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Abstract: The automation of production processes using robotic manipulators seems to be one of the most advanced 

technological areas in the last decade, as it provides the possibility of manipulating objects through a versatile 

and automatic configuration of manufacturing systems. This type of robot has several uses which can make 

the work much easier and safer, offering precision and quality to the development of designated activities in 

the world of automation. To obtain this goal, effective control techniques offer a practical alternative to 

analyze the behavior of the mechatronics systems considering the natural dynamic of the system and to select 

the best for each application, respectively. This article aims to design a robot with two degrees of freedom for 

which the dynamic model was obtained, in addition to performing the control design that ensures the stability 

of the system, in which the position is measured to obtain the error difference between the desired value and 

the actual value. 

1 INTRODUCTION 

In recent years, it is very common to find in the 

automation and control industry, systems or 

mechanisms that are useful for performing tasks 

or activities involving planar-type robots. An 

indicator of the effectiveness of robotic in 

improving manufacturing processes is the efforts 

made in automatization, industrial and robotic 

areas (Kouritem et al., 2022)(Rincon-Quintero, 

Sandoval-Rodríguez, et al., 2022). 

Considering competitivity as a key factor to 

remain in the market, industrial companies are 

working to establish a balance between human 

labor and the use of robots, in addition to tools 

for interaction and collaboration that bring 

efficiency to the work being faster, more precise, 
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flexible, in a way that significantly reduces the 

cost of production (Xu et al., 2022)(Mendoza-

Calderón et al., 2022). 

While it is true, it is not possible to modify 

100% of the work performed by a human being, 

the specific robotic arm can be extremely useful 

for the tasks of assembly and movement of parts 

or raw material. 

It is important to mention that the position 

and orientation of the final effector of the robotic 

arm must be considered for the robotic arm to 

perform a specific task, which means that a 

previous configuration must be taken concerning 

an initial reference frame. In addition, a speed 

and acceleration analysis are necessary to 

perform uniform motion control in the robotic 

system (Kayastha et al., 2022)(Rincon-Quintero, 
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Del Portillo-Valdés, Meneses-Jácome, Ascanio-

Villabona, et al., 2021). 

Based on this information, a series of 

advanced control strategies are proposed, to 

adapt the most efficient and optimal technique, 

thus obtaining a better version of a two-degree 

planar robotic arm of freedom. Therefore, three 

control strategies have been studied in the next 

sections: PID, LQR (i.e Linear-Quadratic 

regulator) control and observer for pole location, 

and LQG (i.e Linear—Quadratic-Gaussian) 

control and filter of Kalman using values such as 

IAE (i.e., Integral absolute Error), ITAE (i.e., 

Integral Time Absolute Error), ISE( i.e., Integral 

Square Error), and ITSE ( i.e., Integral Time 

Square Error). 

 

2 MATHEMATICAL MODEL 

This modeling presents the description of the 
dynamics of a two-degrees of freedom planar robot, 
which exposes its main characteristics in Figure 1 (Ni 
et al., 2022). 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 1 : The two-degree flat robotic arm of freedom (Ni et 

al., 2022). 

Below are the coordinates and speeds of the centers of 
mass of element 1. It is important to mention that C1, 
S1, C12 and S12 correspond to Cos(q1), Sin(q1), 
Cos(q1+q2) and Sin(q1+q2) respectively.   

                       𝑥1 = 𝑑1𝐶1                                      (1) 

              𝑥1̇ = −𝑑1𝑆1𝑞1̇                                   (2) 

                 𝑦1 = 𝑑1𝑆1                                        (3) 

                      𝑦1̇ = 𝑑1𝐶1𝑞1̇                                     (4) 

And using the above equations you can set the 
following: 

            𝑣1
2 = 𝑥1̇

2 + 𝑦1̇
2 = 𝑑1

2𝑞1̇
2
                         (5) 

Below are the coordinates and speeds of the mass 
centers of element 2. 

            𝑥2 = 𝑙1𝐶1 + 𝑑2𝐶12                                (6) 

   𝑥1̇ = −(𝑙1𝑆1 + 𝑑2𝑆12)𝑞1̇ − 𝑑2𝑆12𝑞2̇             (7) 

              𝑦2 = 𝑙1𝑆1 + 𝑑2𝑆12                              (8) 

    𝑦1̇ = (𝑙1𝐶1 + 𝑑2𝐶12)𝑞1̇ + 𝑑2𝐶12𝑞2̇              (9) 

And using the above equations you can set the 
following: 

𝑣2
2 = 𝑥2̇

2 + 𝑦2̇
2 = (𝑙1

2 + 𝑑2
2 + 2𝑙1𝑑2𝐶2)𝑞1̇

2 +

 𝑑2
2𝑞2̇

2 + 2𝑑2(𝑙1𝐶2 + 𝑑2)𝑞1̇𝑞2̇                            (10) 

Below are the equations corresponding to the 
kinetic energy and potential energy of the system 
respectively. 

𝐸𝑐 =
1

2
(𝑚1𝑣1

2 + 𝑚2𝑣2
2) =

1

2
[𝑚1𝑑1

2 + 𝑚2(𝑙1
2 +

𝑑2
2 + 2𝑙1𝑑2𝐶2)]𝑞1̇

2
                                             (11) 

𝐸𝑝 = 𝑔(𝑚1ℎ1 + 𝑚2ℎ2) = 𝑔(𝑚1𝑦1 + 𝑚2𝑦2) =

𝑔(𝑚1𝑑1𝑆1 + 𝑚2𝑙1𝑆1 + 𝑚2𝑑2𝑆12)                      (12) 

Lagrangian is now applied to the above equations 
by getting the following: 

𝐿 = 𝐸𝑐 − 𝐸𝑝 =
1

2
[𝑚1𝑑1

2 + 𝑚2(𝑙1
2 + 𝑑2

2 + 2𝑙1𝑑2 

𝐶2)]𝑞1̇
2 +

1

2
[𝑚22𝑑2(𝑙1𝐶2 + 𝑑2)]𝑞1̇𝑞2̇ − 𝑔( 𝑚1𝑑1𝑆1 

+𝑚2𝑙1𝑆1 + 𝑚2𝑑2𝑆12                                           (13) 

Finally, the final equations corresponding to: 

𝑇1 = [𝑚1𝑑1
2 + 𝑚2(𝑙1

2 + 𝑑2
2 + 2𝑙1𝑑2cos (𝑞2))]𝑞1̈ 

+[𝑚2𝑑2(𝑙1𝑐𝑜𝑠(𝑞2) + 𝑑2)]𝑞2̈ − [2𝑚2𝑙1𝑑2𝑠𝑒𝑛(𝑞2)]  

𝑞2
2̇  + 𝑔[( 𝑚1𝑑1 + 𝑚2𝑙1) cos(𝑞1) + 𝑚2𝑑2 

cos(𝑞1 + 𝑞2)]                                                       (14) 
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𝑇2 = [𝑚2𝑑2(𝑙1 cos(𝑞2) + 𝑑2)]𝑞1̈ + [𝑚2𝑑2
2]𝑞2̈ 

−[𝑚2𝑑2𝑙1𝑠𝑒𝑛(𝑞2)]𝑞1̇𝑞2̇ + [𝑚2𝑑2𝑙1𝑠𝑒𝑛(𝑞2)]𝑞1̇
2 + 

[𝑚2𝑑2𝑙1𝑠𝑒𝑛(𝑞2)]𝑞1̇𝑞2̇ + 𝑔𝑚2𝑑2 cos(𝑞1 + 𝑞2) (15) 

 

2.1 State Space System Model 
 
Based on the above equations it is possible to 
formulate the two degrees of freedom planar arm 
system in state space, to apply a complete and robust 
multivariate control to the model (Rincon-Quintero, 
Portillo-Valdés, et al., 2021). Table 1 shows the 
System States of 2 DOF Planar Robotic Arm and 
Table 2 report the inputs to the model. Similarly, in the 
Table 3 the numerical parameters taken to run the 
model are shown. 

�̇� = 𝐴 ∗ 𝑋 + 𝐵 ∗ 𝑢                                       (16) 
𝑌 = 𝐶 ∗ 𝑋 + 𝐷 ∗ 𝑢            (17) 

  
Table 1 : System States. 

2DOF Planar Robotic Arm States 

States Nomenclature     Variable 

Link position 1 𝑥(𝑡) 𝑞1 

Link position 2 𝑥2(𝑡) 𝑞1̇ 

Link speed 1 𝑥3(𝑡) 𝑞2 

Link speed 2 𝑥4(𝑡) 𝑞2̇ 

 

Table 2. System Inputs 

2DOF Planar Robotic Arm System Inputs 

Inputs Nomenclature Variable 

Link Torque 1 𝑢1(𝑡) 𝑇1 

Link Torque 2 𝑢2(𝑡) 𝑇2 

 

In this way, the equations of the system in state 

space are the following: 

 

𝑋 = [

𝑞1

𝑞1̇

𝑞2

𝑞2̇

];      A=[

0 1 0 0
0 0 0 0
0 0 0 1
0 0 0 0

] ;                  (18) 

𝐵 =

[
 
 
 
 
 
 

0 0
1

𝑑1
2𝑚1

−(𝑑2 + 𝑙1)

𝑑1
2𝑑2𝑚1

0 0
−(𝑑2 + 𝑙1)

𝑑1
2𝑑2𝑚1

𝑑1
2𝑚1 + 𝑚2(𝑑1

2+2𝑑2𝑙1 + 𝑙1
2)

𝑑1
2𝑑2

2𝑚1𝑚2 ]
 
 
 
 
 
 

 

C= [
1 0 0 0
0 0 1 0

];      D= [
0 0
0 0

]                       (19) 

Table 3 : Parameters 

2DOF Planar Robotic Arm Parameters 

Parameters Value Unit 

Link mass 1 0.345 [𝐾𝑔] 

Link mass 2 0.106 [𝐾𝑔] 

Distance from link 1 

to the center of mass 
0.25 [𝑚] 

Distance from link 2 

to the center of mass 
0.11 [𝑚] 

Gravity constant 9.81 [
𝑚

𝑠2] 

Link length 1 0.3 [𝑚] 

 
Subsequently, we proceed to compare the linear 

system of the mathematical model with the nonlinear 
system to establish a path that allows the multivariate 
control mentioned above. 

Figure 2 shows the basic system states 
corresponding to the position of link 1 and link 2 of 
the two degrees of freedom planar robotic arm. From 
there it can be inferred that the position of link 1 has 
similarity in both systems (linear and nonlinear) up to 
approximately 0.1 degrees and that the position of link 
2 to point 0.12 degrees. This allows us to conclude that 
the proposed linear system behaves sufficiently like 
the nonlinear system to apply multivariate control to 
the model in question.  

 

 

 

 

 

 

 

 

Figure 2 : Linear model and non-linear model of the 

system. 

2.2 Control Technique PID  

 
As a first step, a PID control technique is applied 
where it is possible to analyze the variables of inputs 
or variables to be controlled (Satya Durga Manohar 
Sahu et al., 2022)(Rincon-Quintero, Del Portillo-
Valdés, Meneses-Jácome, Sandoval-Rodríguez, et al., 
2021). In this case the torques of links 1 and 2 of the 
planar robotic arm of two degrees of freedom. As can 
be seen in Figure 3 for the first torque you have a 
controller that stabilizes the system in 0.839 seconds, 
with a lifting time of 0.463 seconds and without any 
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overpasses. Despite not being a very advanced control 
technique the results that were obtained with this first 
controller were very satisfactory. 

 
Figure 3 : Torque one closed-loop response with PID. 

As a second measure, a PID-type controller is also 
designed for link 2 torque of the planar robotic arm. 
Through Figure 4 it can be observed that this torque 
was controlled in approximately 0.792 seconds with a 
lifting time of 0.443 seconds and without any 
overpasses. These data obtained allow analysis that 
although both controllers were designed separately. 
     They were of a PID nature, at the time of unifying 
them behave according to the results observed in the 
graphs, because they have very similar parameters, 
such as the establishment and lifting times of the 
system. 

 
 

 

 

 

 

 

 

 

 

 
Figure 4 : Torque two closed-loop response with PID. 

 

2.3 LQR Control Technique and 

Observer by Pole Location 
 

This first advanced control technique called LQR is 
accompanied by an observer by pole location, this one 
is commonly used to estimate system states (Misra et 
al., 2020)(Rincon-Quintero, Del Portillo-Valdés, et 
al., 2022). It is important to mention that this 
controller allows to perform multivariate analysis, that 
is, to the differential of the PID control technique, this 
controller allows to influence both variables over time. 

In Figure 5 can be observed for the first variable, 
i.e., link 1 torque, a signal set time of 0.806 seconds, 
and a lift time of 0.289 seconds. For link 2 torque, an 
establishment time of 0.802 seconds and a lifting time 
of 0.291 seconds can be seen. In addition, it is possible 
to claim that both variables to be controlled showed an 
overpass of 4.21% and 3.97%. The data obtained from 
both signals were very similar. 

 

 
 

 

 

 

 

 

 

 
Figure 5 : The closed-loop system with LQR and pole 

location observer. 

 

Based on Figure 6 you can observe the control actions 
of the variables affected by the control carried out 
above. In any case, no signal presents behavior that 
can negatively influence the behavior of the controlled 
system. 

 
Figure 6 : Control action of the closed-loop system with 

LQR and observer by pole location. 

 

2.4 Control Technique with Kalman 

Filter 
 

Better known as an LQG control technique, this 
controller allows the union of optimal LQR control 
with a Kalman filter (Narayan et al., 2020)(Rybus et 
al., 2022). The Kalman filter is a set of mathematical 
equations that provides an efficient computational 
(recursive) solution of the least-squares method.  
    The filter is very powerful in several aspects: it 
supports estimations of past, present, and even future 
states, and it can do so even when the precise nature 
of the modeled system is unknown (Sanchez et al., 
2022). This tool is useful for identifying the non-
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measurable state of a linear system, in this case, the 
two degrees of freedom planar robotic arm. Figure 7 
illustrates the closed-loop system of the model with 
the controlled variables, i.e., the torques of the links. 

The first torque shows control with a set time of 
0.812 seconds and a lifting time of 0.292 seconds. 
Similarly, an overpass of 4.25% can be differentiated. 
For link 2 it is observed that at 0.812 seconds torque 2 
manages to stabilize, previously having a lifting time 
of 0.294 seconds and an overpass of 4.21%.  

 

 

 

 

 

 

 

 

 

 
Figure 7 : The closed-loop system with LQG. 

As in the previous section, Figure 8 shows the control 

action of each of the variables caused by the controls 

applied using the LQG technique. However, these 

signals do not affect either the working range or the 

behavior of the controller. 

 

 
Figure 8 : Control action of the closed-loop system with 

LQG. 

 
“Two-degree-of-freedom (2DOF) PID controller" is 
a 2DOF controller whose serial compensator is a PID 
element and whose feedforward compensator is a PD 
element (Abhishek & Kumar Dalla, 2022).  

Through Figure 9 you can see a slight overpass in 
both variables to be controlled of 0.608%, an 
establishment time of 0.812 seconds, and a lifting 
time of 0.291 and 0.292 seconds. The great advantage 
of unifying these techniques is that the behavior of the 
variables to be controlled against a control action is 
almost the same. 

 

 

 

 

 
 

 

 

 

 

 
Figure 9 : The closed-loop system with two degrees of 

freedom control. 

As shows in Figure 10,  for the control action caused 
in the system, it possible to note the influence all 
variables of the model, however, in two of them the 
negative overstep is greater and this is mainly due to 
the robust and forced nature of the controller over the 
variables in question. 

 
Figure 10 : Control action with two degrees of freedom 

control. 

 

2.5 DOF Control Technique 
 

For the latest applied control technique, we then have 
unified control of an LQR along with a Kalman filter 
under the 1 degree of freedom mode. The 1 DOF 
control technique suffers from the limitation that 
there exists a compromise between response and loop 
goal performances (Fortunato et al., 2022). It can be 
seen in Figure 11 that the behavior, in this case, is not 
the best due to a considerable overfits of 69.3% in 
torque 1 and another even larger overstep of 92.6% in 
the torque of link 2.  
     As for the establishment times in both cases, it was 
0.716 and 0.403 seconds. And the rise time was 
0.0607 and 0.0184 seconds. While it is true the times 
in which both torques stabilize are very good, 
however, the oversteps negatively affect the behavior 
of the signals in question. 
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Figure 11 : Closed-loop system with one degree of freedom 

control. 

And finally, you can see a behavior very similar to the 
control signal in the control action of each of the 
variables in Figure 12. 

 
Figure 12 : Control action with control of a degree of 

freedom. 

 

3 RESULTS AND CONCLUSIONS 
 
For better compression of the digital control 
techniques applied above, this section shows the 
system behavior under the applied control technique, 
given a range of operations and several set points. 
Similarly, the nonlinear model of the system is shown 
in the same graph to have a closer perception of what 
these control strategies applied to the robot would be. 

In the first comparison plot corresponding to 

Figure 13, it can observe the variables to be 

controlled, i.e., the torques of the robot links, under 

the PID control technique. For ranges farther from 

zero, you can see that the nonlinear model is not able 

to reach its set point, and when the set point of one 

variable changes, the control signal of the other 

variable is affected as it is a unified multivariate 

control. It is important to mention that the operating 

range for this control technique ranges 

from[
−𝜋

32
]until[

𝜋

32
]. 

In this second comparison plot (i.e Figure 14) 

corresponding to the LQR control technique and the 

observer by pole location you can see that always the 

variable in the process reaches its set point, however, 

the same phenomenon described in the graph above 

occurs, where the control signal in one variable is 

affected when the set point of the other variable 

changes, this is due to the nature of the controller. The 

operating range for this case is from[
−𝜋

2
] to[

𝜋

2
].  

 

 

 

 

 

 

 

 

 

 

 
Figure 13 : Comparison of the non-linear model with PID 

control. 

 

 

 

 

 

 

 

 

 
 

Figure 14 : Comparison of the non-linear model with LQR 

control and observer by pole location. 

Figure 15 corresponds to the LQG control technique, 

where you can see that always the variable in process 

reaches its set point without problem, there is a 

minimum overs fits, and the operating range is 

from [
−𝜋

2
]  to [

𝜋

2
] . Behavior is very similar to the 

previous case. 

 
Figure 15 : Comparison of the non-linear model with LQG 

control. 
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Also, Figure 16 corresponds to the two-degree unified 

control technique of freedom in which optimal 

behavior can be observed in which the variable always 

reaches its stability. The operating range is from, [
−𝜋

6
] 

to  [
𝜋

6
]. 

 
Figure 16 : Comparison of the non-linear model with 2DOF 

control 

 
Finally, In Figure 17 the graph corresponding to the 
unified control technique is shown using the 1 degree 
of freedom mode. Without a doubt, the variable in the 
process does not have the best behavior, due to the 
high overpasses, however, if the point of stability is 
reached in both variables to be controlled.  

The operating range is from, [
−𝜋

2
] to  [

𝜋

2
]. 

     For the quantitative evaluation, the error is 
determined from the IAE, ITAE, ISE, and ITSE values 
is shown in Table 4 as a summary.  This, calculating 
the difference between the feedback signal and the 
operating point values, which represent the error 
signal, obtained from the following equations (Rahul 
et al., 2019). 

 
Figure 17 :Comparison of the non-linear model with the 

control of a degree of freedom. 

                   𝐼𝑆𝐸 = ∫ 𝑒(𝑡)𝑑𝑡
𝑇

0
                    (20) 

                             𝐼𝐴𝐸 = ∫ [𝑒(𝑡)]2𝑑𝑡
𝑇

0
                () 

                            𝐼𝑇𝐴𝐸 = ∫ 𝑡[𝑒(𝑡)]𝑑𝑡
𝑇

0
              () 

                              𝐼𝑇𝑆𝐸 = ∫ 𝑡[𝑒(𝑡)]2𝑑𝑡
𝑇

0
              () 

Table 4 : Error Rates of the Controls applied to the 

System. 

Error rates of the controllers applied 

Control technique IAE ITAE ISE ITSE 

Control PID 
0.2 

0.3 

6.7 

6.7 

0.0 

0.0 

0.3 

0.2 

LQR control and observer 

por pole location 

0.3 

0.4 

0.0 

0.1 

0.3 

0.3 

0.0 

0.0 

LQR control and filter de 

kalman 

0.3 

0.4 

0.0 

0.1 

0.3 

0.3 

0.0 

0.0 

Control de 2DOF 
0.4 

0.2 

0.2 

1.4 

0.3 

0.2 

0.0 

1.3 

Control de 1DOF 
0.5 

0.2 

0.3 

1.3 

0.4 

0.2 

0.3 

1.2 

 
To make a deeper analysis in terms of the comparison 
of all the control techniques applied in this research 
article, a series of performance indices were 
implemented for each variable to be controlled (torque 
one and torque two).  
     The first error rate corresponds to the integral of the 
absolute value of the IAE error. This index usually 
gives longer set-up times and higher oversteps, so it is 
considered one of the most sensitive. The second 
index used is the integral of time multiplied by the 
absolute value of the ITAE error. In this error, the 
transient responses that are obtained usually have 
small oversteps and well-cushioned oscillations. The 
ISE error square integral penalizes large errors and 
discriminates between over-caused and sub-wet 
responses.  
     Finally, the ITSE error rate corresponding to the 
integral time multiplied by the error square was 
obtained. This is characterized mainly by giving little 
importance to initial errors, however, if it influences 
the errors present after a few seconds of the start of the 
system entry.  

Based on the comparison of the control techniques 
implemented in this article, the graphs provided, and 
the ranges of action, it is decided that the best 
controllers implemented are the LQG and LQR with 
pole location observer, since they have a wide range 
of action from. 

 [
−𝜋

2
] to  [

𝜋

2
], their error rates are minimal, their 

transient responses have short settling times (0.8 

seconds) and very minimal overruns (4.2%). 

Once again, the usefulness of these advanced 

control techniques for this type of robotic system, 

which are used with high frequency in the process 
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automation industry worldwide, is proven. Due to 

their widespread use and the diversity of models and 

systems, it is necessary to carry out this type of 

research to create solid bases for the progressive 

development of assisted manufacturing. 
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