaro(Lepschy and Viaro,
1982), where classical Pade approximation results
into an unstable model and proposed method in to
more appropriate reduced stable model. The original
higher order system is given by

2 4 8s + 8s2 4 123
G(s) + 85 + 8s5° 4+ 12s

T 1+ 25+ 122 + 455 + 254

Where
H(s) =100 — 55 — 53s> 4 109s> — 198s* + - - -
The denominator of the original higher order system
is
D(s) =1+ 25+ 125% 4 45> 4 2s?

We can write the polynomial in to even and odd parts
as following

D(s) = (1+12s* +2s%) + (25 +45°)
= (s +5.915)(s* + 0.085) + 2s(2s% + 1)
splitting thisin to even and odd parts

Deyen(s) = (s*+5.915)(s* + 0.085)
Drodd(s)/s = (252 + 1)

It can be easily observed that the system is stable as
even and odd roots of this polynomia interlace i.e.
0 < (0.085 = wge’l) < (0.5 = %210,1) < (5.915 =2
Wde,2). Now the stable denominator of the reduced or-
der approximation can be obtained by using equation
(9) as

Dy(s)
D’rm(s)

Ki(s” + wie,1) + Kos(s® +wi, 1)
Klw?ie,l + K2WL210,13 + K152 4 Kys®
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Figure 3: Step responses of original and approximated sys-
tems

Putting the values of Ky = 1, wj,; = 0.085, us-
ing Pade equations(14) and (13)We have 3rd order re-
duced model as

0.626 + 2.7504s + 2.8502s2
0.313 4+ 0.7492s + 3.6872s2 4 s3

Ghp(s) =

This model matches initia 5-time moments exactly
where as 6! time moment is matched approximately
with the original system. The approximated model by
improved Routh-Pade method for the same system is
obtained(Lepschy and Viaro, 1982), given by

B 2 + 8.7309s + 7.4618s2
© 1+2.3654s + 1152 + 4.3853s3

Grpr(s)

The step responses origina higher order system, ap-
proximated model by proposed method, approxi-
mated model by Routh-Pade method are plotted in
Figure 3. From these plots it is clear that proposed
method performs good even than theimproved Routh-
Pade method proposed by U. Viaro, it matches 1 more
time moment exactly and another time moment ap-
proximately, over the improved Routh-Pade method,
which matches only initial 4 time moments with the
original system.

5 DESIGN OF LOW ORDER
CONTROLLER

In this section an approach to design low order con-
troller from reduced order model of the original plant
is described. This method gives " order controller
for n" order plant, that is, the order of the controller
is equal to the reduced order of the plant.

BASED APPROACH

Let the controller be of the form

zot s+ was? + . 4 wp_qsT !

Yo + Y15+ Y252 + .. + yps”
17)

and let the reduced order model be

Np(s)  co+cis+ cos® + ..+ 15"t

D.(s)  do+dys+dys®+ .. +ds

(18)
Then, the characteristics equation of the closed loop
isas

G.(s) =

Q(s) = No(s)N,-(s) + D.(s)D,(s) (19
let it bein the following form

(24N s+X)(s"+ars" T+ ans" 24+ +a,)

(20)
where \; and )\, are free variables greater than zero
while a1, as....a,. can be fixed. Equating the coeffi-
cients of swe abtain the coefficients of C..(s) interms
of Ay and \; as

[A] [B] =[C]

1
A1 ] (21)
A2

where Ais(2,41) x(2,41) nonsingular matrix whose
inverseexist, Bis(2,41) x 1 matrixand Cis(2,41) x
3 matrix and are given by

d, 0 0 0O . O
dr—1 dy 0 0 . O
dr72 drfl Cr—1 0 0
A:
0 0 0 Co €1
0 0 0 0 ¢0
Yr
Yr—1
Yr—2
B=].
T
o
and
1 0 0
(651 1 0
Qo Q1 1

0 Qpr Oy

0 0 o«
In this way the coefficients of controller are obtained
interms of \; and \,,the free variables. Now we can
choose these two parameters in such a way that the
resulting controller is spr system. Thus, when it is
applied to the original higher order passive system it
will stabilizeit.
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5.1 Numerical example

Herewill consider anumerical examplefor the design
of lower order controller using the proposed method,
where a higher order system is reduced using the pro-
posed methods. We will use proposed method of or-
der reduction. Design athird order controller for aPR
system given by

G(s) 100 + 3955 + 52752 + 267s>
S) =
14454 652 + 453 4 s¢

Here we have to design a third order controller. The
order of controller designed by proposed method is
equal to the order of the model, so we will reduce the
given system to third order model. Using this model
athird order spr controller can be designed.

In previous section, we have reduced this system
given by equation (15) to a third order model given
by equation (16), the reduced model is

5853 +273.93s + 298.03s2

"~ 0.5883 + 2.76865 + 3.42952 + 53
Here, the reduced model is stable. Now, we will de-
sign a stahilizing strictly passive controller for this
model. Let the controller be of the form

Ne(s) o + 1S + T8>

De(s)  yo+y1s+y2s? + yzs?

Gr(s)

Cs(s) =
Then the characteristics equation of the closed loop
becomes

Q(s) = Ne(s)Nr(s) + De(s)Dr(s)
Let it be equal to
(52 + Ais+ )\2)(54 + 4a18® + ass? + ass + ay)
lets assume that the four fixed closed loop poles to

be at -1, -2, -3, -4. Thisgivesa; = 10,as = 35,
az = 50, g = 24. Thus from equation(21) we have

A = [A A4y]
-1 0 0 0
3.429 1 0 0
2.769 3.429 1 208
Ay = | 0585 2769 3.429 1
0 0.58% 2.769 3.429
0 0 0.588  2.769
L 0 0 0 0.588
F 0 0 0
0 0 0
0 0 0
Ay = | 5853 208 0
58.53 273.9 298
0 58.03 273.9
L 0 0 58.03
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and
1 0 O
10 1 0
35 10 1
C=150 35 10
24 50 35
0 24 50
0 0 24
we get
y3 = 1
ys = 6.5710+ )\
y1 = 26.77 — 65.75\1 + 301.66\2

Yo = —0.05+0.24)\; —1
To = 0.3375— 1.05)\; + 3.48),
1 = —0.2691+ 1.07A; — 4.11),

9 = 0.0006 — 0.0025\; 4 0.4238)

Here free parameters A; and )\, can be chosen such
that the resulting controller is passive. Thus by re-
ferring the passivity condition for third order system
given by equation(5) and choosing these two free vari-
ables A\; and A, (both positive) to be \; = 0.4 and
A2 = 0.03 we get

ys = L,ya =6.97, y1 =9.519,y0 = 0.0095
zo = 0.018,z7 = 0.6359, z¢ = 0.0123
Thus the third order spr controller obtained is

N.(s) 0.0123 + 0.6359s + 0.018s2
D.(s) 0.009 +9.519s + 6.97s% + s3

(22)
This low order strictly passive controller designed
from the reduced order model will stabilize the model
and the original higher order passive system.

C3(s) =

6 CONCLUSION

Most modern robust controller design methods nor-
mally result in a complex controller. The controller
so designed generally has an order atleast equal to
that of the original system. Thus, the reduction of
high order system to a lower order model is neces-
sary. However, the reduced order model must cap-
ture the essential properties of the origina higher or-
der system. In control system design stability of the
system is most important where as least possible er-
ror estimate is preferred. Here in this paper, thisis
sues is addressed by developing an improved method
for system reduction. From the illustrated examples
it is observed that reduced model by this method not
only preserve the stability but also has same dynamic
response.

If acontroller is designed from the reduced model,
it does not guarantee the close loop stability when it
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is applied to the original system. In this the higher
order system is reduced to a lower order model. A
stabilizing passive low order controller for the sta-
ble reduced order model is designed, which when ap-
plied to original higher order passive system results
in astable closed loop. Though, the proposed method
is applied for the order reduction in this paper, any
stability-preserving system reduction method can be
applied for this purpose.
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