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In this paper, a class of multiobjective semi-infinite programming problems is considered. Sufficient

optimality condition is established for an efficient solution firstly. Furthermore, we formulate Mond-Weir
type dual for multiobjective semi-infinite programming problems and establish weak, strong and converse
duality theorems relating the problem and the dual problems under G-invex assumptions.

1 INTRODUCTION AND
PRELIMINARIES

Generalized convexity has been playing a vital role
in mathematical programming and optimization
theory. A class of generalized convex functions
called G-invex functions was defined by Antczak
(2007) for scalar differentiable functions. Then, the
definition of a real-valued G-invex function
introduced by Antczak was generalized to the
vectorial case in (2009). They used vector G-
invexity to develop optimality and duality for
differentiable multiobjective programming problems
with both inequality and equality constraints.

A semi-infinite programming problem is an
optimization problem on a feasible set described by
infinite number of inequality constraints. Recently,
semi-infinite optimization became an active field of
research. Many scholars have been interested in
semi-infinite programming problem, especially their
optimality conditions and duality results(see
(Heettich R., 1993; Jeyakumar V., 2008; Lopez
M.2007; Shapiro A., 2009; Kanzi N., 2010) and the
references therein). S.K.Mishra et al. studied the
duality results of this nonsmooth semi-infinite
programming problem.

Motivated by the works of (T. Antczak., 2009),
(T. Antczak., 2009), and (Mishra S.K.), in this
paper, we study a class of multiobjective semi-
infinite optimization problems. We formulate Mond-
Weir type dual for multiobjective semi-infinite
programming problems. Furthermore, by using G-
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invex assumption, related duality theorems are
established.

Next, we first introduce some basic concepts
and results which will be used in the sequel. The
following convention for equalities and inequalities
will be used throughout the paper.

We define:

WX= (%250 %,) Y = (Vs Yoo o Vo)
X=ySX =Y,i=12-,n
X<Yy&SX <y,i=L2-n;

X<y X% <Y, i=12,000,1;

XSy << X<y, X#Yy,n>1.

Throughout the paper, we will use the same
notation for row and column vectors when the inter-
pretation is obvious.

We say that a vector Z€ R" is negative if
2<0 and strictly negative ifZ < 0.
Definition 1.1 A function f : R = Ris said to
be strictly increasing if and only if
vx,yeRx<y= f(x)< f(y).
Let f =( f,f, fk): X > R* be a vector-

valued differentiable function defined on a

nonempty open set X cR" | and
|fi (X),i =1,2,---,K be the range of fi , that is,

the image of X under f;.
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Definition 1.2% Let f : X — R* be a vector-

valued differentiable function defined on a

nonempty open set X < R"and U e X . If there
exists a differentiable vector-valued function
Gf =(Gf1,--',Gfk)Z R — R" such that any its
component G; : 1, (X)—>R is a strictly

increasing function on its domain. And we assume
that there exists a vector-valued function

17:XxX —R" such that, for anyi =1,2,---,K ,
andallX € X (X;tu),
Gy, (f;(x) -Gy (f;(w))
=G (VW (xu)20 (>)

Then f is said to be a (strictly) vector G -invex
function at u on X with respect to 77. If (1) is
satisfied for each Ue€ X , then f is vector G, -
invex function on X with respect to 7.

Remark 1.1 In order to define an analogous
class of (strictly) vector Gf -incave functions with

respect to 77, the direction of the inequality in the

definition of these functions should be changed to
the opposite one.
Remark 1.2 In the case, When

G, (a)=a i=12,--,k, for any ael (X), we
obtain a definition of a vector-valued invex function.

Definition 1.3 A pointX € X is said to be an
efficient solution of the problem if there is no

X € X such that f(X)S f (7)

In this paper, we consider the following
multiobjective semi-infinite programming problem
(SIMP).

min £ (x)=(£,(x). £, (). , (x)
st. 9,(x)<0,jel.
where J is an (possibly infinite) index set,
fi:X—)R,i€|={1,2,-~-,k} are
differentiable functions, g;: X —> R, jeJ are
strictly differentiable
D={XE X :gj(X)SO,jEJ} be the set of all

feasible solutions for problem (SIMP). Further, We
assume that, if X € D is an efficient point, then

vector

vector functions. Let

there exits I:(Z,@,---Zk),ﬁj >0,Vjeld,
4; # 0 for finite j € J , such that

D 4G, f(OVE(X)

iel

+2E,G;, (9,(R)ve, (x)=0 (D)

jed
1G, (9;(x))=0,jeJ (2)
A >0, 4>0,p1; #0  for finitely many j € J (3)

2 OPTIMALITY CONDITION

In this section, we give Karush-Kuhn-Tucker
suffcient optimality condition of efficient solution
for the problem (SIMP).

Theorem 2.1 Suppose that X € D is a feasible
solution of the problem (SIMP), and fi,i el

are G,
I

g;: X >R, jed are strictly ng - invex with

-invex  with respect to 77

respect to77, Then X is the efficient solution of the

problem (SIMP).
Proof Contrary to the result of theorem. Suppose

that there exist X€ D such that f ()A() <f (7)
Since Xe D ,ng are strictly increasing functions
and (2)-(3), we get
G, (gj(f()) <G, (gJ(Y)) =0.
By assumption g jeJ are strictly ng -invex,
then
G,, (91(2))_691- (9,()
Gy (9;(%))Vg;(®)n(%,X)>0,jel.
From (1) and (3) it follows that
Gy (9,(0) Vg, (N (%X)<0,jed.
G} (f,(0)Vf,(X)n(%,X)>0.
Since f,,i € | are Gfi -invex functions, we have
Gf, ( fi()A())_Gf, ( fi(Y))
-G (,(X))VE,(X)n(X,X)=0,iel.
Moreover, for Gf.’ el are strictly increasing

functions, then
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fi(X) > f;,(X)
which is a contradiction to the assumption. The
proof is completed. []

3 VECTOR DUALITY

Now, we consider the following Mond-Weir type
dual (SMWD) for the problem (SIMP).

max f(y)=(f1(y)a"‘afk(y))
st. ZI‘/,.G; f(VE(Y)
(9,(0)vg, (y)=0. @

+Zﬂj
Zu, (95(y))=0. )

J1)eR"
(6)

Ae Rf,/izo,,f e=lLe=(L1,

#;20,vjed and x; =0
for finitely many | € J. 7

Theorem 3.1 (weak duality). Let X be feasible
for (SIMP) and (%’Lﬂ) where A e(ﬂ,,),i el,
be feasible for (SMWD). Let f,iel be
G, - invex functions with respect to 77 ,

g;:X—>R,jed be

strictly Gg, - invex
J
functions with respect to 77, ng (0) =0,jed.

Then f(X) £ f(y)
Proof We proceed by contradiction. Suppose that

f(x)< f(y).
For f.,iel be G, -invex functions with respect
to 77, va are strictly increasing functions, we can

obtain that

Gt (fi()VE(Wn(xy)<0,iel.
From the (4), (6-7), it follows that

Gy (9,(0)Va;(n(xy)>0,jed.
By strictG - invexity of §;, j €J,wehave

(g (¥)) <Gy, (9;00)<0.

Again from (7), we get
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211Gy, (;(y)) <0

which is a contradlctlon to (5).
Theorem 3.2 (strong duality). Let f,,i€lbe

Gfi -invex functions with respect to 77, g, jeld
be strictly ng - invex functions with respect to 77.
If X is efficient solution for (SIMP), then
31eR52120,4"e=1e=(LL-,1)eR"

1=(1;)>0,Vjed, z; #0. for finitely many
j€J(X) such that (7, A, /7) is an efficient

solution of (SMWD), and the respective objective
values are equal.

Proof As X is efficient solution for (SIMP) and
the suitable constraint qualification is satisfied, that

A2 = (A Ay A ) H; 20,V €, 11, # 0
for finite j € J, such that (1-2) are satisfied.

Since A'e=lLe=(LL:-,1)eR" ,then
(Y, A , ﬁ) is a feasible solution of (SMWD).

On the other hand by weak theorem, we have

f(xX) = f(y)

for any efficient solution (y,/1, y7; ) . Hence we get
that (7, A, /_1) is a feasible solution of (SMWD)

and the respective objective values are equal.[]
Theorem 3.3 (converse duality). Let

(7, A, ,L_l) be efficient solution of (SMWD) and
yeD. Assume f,iel be G, -invex functions

with respect to 77, J;, Jj €J be strictly Gg - invex
]

functions with respect to 77, ng (0) =0,jed,

then Y be efficient solution of (SIMP).
Proof Contrary to the result of theorem. Assume

IX € D such that f(X) < (V).
As(y, A, 7] ) be efficient solution of (SMWD),
then

D AG, F(V)VE(Y)

. ¥))Ve; (¥)=0 ®

+Z'UJG’ (



Duality for a Class of Multiobjective Semi-infinite Programming Problems

Zﬁngj (gj(y))zo. )

jed

From Y € D, it follows that
9,(7)<0,jed. (10)
Combining (9)-(10) and z; 20, j € J , we obtain
2EG, (9;(y)=0. v
From strict ngj - invexity of §;, j € J,
G, invexity of f,ielandZ >0,iel,z; >0,

j €J,wehave

ZZIGf, ( fi (7))_ZI’|Gfi ( f.(y))

iel iel

> G, (fM)VE(V)n(X.¥).iel.

iel

(12)
> AG, (9,0)- 2 AG,, (9;,V)
jed jed
> 76, (9,(N))Ve;(Vn(X.7),jed.
jed
(13)
Adding_ both side of ( 12-13),_using (8), we get
2 4G, ()= 4G, (f:(D)
iel iel
2 G, (9,(0)- 216, (9,(D) >0.
jed jed
(14)

From X € D, ng (0) =0, j € J are strictly
increasing functions, we have

G, (9,(0)<0. (15)
Combining (11), (14-15), and
A =20,ie I, 12; 20, j € J, itis obvious that

G, (fi(®)>Gy (f(M)-
Furthermore, from Gfi ,i €l are strictly increasing

functions, it follows that
f(x)> f£(y)

which is a contradiction to the suppose.

4 CONCLUSIONS

Sufficient optimality condition is established for an
efficient solution of a multiobjective semi-infinite
programming problem called (SIMP). Mond-Weir
type dual for (SIMP) is formulated. And we
establish weak, strong and converse duality
theorems under G-invex assumptions.
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