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1 INTRODUCTION
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Topological Invariant.

The Gauss-Bonnet theorem in differential geometry connects global topological invariants with local
curvature, with classical formulations by Allendoerfer Weil and Chern influencing theoretical physics and
mathematics. Recent discrete differential geometry advances compute curvature via vertex summation on
triangulated surfaces, suitable for computational use. This paper clarifies classical foundations and evaluates
computational efficiency/accuracy in discrete curvature quantification. Using a four-stage method (dataset
prep, curvature computation, evaluation metrics, hybrid validation), it applies Meyer’s discrete exterior
calculus (DEC) and Thurston's angle defect model, extending to 3D tetrahedral meshes. Results show discrete
methods offer 2-3 orders faster computation but have RMSE-varying geometric accuracy with mesh
resolution, while classical integration ensures topological consistency (TFI=0). The 3D extension confirms
topological fidelity on regular grids. The study highlights DEC’s efficiency-accuracy balance and discrete
methods’ non-smooth region challenges, bridging computational geometry and network science via a hybrid
framework. Limitations include underdeveloped high-dimensional theory, hybrid method overhead, and
singularity-induced errors. Future work should address theoretical generalization, deep learning-integrated
algorithms, and quantum geometry/topological machine learning applications to enhance the theorem’s
computational utility and theoretical understanding.

computational environments where digital surface
representations dominate.
Advances in computational power and the

A fundamental result in differential geometry, the
Gauss-Bonnet theorem establishes a profound
connection between global topological invariants and
local curvature. In its classical differential
formulation, integrating curvature over a smooth
manifold yields invariants such as the Euler
characteristic, which characterizes the manifold’s
global topological structure. These concepts were
rigorously formalized in seminal works by
Allendoerfer and Weil (1949) and Chern (1944),
laying the groundwork for advancements that have
shaped Dboth theoretical physics and pure
mathematics. Recent developments in discrete
differential geometry have introduced graph-theoretic
curvature concepts into the theorem’s traditionally
smooth, continuous framework. For triangulated
surfaces, this discrete approach computes curvature
via vertex-wise summation rather than continuous
integration, preserving the theorem’s essential
topological invariants while adapting seamlessly to
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expanding scope of practical problem-solving have
driven progress in computational geometry and
discrete mathematics, facilitating the development of
combinatorial and graph-theoretic analogs to the
classical Gauss-Bonnet theorem. Within this discrete
paradigm, curvature computation shifts from
continuous integration to vertex-localized summation
operations—an approach particularly relevant to
fields like computer graphics, geometric modeling,
and numerical simulations, where surfaces are often
represented ~ as  piecewise  linear  digital
approximations. Beyond retaining the classical
theorem’s essential topological invariants, discrete
methods offer computational efficiency by avoiding
the complex operations of smooth differential
geometry. These developments raise critical
questions about the conceptual disparities between
integral and combinatorial curvature formulations
and the extent to which discrete approaches preserve
topological features inherent in smooth manifolds.
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This study aims to achieve two interrelated goals:
first, to rigorously elucidate the theoretical
foundations of classical differential formulations, and
second, to systematically assess the computational
efficiency and geometric fidelity of discrete curvature
quantification. The investigation relies on three
methodological pillars: a detailed analysis of
curvature integration principles in smooth manifolds,
an exploration of vertex-centric summation
techniques for triangulated surfaces, and a
comparative framework delineating the similarities
and differences between these approaches. By
synthesizing these perspectives, the research seeks to
clarify how discrete methods balance computational
feasibility with abstract geometric-topological
relationships,  ultimately  fostering  optimized
frameworks that maintain critical invariants and
bridge theoretical concepts with real-world
applications.

2 LITERATURE REVIEW

The shift from local analysis to global topological
research in differential geometry was marked by
Chern's (1944) groundbreaking intrinsic
demonstration of the Gauss-Bonnet theorem via fiber
bundle theory. This not only unified the relationship

between curvature integrals and the Euler
characteristic but also highlighted the deep
connection between topology and manifold

geometry. For example, topological invariants such
as Pontryagin classes have a direct relationship with
manifold structures (Besse 1987). However, Chern's
proof relies on the smoothness of manifolds, making
it inapplicable to discrete or irregular structures like
triangular meshes or complex networks commonly
used in computer graphics.

This limitation spurred the development of
discrete differential geometry. Thurston's (1980)
angle defect model, for instance, simplified curvature
computations by summing angles around vertex
neighborhoods, ensuring that discrete curvature on
triangulated surfaces complies with the global
topological constraints of the Gauss-Bonnet theorem.
Despite this advancement, discrete methods remain
highly sensitive to grid quality, as emphasized by
Hildebrandt et al. (2006). Poor grid quality,
especially near non-uniform triangulations or
singularities, can introduce significant errors. This
challenge was further underscored in Wardetzky et
al.'s (2007) analysis of discrete Laplace operator
convergence, which showed that while discrete
curvature may converge to continuous values in
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smooth regions, errors can exceed 20% in high-
curvature areas such as conical vertices.

The fundamental distinction between classical
differential methods and discrete graph-theoretic
approaches lies in their mathematical tools. Chern
(1944) and Milnor (1963) employed differential
forms, covariant derivatives, and fiber bundle theory,
with the core idea being the integration of local
differential data to capture global topological
information. For example, on compact Riemannian
manifolds, the integral of Gaussian curvature equals
exactly 2my, a result used in general relativity to prove
the topological rigidity of certain spacetime
manifolds (Gallot et al. 1990). However, the
computational cost of this continuous framework is
high, and it is difficult to adapt to digital modeling
needs. In contrast, discrete methods redefine
curvature using topological and graph-theoretic tools
like simplicial complexes and adjacency matrices.
Meyer et al.'s (2003) discrete exterior calculus
(DEC), for example, transforms curvature
computation into linear algebra operations, making
the processing of complex surfaces several orders of
magnitude more efficient. Bobenko and Suris (2008)
caution, however, that discrete methods are
inherently approximate: under non-flat metrics, angle
defects only approximate continuous curvature, with
accuracy limited by grid resolution. Springborn et al.
(2008) partially addressed this in their study of
discrete conformal geometry, proving that optimizing
edge weight distributions in triangulations can make
discrete curvature precisely match the theoretical
values of continuous conformal structures. This
improvement, however, introduces nonlinear
optimization problems that significantly increase
computational complexity.

Despite the advantages of both methods, existing
research reveals three key gaps. First, although
classical and discrete approaches have been
extensively explored within their respective domains
(Crane et al. 2013; Gu and Yau 2008), few studies
directly compare their computational accuracy and
topological fidelity on identical geometric objects.
Polthier and Schmies's (1998) Voronoi correction
method reduces discrete curvature errors, but its
effectiveness has only been verified on 2D surfaces,
with higher-dimensional extensions still
inconclusive. Second, Banchoff (1967) attempted to
extend the discrete Gauss-Bonnet theorem to 3D
manifolds but found that additional constraints, such
as combinatorial conditions for dihedral angles in
tetrahedra, were required, drastically increasing
theoretical complexity and computational cost. This
contrasts with Regge's (1961) discrete general
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relativity model, which uses simplicial complexes to
describe spacetime curvature but does not address the
compatibility of topological invariants in higher
dimensions. Third, definitions of "discrete curvature"
vary significantly across fields: angle defects
(Thurston 1980) are standard in computer graphics,
while complex network research relies on Ollivier-
Ricci curvature (Ollivier 2009). These approaches
differ in mathematical foundations and physical
interpretations, complicating direct result
comparisons (Lu and Vishwanath 2016).

Overall, existing literature has defined clear
disciplinary boundaries between classical and
discrete methods but lacks a systematic framework to
bridge this divide. This study addresses this gap by
providing a methodological approach for high-
dimensional extensions and cross-disciplinary
applications. Through techniques such as adaptive
grid refinement (Hildebrandt et al. 2006) and hybrid
curvature definitions (Sullivan 2008), future research
aims to balance accuracy and efficiency in fields like
quantum material design (Lu and Vishwanath 2016)
and Al-driven geometric processing (Gu and Yau
2008).

3 METHODOLOGY

This study aims to systematically compare classical
differential methods and  discrete  graph-theoretic
methods for curvature computation, focusing on
accuracy, computational efficiency, and topological
fidelity. The methodology is structured into four
phases: dataset preparation, curvature computation
frameworks, quantitative evaluation metrics, and
hybrid model validation. Each phase is designed to
ensure consistency in the comparison and address the
gaps identified in the literature.

3.1 Theoretical Foundation
Clarification

The classical Gauss-Bonnet theorem serves as the
cornerstone for understanding the relationship
between curvature and topology. For a smooth
compact manifold M, the theorem states:

f KdA = 2my(M) (1)
M

where K is the Gaussian curvature and y(M) =
V—-—E+F is the Euler characteristic. This
formulation is operationalized through face-wise
angle summation:

f KdA = (o + oy + 0tp3 — ) )
M fefaces

Here, afq, @5, ap3 denote the internal angles of
each triangular face f. Topological consistency is
verified by ensuring the integral matches 2my (M),
validated on canonical surfaces such as the spherey =
2 and torus y = 0.

For discrete formulations, Thurston’s (1980)
angle defect model provides the theoretical
foundation. Vertex curvature §;is defined as:§; =
21 — Yjen(wy @ij Where a;; are the angles formed
by edges incident to vertex v;. This discrete curvature
satisfies the topological invariant },; §; = 2my(M),
ensuring consistency with the classical theorem.

3.2 Discrete Curvature Algorithm
Development

To enhance computational efficiency, Meyer et al.
(2003) discrete exterior calculus (DEC) framework is
implemented. DEC transforms differential operations
into linear algebra problems by constructing a
discrete Laplace-Beltrami operator:

1 > cot 6} + cot 6]
Apecf = WZ — - Q)

Here, |K| is the control volume area,
and 6;%,6; are the opposite angles of edge e;. This
formulation allows efficient curvature approximation
on large-scale meshes, reducing computational
complexity from O(N3) to O(N ).

For high-dimensional extensions, Banchoff’s
(1967) work is extended to 3D tetrahedral meshes
using dihedral angle defects. The discrete curvature
for edge e is:

553[)) =rn- Z Oe,r
“
fEF(e)
where 6, is the dihedral angle of face f incident
to edge e. The total curvature satisfies:

D6+ 887 = 2myi)y -

v e
This extension is validated on regular tetrahedral
grids, confirming topological consistency for y =
1 for cube and y = 2 for double tetrahedron.

3.3 Quantitative Benchmarking

Three complementary metrics are used to evaluate
performance:
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Topological Fidelity Index (TFI):

128, — 2y ()|
R (] (©)

TFI measures the normalized deviation from the
theoretical Euler characteristic, with TFI=0 indicating
perfect topological consistency.

Root Mean Squared Error (RMSE):

N
RMSE = %Z (Kidiscrete _ KiC]aSSical)z (7)
i=1

RMSE quantifies geometric accuracy by
comparing discrete and classical curvature values.

Computational Efficiency:

FLOPS profiling and memory usage analysis are
performed to assess practical feasibility. For example,
DEC reduces curvature computation time from 142s
(classical) to 0.8s for 100k-vertex meshes, while
maintaining RMSE < 5%.

4 RESULT

4.1 Topological Fidelity and Geometric
Accuracy

Classical differential integration achieved perfect
topological consistency (TFI=0) across all tested
manifolds, confirming fM KdA = 2my(M). Discrete
methods demonstrated varying topological fidelity.
Discrete methods, by contrast, exhibited
divergent topological fidelity. Table 1 presents TFI
values for different methods across spherical, toroidal,
and conical vertex models. Thurston’s angle defect
method yielded a TFI of 0.152 at conical vertices,
while the Discrete Exterior Calculus (DEC) method
reduced this value to 0.087, demonstrating better
topological preservation at singular points.

Table 1: Comparison of Topological Fidelity Index (TFI)
for Different Curvature Computation Methods

Conical
Method | Sphere TFI | Torus TFI Vertex TFI
Classical 0.000 0.000 0.000
Thurston’s 0.018 0.023 0.152
DEC 0.009 0.012 0.087
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Note: All computational results were obtained on
triangulated surfaces with vertex densities ranging
from 10k to 200k. The TFI values represent the
average deviation across 100 different mesh
realizations for each geometric shape.

Geometric accuracy, as determined by Root Mean
Square Error (RMSE), were highly correlated. Table
2 shows that whereas errors in discrete approaches
grew dramatically with topological complexity, the
classical method attained an RMSE of 0 across all
models. By upgrading discrete differential operators,
DEC was able to improve Thurston's method's RMSE
of 0.310 at conical vertices to 0.295, demonstrating
its approximation advantage in non-smooth areas.

Table 2: Comparison of Topological Fidelity Index (TFI)
for Different Curvature Computation Methods

Method | Sphere | Tos | G

RMSE RMSE RMSE

Classical 0.000 0.000 0.000

Thyrston 0,087 0.112 0.310

DEC 0.015 0.021 0.295
Note: The RMSE values quantify the average

squared difference between discrete and classical
curvature values at each vertex. Lower RMSE
indicates a closer approximation of the classical
curvature by the discrete method. Results were
obtained after normalizing curvature values to a
common scale for fair comparison.

4.2 Computational Efficiency

In terms of computational efficiency, discrete
methods outperformed classical integration by 2-3
orders of magnitude. Table 3 shows that Thurston’s
algorithm required only 0.8 seconds for 100k vertices,
while DEC took slightly longer (1.2 seconds) due to
algebraic operations in exterior calculus—both far
faster than the classical method’s 142 seconds. All
timings were recorded wusing single-threaded
implementations to isolate algorithmic performance,
independent of multithreading optimizations.



From Classical to Discrete: Exploring Curvature Computation for Topological Preservation and High-Dimensional Extensions

Table 3: Comparison of Computational Efficiency for
Different Curvature Computation Methods

Method 100k vertices | 200k vertices
Classical 142s 230s
Thurston” s 0.8s 2.1s
DEC 1.2s 3.5s

Note: The computational time represents the total
duration for computing curvature across all vertices
of the mesh. All timings were measured using a
single-threaded implementation to isolate the
performance of the curvature computation algorithms
themselves, without the influence of multi-threading
optimizations.

4.3 High-Dimensional Discrete
Curvature

The extension of discrete curvature to 3D tetrahedral
meshes introduces dihedral angle defects with
topological consistency verified on regular grids. For
a cube y = 1, the total curvature 3582 + 3582 =
6.28 + 0.15, closely matching 2my (M) = 6.28.

In the high-dimensional discrete curvature results,
the error range reflects the standard deviation of
curvature calculations across 50 different regular
tetrahedral grid configurations for the cube. The
results for other 3D shapes follow a similar
verification process, providing a robust assessment of
the topological consistency of the discrete curvature
extension in 3D.

S DISCUSSION

The findings of this investigation contribute to the
ongoing scholarly discourse in differential geometry
by systematically evaluating the topological,
geometric, and computational characteristics of
curvature computation methods. By situating the
results within established theoretical frameworks and
addressing contemporary computational challenges,
this work enhances both fundamental understanding
and applied methodologies.

5.1 Performance Analysis of Discrete
Curvature Methods in Topology
and Geometry

The perfect topological consistency of classical
integration (TFI = 0) reaffirms its role as the gold

standard for validating topological invariants, in line
with the foundational work by Chern (1944) and
Milnor (1963). However, the computational
infeasibility of continuous methods for large - scale
datasets makes it necessary to rely on discrete
approximations. Thurston's (1980) angle defect
method attains topological fidelity (TFI < 0.023) on
smooth manifolds, comparable to DEC (TF1 < 0.012).
This shows its capacity to preserve global topological
features despite local geometric discrepancies,
corroborating Thurston’s conjecture that discrete
curvature retains essential topological information
through angle deficit accumulation and providing a
theoretical basis for its application in computational
geometry pipelines.

DEC demonstrates a superior convergence rate
(RMSE « N7%62)  and reduced TFI values,
highlighting its potential as a balance between
accuracy and efficiency. Its ability to achieve RMSE
= 0.008 at 10,000 vertices emphasizes its suitability
for real - world engineering simulations with frequent
dynamic mesh updates. This aligns with Meyer et
al.’s (2003) original formulation of DEC, which
posits that discrete exterior calculus can efficiently
approximate differential operations while
maintaining numerical stability. Nevertheless, DEC
still faces challenges in accurately representing
curvature in geometrically complex regions like those
with sharp edges or irregular meshes.

When it comes to geometric accuracy, the
observed RMSE values (0.087-0.31) for discrete
methods in non - smooth regions highlight a critical
limitation of current discretization strategies. While
grid refinement can reduce errors, singularities
introduce systematic biases that cannot be fully
mitigated by simply increasing the resolution. This
finding is consistent with Wardetzky et al.’s (2007)
analysis of discrete Laplace operator convergence,
which attributes such errors to the loss of higher -
order geometric information in piecewise linear
approximations. The persistent errors near conical
vertices (RMSE = 0.31) suggest that discrete
curvature methods may be insufficient for
geometrically precise applications such as medical
imaging or aerospace engineering, where high -
fidelity geometric features are crucial. In these
contexts, singular - induced errors can significantly
undermine the reliability of discrete methods, and
existing techniques lack effective means to fully
eliminate such discrepancies.

5.2 High-Dimensional Extensions and
Interdisciplinary Potential

The extension of discrete curvature to 3D tetrahedral
meshes represents a significant theoretical advance,
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partially replicating Regge’s (1961) discrete general
relativity model. The topological consistency of
dihedral angle defects on regular grids (365" +
¥68P = 2my(M))  validates  Banchoff’'s  (1967)
conjecture that discrete curvature principles can be
generalized to higher dimensions. However, errors in
irregular grids (RMSE=0.43) indicate that current
formulations lack the robustness required for
practical 3D applications. This discrepancy may arise
from the absence of higher-order geometric
constraints, such as edge length regularization or non-
linear optimization, as proposed by Springborn et al.
(2008). Moreover, in real-world scenarios, the
complexity of 3D geometries far exceeds that of
regular grids, and the limitations of discrete methods
in handling irregular meshes become more
pronounced, severely restricting their wide
application in 3D modeling and simulation.

The success of the hybrid curvature framework in
aligning geometric and network domains (RMSE
reduced from 0.27 to 0.11) bridges a critical gap
between computational geometry and network
science. By enabling curvature-based comparisons
between geometric meshes and complex networks,
this work extends Sullivan’s (2008) covariant
discretization theory, demonstrating its utility in
interdisciplinary ~ research. = The  comparable
community detection performance (F1=0.78 vs. 0.82)
suggests that curvature could serve as a unifying
metric for diverse fields, from materials science to
social network analysis. However, the hybrid
framework also has its limitations. The integration of
different domain concepts may lead to additional
uncertainties and inaccuracies, and more in-depth
research is needed to optimize and improve it.

5.3 Computational Efficiency and
Scalability

The computational advantages of discrete methods
(2-3 orders of magnitude faster than classical
integration) are particularly significant for real-world
applications. For instance, processing a 200k-vertex
protein structure in 3.5s using DEC enables rapid
analysis of macromolecular surfaces, a critical
capability for drug discovery pipelines. This aligns
with Gu and Yau's (2008) conformal parametrization
framework, which emphasizes the importance of
computational efficiency in bioinformatics. However,
memory constraints remain a bottleneck for large
datasets, necessitating the development of sparse data
structures and cloud - based parallel processing
frameworks. Additionally, although discrete methods
are generally faster, the accuracy loss in some cases
due to approximation may limit their application in
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scenarios where high precision is
simultaneously with high efficiency.

required

5.4 Limitations and Future Research
Directions

Despite these advancements, several limitations need
to be addressed. Firstly, the theoretical basis of high-
dimensional discrete curvature is insufficiently
developed. There are no convergence proofs for grids
that lack uniformity, which makes it challenging to
guarantee the reliability and accuracy of discrete
methods when dealing with complex high-
dimensional geometric situations.

Secondly, the hybrid framework's dependence on
optimal transport leads to increased computational
costs. As a result, its suitability for real-time systems
is restricted. Additionally, approximation errors that
occur during the hybrid process can build up over
time, thereby degrading the overall performance.

Thirdly, errors caused by singularities continue to
exist even when using high-resolution models,
indicating the necessity of error correction models
based on machine learning. These singularity-related
errors have long been an issue in discrete methods,
and currently, no ideal solution has been found. Even
with high-resolution meshes, these errors can still
greatly influence the results in certain applications,
emphasizing the pressing need to create more
effective error correction techniques. To address
these limitations, future research should pursue three
key directions:

Theoretical Generalization: Utilize simplicial
homology and sheaf cohomology from algebraic
topology to develop a cohomological framework for
discrete curvature. This framework should aim to
unify 2D and 3D formulations, providing a coherent
mathematical structure for discrete curvature
computations  across  different = dimensions.
Specifically, future work should focus on deriving
convergence proofs for nonuniform grids within this
cohomological framework, thereby establishing more
solid theoretical foundations for discrete methods in
complex high dimensional geometric scenarios.

Algorithm Innovation: Integrate deep learning
techniques—such as convolutional neural networks
(CNNs) and recurrent neural networks (RNNs)—to
predict and mitigate errors in discrete curvature
approximations, particularly near singularities.
Future research should initially focus on developing
error correction algorithms using long, short term
memory (LSTM) networks, which excel at handling
sequential data and capturing long term dependencies.
Train these algorithms on large datasets of meshes
with known singularities to learn error distribution
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patterns, enabling more accurate correction of
curvature computations in real time applications.
Cross - Domain Applications: Validate the
hybrid framework in emerging fields like quantum
geometry and topological machine learning. In
quantum geometry, future studies should apply the
hybrid framework to analyze the curvature of
quantum states, aiming to uncover novel geometric
invariants that could provide insights into quantum
entanglement and topological phases of matter. In
topological machine learning, researchers should
explore how the hybrid framework can enhance
algorithm performance for tasks such as graph
classification and manifold learning by incorporating
curvature based features into model architectures.
This approach would not only expand the hybrid
framework’s application scope but also promote
interdisciplinary research at the intersection of
geometry, topology, and machine learning.

6 CONCLUSION

A fundamental concept in differential geometry, the
Gauss-Bonnet theorem vividly illustrates the
profound link between global topological invariants
and local geometric characteristics. This paper
conducts a meticulous examination of the theorem's
classical formulations, discrete generalizations, and
its extensive implications across the domains of
mathematics, computer science, and various
multidisciplinary fields. By integrating theoretical
insights with computational benchmarks, this study
effectively bridges the significant gaps in reconciling
topological consistency, geometric precision, and
computational feasibility within the realm of
curvature analysis.

Building on the theoretical foundation, Chern's
intrinsic proof, which ingeniously unified fiber
bundle theory with differential forms, has reshaped
modern differential geometry. It has elevated the
fundamental relationship between the Euler
characteristic and the integral of Gaussian curvature
over compact manifolds, which stands as the core of
the classical Gauss-Bonnet theorem. Nevertheless,
when applied to large-scale datasets, this continuous
framework encounters substantial computational
limitations, particularly in the context of digital
surfaces and triangulated meshes that are widely
utilized in computer graphics and biomedical
engineering. The emergence of discrete differential
geometry has presented novel solutions to these
challenges. For instance, Meyer's discrete exterior
calculus and Thurston's angle defect model have
significantly enhanced the efficiency of curvature
calculation by transitioning from continuous

integration to vertex-based angle summation.
Quantitative analysis in this study reveals that
discrete methods can achieve a topological fidelity
index (TFI) < 0.023 on smooth manifolds while
operating 2 to 3 orders of magnitude faster than
classical approaches. This enables the real-time
processing of complex geometries, demonstrating the
practical advantages of discrete methods.

Discrete approaches have trade-offs despite these
improvements in  topological fidelity and
computational efficiency. Significant geometric
errors remain in non-smooth areas, where the
drawbacks of piecewise linear approximations are
apparent: Thurston's method shows an RMSE of 0.31
close to singularities, whereas discrete exterior
calculus (DEC) lowers this to 0.295. The inherent
difficulty of maintaining higher-order geometric
details in discrete frameworks is highlighted by these
numerical disparities. On the theoretical front, the
successful extension of discrete curvature to 3D
tetrahedral meshes establishes a strict correspondence
between total curvature and Euler characteristics on
regular meshes. This achievement validates long-
standing  conjectures about high-dimensional
curvature and opens new frontiers in quantum
gravity, materials science, and other advanced fields.
The coexistence of progress and limitation in these
findings underscores the need for future research to
focus on theoretical advancements, algorithmic
innovations, and multidisciplinary collaborations,
ensuring that the promises of discrete differential
geometry are fully realized.

Through a systematic combination of theoretical
and computational analyses, this study not only
deepens our understanding of the Gauss-Bonnet
theorem but also accelerates the transformation of
differential geometry from an abstract theoretical
discipline to a practical computational field. In an era
where digital technologies are redefining scientific
inquiry, the interaction between theory and
application will continue to drive groundbreaking
advancements,  offering  valuable  geometric
perspectives for addressing challenges in materials
design, artificial intelligence, and numerous other
related areas. The enduring significance of the Gauss-
Bonnet theorem lies in its unique ability to transcend
disciplinary boundaries, bridging the gap between
abstract concepts and tangible reality—a dynamic
exploration that will undoubtedly continue to evolve
in the future.
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