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Abstract: The author et al. proposed the design method of the sliding mode controller for the trajectory tracking control
problem of nonlinear systems. This controller consists of the conventional sliding mode control and the pole
placement controller for the the linear time varying approximate model of the nonlinear system around the
desired trajectory. In this paper, this controller is applied to the trajectory tracking control of the actual 2-link
robot manipulator, and, experimental results are shown.

1 INTRODUCTION put can be transformed into the sliding mode control
for the original linear time varying system. By this
The pole placement control for linear time varying controller, the linear time varying approximate model
systems is argued in (Nguyen,1987)(Valasek,1995). around the desired trajectory ia stabilized, which im-
The author et al. proposed the simple design Plies the trajectory tracking controller for this nonlin-
method of the pole placement controller for linear €ar system is obtained.
time varying systems using the concept of the rela-  In this paper, this type of controller is applied to
tive degree of the system (Mutoh,2011) (Mutoh and the actual 2-link robot manipulator, and, the experi-
Kimura,2011). Using this controller, a time varying Mmental results are shown. Here, both of continuous
closed loop system becomes equivalent to some lin- and discrete sliding mode controllers are used. In
ear time invariant system that has desired constantthe following, the pole placement controller for lin-
eigenvalues, by the state feedback. This implies that€ar time varying systems and a continuous and dis-
if we apply the pole placement controller to a linear Crete types of the sliding mode controllers are sum-
time varying system, any control technique for linear marized in Section 2 and 3, respectively. Then, Sec-
time invariant systems can be app“ed to the equiva_ tion 4 presents how these controllers are used for the
lent time invariant closed loop system. trajectory tracking control of nonlinear systems. And,
From this point of VieW, the authors (Mutoh and f?na”y, some eXpeI’imenta| results are shown in Sec-
Kogure,2014) proposed to make use of this techniquetion 5.
for designing the sliding mode controller for linear
time varying systems and this controller was applied

to the trajectory tracking control of nonlinear sys- 2 POLE PLACEMENT FOR
tems. The nonlinear system has a linear time vary- LINEAR TIME VARYING

ing approximate model around some desired trajec-

tory. The design procedure is as follow. The first step SYSTEMS

is to find the pole placement state feedback for the

linear time varying approximate system, by whichthe 2.1 Controllability of Linear Time
closed loop system is equivalent to some linear time- ;

invariant system. Then, by using the conventional Varying Systems
sliding mode control technique, the sliding mode con-
trol input for this linear time invariant system can be
obtained (Utkin,1992). Finally, using an equivalent
time varying transformation matrix, this control in- X(t) = A(t)x(t) + B(t)u(t) (1)

Consider the following linear time-varying multi-
input system.
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Here,x(t) € R" andu(t) € R™ are the state variable where

and the input signal, respectivelA(t) € R™" and W(t) = diag(wy (t), Wa(t), -, Wm(t))

B(t) € R™™ are time varying coefficient matrices, { Wi(t) =[0,---,0,Ai(t)] € RVH (i =1, m) 9)
which are bounded and smooth functions.of

The matrixB(t) is written as follows, using its col- . Ai(t) # 0.
umn vectorsy(t) e R" (i=1,---,m). UsingC(t), a new output signal(f) is defined as fol-
lows.
B(t)=[ bu(t) ba(t) - bu(t) ] (2) §it) = EOx() (10)
Let b (t) € R" be defined by the following recur-  Then, the vector relative degree frartt) to y(t) be-
sive equations. comes (lu, ko, -, Um) (Mutoh and Kimura,2011).
Lety(t) andC(t) be defined b
bO(t) = bi(t) ) @ y(t) 4 (t) y~
bl(t) = Al (1) — b (1) IR G
k=1,2---m i=12 y(t) = L. e = : (11)
Yim(t) Em(t)

Then, the controllability matrix of the system (1) is

defined as follows. where,yi(t) € Rt andg(t) € RM".
From this, the pole placement state feedback is

Ue = [03(t)--- b2 (1)| - [BI () ---b A1) (4) obtained in the following procedure. Let be the
coefficients of a desired stable polynomial of the dif-
ferential operatop.

o' (p) =P o P rah (12)
rankUg(t) =n "t () (i=1,---,m)

If the system (1) is completely controllable, the Since, the vector relative degree frartt) to y(t) is
controllability indicespy, Ho,: - -, Hm, can be defined, i, W, -+, U, there exist a matrip(t) € R™" and

Theorem 1. The systen{l) is completely control-
lable if and only if

and a nonsingular matriX\(t) € R™™ satisfying the fol-
o lowing equation.
> u=n (6) Jb
i= al(p)
Using these controllability indices, the following non- Y(t) = D(t)x(t) + A(t)u(t)
singular matrixR(t), can be defined. a™(p)
_ _ 13
() = [ B9(0) -~ (0 00,0 A0 | . .
6 Actually, D(t) andA(t) are given by
D1(t) A (t)
In this paper, it is assumed that the system is com- Da(t) No(t)
pletely controllable, and, its controllability indices D(t) = . ; = . (14)
satisfy the inequalityly > p2 > - - - > Hm, Without loss : :
of generality. Dm(t) Am(t)
and
2.2 Time Varying Pole Placement &)
Control o . &(t)
Dl(t) = [GIO?ulla"'aLi—l?l] I .
The problem of pole placement control for the time- Ci“".(t)
varying system (1) is to find the state feedback so that (15)
the time-varying closed loop system is equivalent to
some time-invariant system which has desired con-  Ni(®) = [0, 0N (1), Vi) (1), -+, i (V)]
stant eigenvalues. whereck(t) € R™" andy;; (t) € R! are defined as fol-
Suppose that the system (1) is completely |ows.
controllable and has the controllability indices, () = &(t)
-+, Hm. LetC(t) € R™" be defined b RN £ 16
M1, b2, s HmN (t) € ined by { &) =& AL+ () (18)
C(t) =W(H)R (1) (8) i=12-m j=12--
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W) = o b (17)
j=i+21---,m
Thus, by the state feedback
ut) = -AHHDOX() (18)
the closed loop system becomes
a*(p)
§it) =0. (19)
a™(p)
This system has the following state realization,
Al 0
o) =A"w(t) = W) (20)
0 Am
where
0 1 0
A =
g 1
—Ofp e e O
(i=1,...,m) (21)
and,

det(sl — A*) = al(s)-a?(s)---a™(s). (22)

Here,w(t) € R" is a new state vector, and is defined

by

w(t) = : . (23)

g ) |

This implies that(t) and the original state variable

X(t) satisfy the relation
w(t) = T(H)x(1) (24)

where

T(t)= : . (25)

Hence, the closed loop system is equivalent to the
time invariant linear system which has the desired
closed loop poles, i.e.,

T()(A®t) - BOAH(H)D(t)T (1)

~TOT ) =A"  (26)
The non-singularity of (t) is guaranteed by the con-
trollability of the system (1).

Note thatT (t) is Lyapunov transformation if it is
non-singular and both of (t) and T~(t) are con-
tinuous and bounded for atl It is well known
that the exponential stability is preserved between
two equivalent linear time-varying systems if the
transformation matrix is Lyapunov transformation
(Rugh,1993)(Chen,1999). Then, to guarantee the sta-
bility of the closed loop systenT, (t) should be the
Lyapunov transformation.

From the above, the pole placement procedure is
summarized as follows.

STEP 1 Using the controllability matrix, Ug(t),
check the controllability of the system (1) and find
the controllability indiceg; (i=1,---,m).

STEP 2 CalculateC(t) using (8).

STEP 3 From C(t), calculateck(t) andy;j (t) using
(16) and (17).

STEP 4 Determine the coefficientsx;(ij of desired
closed loop characteristic polynomials in (12).

STEP 5 Using (14) and (15) with the parameters ob-
tained in the above STEP 3 and 4, the pole place-
ment state feedback is given in (18).

3 SLIDING MODE CONTROLLER
DESIGN

3.1 Continuous Sliding Mode Control

In this section, the sliding mode controller design for
the linear time varying system (1) is summarized. In
the previous section, for the given time varying sys-
tem (1), we design the pole placement state feedback
(18). Here, the new input signa(t) is added to it,
then the pole place ment state feedback becomes as
follows.

ut) = ATHO (DX +v(t)  (@7)
Hence, the closed loop system,

X(t) = (A(t) = Bt)A"H(t)D(1))x(t) + B(t)v(t) (28)
becomes equivalent to
Al 0
w(t) = : wt)+B*v(t) (29)

0 . AL
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where
B* = diaglby, b3, -+, by
0
bt = o ERM, i=1---.,m (30)
1

and the transformation matrik(t) betweerx(t) and
w(t) are defined by (24), (25).
To design the sliding mode controller for the time

varying system (28), we first design the conventional

sliding mode control input(t) for the equivalent lin-

ear time invariant system (29), and then, transform

v(t) into the sliding mode control input for the system
(28), using the relation (24)(25).
w(t) andv(t) can be written as follows.

w(t) va(t)

w(t) = : , V() = : (32)
wm(t) Vi(t)

wt)eRY vi(t)eR (i=1,---,m)

Hence, from the above, the pole placement and the
sliding mode control inpui(t) for the original system
(1) becomes as follows, using the original state vari-
ablex(t).

u(t) = A~H(t) (=D(t)xX(t) +v(t))

Here, the-th element of/(t) is

(38)

vi(t) = —{STATTi(t)x(t) + g sgr(oi) + ki fi(0i) }
(39)
and

=8 Ttxt) (=1--.m  (40)

where from (24)(25),

&)
Ti(t) = : (41)
&)

3.2 Discrete Sliding Mode Control

In general, the continuous sliding mode controller has
a chattering problem. On the other hand, there is a dis-
crete type of sliding mode controller, which can avoid

following m subsystems.
@ (t) = Aai(t) +bivi(t),

Here, A’ is defined by (21). As well known, the con-
ventional sliding mode controller farthe subsystem
is obtained as follows.

First, let the desired stable characteristic polyno-

mial of thei-th sliding dynamics be chosen as follows.
S(p)=p" T, P Pty (39)

Then, thei-th stable sliding surface is given by the
following hyper surface,

Swit)=[s .9, 2 L]ai(t)=0.  (34)

And, it is also well known that théth sliding con-
trol input vi(t) which makes the state variable move
toward the sliding surface can be obtained by

vi(t) = —(SB) H{ST A (t) +ai sgr(oi) + ki fi(ai)}

= —{S' A (t) +aisgr(oi) +kifi(oi)}  (35)
where

0 =S w(t) (36)

andgi > 0 andk; > O are constant parameters and
fi(oi) is a function such that; fi(g;) > 0. In fact, itis
readily shown that, using (35), we have the following
Lyapunov function.

1m L
V=-Y02>0 V=Sagd <0 (37)
Zi; I i;

442

this type of discrete sliding mode controller from the
practical point of view.

Suppose that the following is a discretized system
of i-th subsystem & 1, -, m)), (32), with the sampling
period,Ts.

i (Ts(k+1)) = F i (Tek) + g vi(Tk), (i=1,---,m)
(42)
Here,F* andg; have the following forms.
[0 1 0
Fi* = . G Rpixp.i
1
L 7[3'0 - ;J«i*]-
r o
9 = o eRM, (i=1--,m  (43)
L1

As the continuous case, let the desired discrete sta-
ble characteristic polynomial of thieth sliding dy-
namics be chosen as follows.

E(2=21+E, 22+ 1 &

Here,z is the forward shift operator. Then, tleh
stable sliding surface is given by the following high-
per surface,

S’ i (Tek) = [ &, -

(44)

1]wi(Tek) = 0. (45)

i
T W—2>
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And, it is also known that thieth sliding control input
vi(Tsk) which makes the state variable move toward
the sliding surface can be obtained as

Vi(Tek) = =S (F* — 1o(Tek) — nici(Tsk) — (46)
where
01 (Tek) = Sy (Tek). (47)
and
0O<ni<2 (48)

Further more, if 0< n; < 1, the state variable ap-
proaches the sliding surface without chattering, and,
if 1 <n; <2, with chattering.

From the above, the pole placement and the dis-
crete sliding mode control input(t) for the origi-
nal system (1) becomes as follows, using the original
state variable(t).

u(t) A1) (=D(t)X(t) + Zohv(Tk)])
(Tek <t < Ts(k+ 1) )

(49)
here thd-th element of/(Tsk) is
Vi (TsK) _S1T (R = 1o(Tsk) —nioi(Tsk)

= (50)
and
Oj = STTi (Tsk)x(Tsk)

where from (24)(25),

(i=1---.m  (51)

&O(Tek)
Ti (Tsk) = : (52)
& (Tek)

Here,Zoh-] is the zero-order hold.

4 TRAJECTORY TRACKING
CONTROL OF NONLINEAR
SYSTEMS

Consider the following non-linear system.

X(t) = f(x(t),u(t)) (53)

Here,x(t) € R" andu(t) € R™ are the state variable
and the input signal. Let*(t) andu*(t) be some de-
sired trajectory and the desired input §6it).

The problem is to design a controller to track this
desired trajectory*(t) stably around it. This can be
done by stabilizing this trajectory in the neighborhood
of x*(t) andu*(t). Let Ax(t) andAu(t) be defined by

{ X(t) —x(t)

u(t) —u*(t).

AX(t)
Au(t)

7,(7)

Figure 2: A Model of the 2-Link Manipulator.

Then, we have a linear time-varying approximate
model around*(t) andu*(t) as follows.

AX(t) = A(t)AX() + B(t)Au(t) (54)
a * *
At) = %f(x (t),u(t)) (55)
B(t) = 5 (¢ (1), 1" (1))

Then, using time-varying sliding mode control tech-
nigue, error equation can be stabilized around the de-
sired trajectory*(t) andu*(t). For this purpose, the
time varying pole placement control is first applied
to this linear time varying approximate system. By
which, the closed system is equivalent to some linear
time invariant system. Next, verious types of sliding
mode controllers are applied to this time invariant sys-
tem to obtain the robustness against disturbance.

5 EXPERIMENTAL RESULTS

In this Section, the time varying sliding control tech-
nigue was applied to the trajectory tracking problem
of the actual 2-link robot manipulator, and some ex-
perimental results are shown.

The manipulator used for the experiment is shown
in Fig.1 and its model is depicted in Fig.2. The motion
equation of the manipulator is described as follows.

M(8(t))8(t) +C(B(t),6(t))8(t) + D(B(t)) = T(t) (56)
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where,
Bu(t) o
ot) = { -
Ba(t) % 0.05
| Ji+ I+ 2mpralicoBs(t),
ML) = { J2 + mpralicos(t), 0
32+”12r3|100£2(t) } 0.2 0.25 0.3 035 04
2 X*[m]
r ; : Figure 3: The Desired Trajectory of the End Portion.
; —2mprol165(1)sind,(t),
COO80) = | et
. o is shown in Fig.3
—mpral10(t)2sinB(t) T
0 X* = 0.08cos§t+0.3 (60)
a — | 2san@s()) Y* = 0.08sintt+0.05 61
POM) = | 0.25sgrB, (1)) Tesng e e
L 2 (i—
Jo= d+mrf (i=12). 57) The experimental results are shown in Fig.4 - 14.
Here, 8;(t) and1i(t) are a joint angle and an input The results of the combination of the continuous time
torque ofi-th joint, I; andr; are a length of thé-th pole placement and the continuous time sliding mode

link and the distance between tirh joint and the  controller are shown in Fig.4 - 6. The response of
center of gravity oi-th link, andJ, is the moment of the end portion of the manipulator and the control in-

inertia ofi-th link about its center of gravityD(6(t)) put signals are shown in Fig.4 and Fig.5, respectively.
is a friction term. The responses af; ando; are shown in Fig.6 which
Define a state variabl€t) and an input vecta(t)
by — XY Xty
0.15
_| e _ | ()
X(t) = { o(t) ] €eR, ut)= [ o) | € R? ) |
then, the system, (55), can be rewritten as the follow- _
ing state equation. E 0.05
>
Xt) = f(x(t),u(t)) 0
0 I } 0
{ 0 T(x(t)) d(x(t)) 055 0.3 0.4
(58) X[m]
where Figure 4: Control Response and Desired Trajectory of the
1 . 2 End Portion.
r(x) = -M(8(t)"'c(8(t),6(t)) € R
d(x(t)) = M(B(t) e R2 (59)

| € R%*2 s the identity matrix. The values of physical
parameters of this system are shown in Table 1.

Table 1: Parameters of the Robot Manipulator. 0 EO 20
Variable | kL _Tinkz Time [sec]
i=12) |i=1 i=2 ﬁI
Mass[kg] m 343 155 £ | o | —, (t
Length[m] | 02 0.2 = o JUMWUNELTomAErowomn
Center of Gravity[m] ri 0.1 0.1 E T,
Inertialkgnr] J 0.208 0.03 S ‘
0 10 20
The desired trajectory of the end portion of the Time[sec]
manipulator is given by the following equation, which Figure 5: Control Inputi(t).
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1 50 ‘
—o0, (t = —o, k]
=0 i
o5k o, (¢ o --- 0, [k]
-50 ;
- N 10 20
% 0 Time[sec]
B8 1 :
=
-0.5¢ bco 0 !
= i
- i i i — '1 i )
" 5 10 15 0 = 0 10 20
Time [sec] © Time[sec]
Figure 6: Response afi (t) ando(t). Figure 9: Response aft).

implies the sliding mode control works well. How- case, the chattering of the discrete version of the slid-
ever, as shown in Fig.5, the continuous sliding mode ing mode control is very small.
controller has chattering problem. The experimental results of the same controller
Fig.7 - 9 show the experimental results of the com- (the discrete version) with a disturbance are shown in
bination of the continuous time pole placement and Fig.10-13. The response of the end portion of the ma-
the discrete sliding mode controller with = 1. The nipulator is shown in Fig.10. In this experiment, the
response of the end portion of the manipulator and disturbance in Fig.11 is added to the input channel.
the control input signals are shown in Fig.7 and Fig.8, The control input signals is shown in Fig.12. And,
respectively. The responses®f ando, are shown the responses af; ando; are shown in Fig.13.
in Fig.9 which implies the sliding mode control also Fig.14 shows the response of the end portion of
works well. Compare to the continuous sliding mode the manipulator with only the pole placement con-
troller with the same disturbance as the previous case.

_X’ Y - - - X *' Y‘T
— R *
0.15 XY XtV
0.15
0.1
0.1
= 0.05
> = 0.05
0 >
0
-0.05
0.2 0.3 0.4 -0.05
X[m] 0.2 0.3 0.4
Figure 7: Control Response and Desired Trajectory of the X[m]
End Portion. Figure 10: Response aix(t).
4 ‘ 1
2 _
=0 0.5
2 =
=4 i
o 10 —~ 0 /\/\/\/
) +
Time[sec] ~
— 1 : <
§ J— (t _0 5
— 2
~0 S
. T, (t -1
o ‘ ‘ ‘ ‘
0 0 20 0 5 10 15 20
Timelsec] Time[sec]
Figure 8: Response @fu(t). Figure 11: Response @iu(t).
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4
2
E0
=-2
o4
o 0 10 20
1 Time[sec]
E —, (t 7
s L
Y
0 10 20
Time[sec]
Figure 12: Response aft).
50
= oL —oy k]
o -0, K]
-50
0 10 20
= Time[sec]
o 1
=
g 0 “
=
—-1 ;
= 0 10 20
© Timelsec]
Figure 13: Response au(t).
_X,Y e _d X*’Y»T
0.15
0.1
£ 0.05
>
0
-0.05
0.2 0.3 0.4
Xm]

Figure 14: Response aiu(t).

The controller with only the pole placement also has

a good performance under the disturbance, but, if we
need high accuracy performance, the combination of
the continuous pole placement and the discrete sliding
mode control is one practical choice for the trajectory

tracking control of a practical nonlinear systems.

6 CONCLUSIONS

In this paper, the design procedure of sliding mode
controller for linear time-varying system is presented.
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For this purpose, the time-varying pole placement

feedback is used so that the closed loop system is
equivalentto some linear time invariant system. Then,
the conventional design method of the sliding mode

control can be applied to this time invariant system.

In this paper, this controller is applied to the actual 2-

link robot manipulator, and experimental results were

shown. The results show the controller has a good
performance with high accuracy under disturbance.
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