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In complex function theory, there exists a fundamental concept known as the residue theorem., lies at the
intersection of pure mathematics and diverse scientific applications. This theorem elegantly connects the
integrand function over a precisely defined closed geometric contour in the complex plane to the sum of its
residues at isolated singularities within that contour. In mathematics, it serves as a potent means for the
evaluation of otherwise intractable complex integrals, offering new insights into the behavior of complex -
valued functions, from analyzing the distribution of zeros and poles to studying function singularities. Its
applications span multiple scientific disciplines. In physics, it simplifies calculations in quantum mechanics,
electromagnetism, and statistical physics, providing crucial solutions for problems like scattering amplitudes
and electromagnetic field distributions. In engineering, it aids in signal processing and control system design,
especially when dealing with Laplace and Fourier transforms. Hence, this paper aims to calculate
representative definite integrals with the help of Residue theorem, paving the way for connecting its

applications in interdisciplinary field.

1 INTRODUCTION

Complex variable functions are an important branch
in mathematics and are widely applied in many fields
such as physics, engineering, computer science, and
finance (Churchill & Brown, 2014). The following
are the main application scenarios of complex
variable functions. In the field of mathematics,
residue theorem relates closely to the complex
variable functions. The residue theorem is a useful
tool to calculate integrals associated with complex -
variable functions The residue theorem is an
important tool for the calculation of integrals of
complex variable functions.

In the course of researching complex variable
functions, for the calculation of the integrals of some
functions that have singular points in a closed region,
Cauchy's integral theorem cannot be directly applied
(Bak & Newman, 2010). However, the residue
theorem provides an effective method. It links the
residues of the function at each singular point within
the region enclosed by a closed curve with the integral
of the function along that closed curve. That is, the
integral of the function along the closed curve is equal
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to 2mi times the sum of the residues of the function at
each singular point within the region enclosed by the
closed curve, which greatly simplifies the calculation
of the integrals of complex variable functions (Stein
& Shakarchi, 2003). The residue theorem deepens the
understanding of the singular points of complex
variable functions. The singular points of complex
variable functions are divided into types such as
removable singular points, poles, and essential
singular points. Through calculating the residues of
the function at singular points, the residue theorem
enables a more in-depth study of the properties and
characteristics of singular points. For example, by
calculating the residues, the author can determine the
type of a singular point and understand the local
properties of the function near the singular point (Chi,
2024).

The theoretical framework of complex variable
functions serves as the foundation for the residue
theorem. The analyticity of complex variable
functions, Cauchy's integral formula and other
theories are the basis for the derivation and proof of
the residue theorem. The properties of analytic
functions ensure the establishment of the residue
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theorem and provide various methods for calculating
residues, such as using the Laurent series expansion.
At the same time, some basic concepts and methods
of complex variable functions, such as contour
integrals and isolated singular points, are also the
prerequisites and keys for the application of the
residue theorem. The residue theorem promotes the
development and application of the theory of complex
variable functions. The emergence of the residue
theorem has promoted the extensive application of the
theory of complex variable functions in other fields.
It has played an important role in aspects such as
calculating real integrals, solving differential
equations, and studying fluid mechanics and
electromagnetics. These applications not only expand
the research scope of complex variable functions but
also further enrich and perfect the theoretical system
of complex variable functions.

2 METHODS

2.1 Complex Numbers and Functions

A complex number is of the form z = x + iy where x
and y are real numbers, and i = V1. A complex
function f(z) maps complex numbers to complex
numbers. One will review the basic operations on
complex numbers and functions, such as addition,
multiplication, and differentiation (Qiu, 2020).

For a function f(z) that is analytic at an isolated
singularity z, its Laurent series expansion is

[oe]

f@= ) anz=2)" (D)
n=-—oo

The residue is defined as the coefficient of
term (z —z,)”! in the Laurent series, that is
Res(f,z,) =a_, In practical calculations, for
different types of isolated singularities, there are
different methods for calculating the residue. If z, is

an mth order pole of f(z), then the formula

Res(f, ) = g imieaef @) ()

can be used to calculate the residue. For example, for
. zZ _ .
the functionf(z) = iy 2T 1 is a second-

order pole and z = - 2 is a first-order pole. For z = 1,
according to the above formula, first let g(z) i,
then Res(f,z,) = é ; for z=-2 Res(f, zy) = —g.
Singularities are points where a complex function
is not analytic. Multiple kinds of singularities are
present, and among them are removable singularities,
poles, and essential singularities. The behavior of a
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function near its singularities is crucial for
understanding the residue concept.

2.2 Residue Theorem

The residue theorem establishes a connection
between the integral of a function along a closed
curve and the residues of the function at the isolated
singularities inside the curve. Let f(z) be analytic in
the region D enclosed by a simple closed curve C
except for a finite number of isolated singularities
Z1Zy ..., Zn,and continuous in the closed region D =
D U C except at these singularities. Then one has

ff(z)dz = ZHiZ Res(f,z,) 3
. k=1

Below is the General Steps for Calculating Integrals
Using the Residue Theorem (Trefethen & Weideman,
2014).

The first is to determine the integration path.
Select an appropriate closed integration path C, which
is usually constructed according to the characteristics
of the integrand function and the integration interval.
For example, for the integral f_oow f(x) dxon the real
axis, a semi-circular path (with radius R) in the upper
half-plane is often added, so that the integration path
C = Cg + v (v is the line segment [—R, R] on the real
axis) forms a closed curve.

The second is to analyze the singularities of the
integrand function. Find all the isolated singularities
of the integrand function f(z) inside the integration
path C, and determine the types of the singularities
(removable singularities, poles, or essential
singularities). Then, according to the type of the
singularity, use the corresponding method to calculate
the residue at each singularity.

The third is to calculate the sum of the residues.
Add up the residues at all the singularities inside the
integration path C to obtain Y7, Res(f, z;).

The fourth is to apply the residue theorem to find
the value of the integral. According to the residue
theorem shown in Eq. (3), one can calculate the
numerical value of the integral taken along the closed
- loop curve C Then, by analyzing the limit situation
of the integral on the supplementary path (such asCy)
whenR = oo, the value of the original integral on the
real axis can be obtained (Xu & Fan, 2024). For
example, when limR — oo gsc f(z)dz =
2mi Y. p-q Res(f, zy).

The residue theorem has many applications. In
physics, Cauchy's residue theorem is used in various
areas. For instance, in quantum field theory, it is used
to calculate scattering amplitudes and Green's
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functions. In statistical mechanics, it can be applied
to evaluate partition functions. The author will briefly
introduce some of these applications and explain how
the theorem is used in these contexts.

In Quantum Mechanics In quantum mechanics,
the residue theorem is used to calculate the Green's
functions. The Green's function is a powerful tool for
solving the Schrédinger equation and understanding
the propagation of quantum waves. For example, in
the study of scattering problems, the Green's function
can be expressed as a complex integral. By applying
the residue theorem, people can evaluate this integral
and obtain the scattering amplitude, which is a key
quantity in understanding the interaction between
particles.

In statistical physics, the partition function is a
central concept. It is often expressed as an integral
over a complex contour. The residue theorem can be
employed to evaluate this integral and obtain the
thermodynamic properties of the system, such as the
free energy, entropy, and specific heat. This allows
people to study the equilibrium and non - equilibrium
behaviours of physical systems.

3 APPPLICATION

3.1 Integrals of Trigonometric
Functions

+z71

Let z = e | then cosH=ZT, sin =

zZ—

-1
ZZ ,and d® = dz/iz (Hang et al, 2023). When 6

varies from 0 to 21, z makes a positive circuit along
the unit circle |z| = 1 in the complex plane. Thus, the

original integral | 02“ R(cos0,sin0)d is transformed
into the contour integral of a complex function

= jg R(z +z71 7z - Z_1>dZ @
ot 2 2 )iz

Then, by using the Cauchy residue theorem, people

can calculate the residues of the integrand at the isol

ated singular points inside the unit circle |z = 1, and

further obtain the value of the integral (Zeng, 2020).
For example, to calculate

21T de
I=J; 1+ac056(|a|<1) ®)

Let z = e'®, the integrand is then transformed into

2
[ = dz, 6
j€|z|=1(a+2)z+az2 z ©)
and in what follows one can introduce a new
function f(z) = 2

prevomEil The singular points of

f(z) are z; = 0 and z, is not inside the unit circle.
z, =0 isaﬁrst—order pole,and Res[f(z),0] =

limzf(z) =— Accordmg to residue theorem,

z-0
f o de _2m @
o 1+ acosB V1 - a2

Next, the author will evaluate the integral
J f@)dz.

(a) Evaluation of the integral for the semicircle z
=2e%(0 <0 <n).

First, the author shall express z and dz in terms of

0. Given z = 2e?, then dz=2ie'? d6. Substitute z into

the function f(z): f(z) = £—1+— Substituting z =

2e'® one gets f(z) = 142 = 1+e‘le Now, the
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task is to calculate the contour integral | c f(z)dz,i.e.,

J.f(@dz = [](1+e7)-2ie®d® . Expand the

integrand: (1 + e_ie) -2ie® = 2ie® +2i and

integrate it term - by — term, then

T . T . T

f (2ie® + 2i)d0 = 2if e®do + 2if de (8)

Forf e de, using the formula [ % dx = =e™ +

C(herea = i), one has f e®do = [— ’9] Since
0

1

-=—i, then fo e®do = —i(ei™ —e®) = —i(—1 —
1) =2i. [ d6 =m So, 2i [ e®do+2i do=
2020+ 2im = —4 + 2.

(b) Evaluation of the integral for the semicircle
z=2e¥(m <6 <2n).

Again, z = 2e% dz = 2ie®df, and f(2) = 1 +
g— 1+e7% .

J f(@)dz:

21
ff(z)dz_f (1+e79)-2ie%ds  (9)
Expand the integrand (1 + ™) - 2ie® = 2je® +
2i and integrate term - by — term, then fﬂ (21619 +
. _ s (2T i . 2T
2i)de —ZZLJ;._[ e®de + 21f1‘1 de. |
For fnﬂe‘e de, using [ e®d0 = —ie® + C, one
has  ["e®dB = —i(e!?" —ei™) = —i(1+1) =
—2i . So, it is calculated that 2i fj“eie de +
20 [2"d = 20 (—20) + 2im = 4 + 2mi.
(c) Evaluation of the integral for the circle z =
2e®(0 <0 <2m).
People can use the results from parts (a) and (b).

Since the circle z = 2e®(0 < 0 < 2m)is composed
of the two semicircles from parts (a) and (b), then

ff(z)dz = fn(l +e ). 2ie®q0
¢ 0

Calculate the contour - integral
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2T
f (1+e7®)-2ie'®do (10)

From part (a), it 1sf (1+e7®)-2ie®do = —4 +
2mi, andfrompart(b), fn (1 + e“e) 2ie®do =
4 +2mi. Then it is found that [ f(z)dz = (=4 +
2mi) + (4 + 2mi) = 4.

3.2 Integrals of Fractional Function

The author shall define
az3+bz> +cz+d
fo =" (1)
with a=6b=i+1,c=16,d=i—1 (Li et al,
2021). The task is to evaluate the integrals fr f(z)dz
it P
with v(0)=i+S,0<t<2r  y,() ==+
V2elt,0 <t < 2my;(t) =1+ 5e%,0<t < 2m.
Firstly, people can factor the denominator z* — 1.
People know that z*—1=(z—-1)(z+ 1)(z—
i)(z + i) by the difference - of - powers formula
a®—b"=(a—-b)(@a"t+a" b+ +ab" %+
b™1). Here,a=z b=1and n=4. So,
623+ ({+1)z2+16z+(1—1i)
f(z) = (12)
(z— 1)(z+1)(z—1)(z+l)
For the contour y,(t) =i + —,0<t<2. The

center of the contour y; is z, = l and the radius r =
1/2. The singularities of f(z) are the roots of z* —
1=0ie,z=1,z=-1,z=1i,z= —i.
People check which singularities lie inside the
contour y;. The distance between a point z and the
center i of the contour y; is given by |z - i|. For z =

1,|1—i|=m=x/§>§ . For z=
~1,1-1-il = /D?+ (-1)? =2 > . For
z=i,|i—i|:0<% . For z=
|-2i] =2 >% . By the residue theorem,
fylf(z)dz = 2mi Igglsf(z). To find the residue at

people can use the formula ResZ2 =
z—2y h(2)
9(2o)

—_where g(z) =6z3+ (i +1)z? + 16z + (1 —
h (20)

)and h(z) = z* - 1.

Obviously, it is easy to find h'(z) = 4z3. Then
W () = 4i% = —4i. g(i) = 6i3 + (i + 1)i% + 16 +
A1-D=—-6i—(i+1D)+16i+(1—-i)=(—6—
1+16—Di+(-1+1D =8 . So, Resf(z) =
9@ 8i .
o —2. Then le f(z2)dz = 2mi x (=2) =
—4i.

—i,|-i—il =

z =1,
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Secondly, for the contour vy,(t)= i_71+
V2eit,0 <t <2, the center of the contour y, is

Z =i_71 and the radius r =2 . Calculate the

distances from the singularities z =1,z = -1,z =
i,z = —i to the centerz, = ? |1 __7| = 92—+ =
V10 i-1 \/1+1 A ,
T>\/_ |—1—1—|= =—<\/_ |l—
i—-1 \/1+1

_ . i-1 Vi+o J1_0
2 1= <z el 2 =
V2. The smgularmes inside the contour Y, are z =
—1and z = i. By the residue theorem,

f f(z)dz = 2mi (ZR_esf(z) + Resf(z)) (13)
Y2 =-1 z=1

For the residue at z = —1: h'(z) = 4z3,h'(-1) =
—4 . In addition, g(-1)=6(-1)°3+(+
DED2+16(-D+A-D)=—-6+({+1) -

16+ (1—i) = —20 . Thus, Resf(z) = hg(( 12) =
—-20

- = 5. Here, one has already found Res f(z) = -
So, fvzf(z)dz = 2mi(5 — 2) = 6mi.

Thirdly, for the contour y3(t) = 1+ 5e,0 <
t < 2, the center of the contour y; is zy = 1 and the
radius r = 5. All the singularities z = 1,z =
—1,z = i,z = —i lie inside the contour y5. By the

fy3f(Z)dZ = 2mi (Iz?zeigf(z) +

residue  theorem,

Resf(z) + Resf(2) + Resf (Z)>-

For the residue at z = 1:h" (2) = 4z3,h" (1) =
4. g =6xB+(E+1)x12+16x1+ (1 —
D=6+({+1)+16+(1—i)=24. Reff(z)=

z=

9@) _ 24 _ _ _
7 6. One found l;{slsf(z) 5, lﬁgis/f(z)
—2 . For the residue at z=-i:h (2)=

4230 (=) =4(=i)3=4i . g(=i) =6(-i)3+
(+DED2+16(-D+(1-D)=6i—(+1)—
16i+(1-i)=(-6—-1-16—-1i+(-1+1) =

_ . _og(=) _ —24i _ _
24i. Hence, ;R:e_sif(z) i an il 6 .
Therefore, fy3 f(2)dz=2mi(6+5—-2—-6) =

6.
To conclude, for y,, the integral is —4mi; for y,,
the integral is 6ti; for y3, the integral is 6.

4 CONCLUSION

The residue theorem is of utmost importance in
mathematics, particularly in complex analysis. It
serves as a powerful tool for evaluating complex
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integrals, providing an efficient method to calculate
the values of integrals that would otherwise be
extremely difficult or even impossible to solve using
traditional real - variable methods. For numerical
algorithms with the development of computer
technology, more efficient numerical algorithms
based on the residue theorem will be developed.
These algorithms will be able to handle large - scale
and high - dimensional integral problems, providing
powerful computational tools for both theoretical and
applied mathematics. It can cross disciplinary
applications and for differential Equations: There will
be more in - depth connections with complex - valued
differential equations. The residue theorem can assist
in solving certain types of differential equations by
transforming them into integral problems and then
using residue - based methods for solution. For
physics the residue theorem applies in many fields
such as Quantum Mechanics statistical physics, and
the residue theorem is an indispensable tool in
physics. Its applications in quantum mechanics,
electromagnetism, and statistical physics have
enabled people to solve complex problems and gain a
deeper understanding of physical phenomena. As
physics continues to advance, the residue theorem
will likely find even more applications in new and
emerging areas, further enhancing people’s ability to
describe and predict the behaviour of the physical
world.
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