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Abstract: The present paper deals with correlation in the context of mRPI sets between discrete linear systems affected
by time delay and switching systems. Existence and uniqueness of mRPI set for both systems are studied.
One of the possible construction procedures of invariant approximations of mRPI set is also outlined. In order
to keep this exposure as coherent as possible, all results are firstly consider separately for both cases. Special
attention is put on the link between obtained results. An illustrative example is provided at the end.

1 INTRODUCTION previous results in the field, it is well-known that by
lifting dynamics to the space of sets and using con-
Time delayis often the essential property of the dy- tractive set-iterations is possible to construct invariant
namic systems, primarily due to the transport and approximations of mRPI set very elegantly (Artstein
transfer phenomena (materials, energy, informations) and Rakovic, 2008). For this purpose we will mostly
(Sipahi et al., 2011), (Niculescu, 2001). Delay sys- use polyhedral sets, since they have an advantage to
tems could be also affected by exogenous, additive follow shape of limit sets more precisely, in spite of
disturbance input. For this problem, employing the their computational complexity.
invariant set theory could be of great help in analysis ~ Switching systemare a particular group of sys-
and synthesis as long as it provides useful informa- tems that could be described as finite number of in-
tion about limit behavior and the contractive proper- dependent dynamics, represented by its differential
ties (Lombardiet al., 2011). equation, combined by means of switching signal
In this study we consider delay systems with additive (Liberzon, 2003). At all instance of time, switching
disturbancewy and fixed delayd € Z, (d is positive signal determines which of a finite dynamics is cur-
integer), described by following linear delay differ- rently active. In this work we will particularly fo-

ence equation in state-space: cus on the switching systems for which stability is
not affected by admissible switching function (arbi-
2d° Xir1 = AoXk+ AdXk-d + Wk 1) trary switching case). Switching system considered

in present study is given by subsequent linear differ-

Invariant setgin particular positive invariant sets) D
ence equation in state-space:

have received increased attention in automatic control

recently, especially in constrained and robust control. 251 X1 = AiXk + W, (2)
When the considered system is autonomous and lin-wherei : Z — {0,d} is switching signal.
ear with bounded additive disturbance, one of the is- In both caseszy andXg, we assume that distur-

sues is the characterization and the computation of thebance is uniformly distributed and takes values from
minimal robust positive invariant set (Kolmanovsky compactand convex sét with O in its interior.

and Gilbert, 1998). This set can be observed as the = The main goabf our study is to point out a cer-
set of states that can be reached from the origin un-tain correlation, from the set theoretic point of view,
der bounded disturbance signal (often referred as 0-between mRPI sets for systems affected by time delay
reachable set (Blanchini and Miani, 2008)). From and switching dynamics.
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The remaining paper is organized as follows: Sec-
tion 2 includes some preliminary results and related
background material. In Section 3 we introduce the
main results of the paper. Section 4 provides illustra-
tive examples while concluding remarks are outlined
in Section 5.

Notation

Throughout present study sets of real numbers,
non-negative real numbers, integers and non-negative

integers are denoted ¥, R, Z andZ,., respec-
tively. For a matrixM € R™", p(M) stands for the

In the sequel we will use the following definition.
Definition 1 (Robust positively invariant (RPI) set)
(i) A setd? c R"is a RPI set for the systedy (1)

with all initial conditionsx_j € ®9, i € Ziods if

and only ifxx € @9, for Yk € Z, andYw e W

(alternatively in set-theoretic frameworky®d &

Ag®? oW C @9).

(i) A setd®c R"is a RPI set for the systely (2)

if and only ifxx € ®® for vk € Z,, Vw e W and
for all switchings i (alternatively in set-theoretic
framework{ Ag®* W} U{AqP°dW} C D3).

largest absolute value of its eigenvalues. Thus, the(iii) The minimal robust positively invariant set is de-

spectral normo(A) is defined am(A) ;= /p(ATA).

For two setsX ¢ R", Y C R" and vectorsx € R",

y € R" set addition (Minkowski sum) is defined as
X@Y:={x+y | xe X,y e Y} while setproductis
defined asX x Y :={(x,y) | x€ X,y € Y}. Fora
given setX and a real matrix (or a scala¥) of com-
patible dimensions, we defiléX := {Mx | x & X}.

Set obtained as the intersection of finite number of

open and/or closed half-spaces is a polyhedral set

while closed and bounded polyhedral set will be re-
ferred as polytope. A sét C R" is 0-symmetric set

if holds X = —X.

For two arbitrary vectors andy, the p-norm distance

d is defined agl(x,y) = (Z,|x — yi|P)¥/P. For two
non-empty set andY, the Hausdorff distance is
defined ady (X,Y) :=ming{a | XCY@aL,Y C
X@al}, wherel is a given symmetric, compact and
convex set with 0 in its interior. For songe> 0 we
denoteBj(e) = {x e R" | ||x|[p <&}.

2 PRELIMINARIES AND
PREREQUISITES

Present paper relies on following standard results in

the literature (Blanchini and Miani, 2008):

Lemma 1 (Banach fixed point theorem)Let
(X,d(:,-)) be a complete metric space and Idt)f:

X — X be a contractive function with contraction fac-
tor A € [0,1) thatis

d(f(x), f(y)) <Ad(xy), Ae€[0,1)

holds for all xy € X. Then there exists exactly one
pointx € X such that fx) = x.

Lemma 2. Let XY and Z be convex and compact sets
with O in its interior, a,3 are real parameters such
thata > 3 > 0 and M is a matrix of appropriate di-
mension. Then: XY =Y @ X, (X®Y)dZ=Xd
Y®Z),aXBBX=(a+B)X, M(X®Y)=MXdMY
and XCY &S XapZCYaRZ.
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fined as the RPI set contained in any closed RPI
set. The mRPI set is unique, compact and contain
the origin if W contains the origin.

Definition 2. Given a scalare > 0 and setsQ C
R"™ and ® ¢ R". The setd® c R" is an outere-
approximation oRQ if Q C & C Q & B (e).

Definition 3. A C-setis a convex and compact subset
of R" including the origin as an interior point.

3 MAIN RESULTS

As we mentioned in the introduction, first we will
focus on invariance properties of time-delay systems,
and we will consider the switching case next. The cor-
relation between obtained results and supplementary
discussion are exposed at the end.

3.1 Time-delay Case

In the current subsection remarks on existence,
uniqueness and construction of the invariant approx-
imations of mRPI set for the systely (1) are pre-
sented.

Let consider dynamicEy (1), expressed in space
of sets by following set-valued map:

Qf: QYUX)=AXBAXBW, XCR"

whose range is a convex seifis convex.
For future analysis we invoke the following as-
sumption:

Assumption 1. Suppose there exist a symmetric C-set
L such that AL ® AqL C AL, whereA € [0,1).

Remark 1. Previous statement assume existence of
the symmetric set L which is contractive with respect
to the dynamic;1 = AoXk + AgXk—q. Necessary
and sufficient conditions such that assumption 1 hold
is still an open problem. One of the possibilities
to overcome this is using one of the recently pre-
sented sufficient conditions in (Lombardi et al., 2011),
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0(Ao) +0(Aq) < 1, or any other condition that meets

assumption 1. Note that introduced assumption im-

plies Hurwitz stability of the matricespfand Ay.

According to (Artstein and Rakovic, 2008) and
based on the results from the Banach fixed point theo

rem and Assumption 1, the existence and uniquenes

of the mRPI set fozy (1) are obtained from the fol-
lowing theorem:

Theorem 1. Suppose that assumption 1 holds and L
andA are used for the computation of the Hausdorff
distance ¢. Then the set-valued madpf (3) is con-
tractive with respect to the Hausdorff distance. More-
over, there exists unique s&@d, which is the mRPI
for the dynamic&q (1).

Proof. Let denote byX andY two arbitraryC-sets
anddy (X,Y) = a. By the definition of the Hausdorff
distance we have:

XCYoal, XCYoal.

From previous assertion, using results from Lemma 2

and following statements,
AgX C AgY @ aAgl
AgY C AgX & aAgl

we derive:
Q(X) € QU(Y) @ a(AoL & AgL)

Q%(Y) C QY(X) ® a(AoL & AdL)
Recalling result from Lemma 3oL & AgL C AL, we
have:

QIX)cQi(Y)@maiL, QYY) CQYX)@®aAL.

which is, by the definition of the Hausdorff distance,
dq (Q94(X),Q4(Y)) = Aa. Sincea = dy(X,Y), the
contractivness of the set-valued m@g (3) is guar-
anteed i.edy (Q94(X),Q4(Y)) < Ady(X,Y).

BecauseQ! (3) is a contraction, according to the
Banach fixed point theorem, it has a unigue globally
asymptotically stable fixed poig,.

For the simplicity of the exposure let denote by
Qd = Qd(W). In order to define O-reachable set for
dynamics with time delay, we use the follow set iter-

ation:
Q1 = Ao & AgQf W @)

whereQ{ is reachable set at forward stkpstarting

from {0}. We can notice here th& C Qf ;.

Now we will formulate analytic description d¢"

sequence from the previous iteration. In order to sim-

plify the comprehension of this step we introduce
following set of indicesS= {‘0*,'d‘,‘1'} in corre-
spondence with ma@¢ (3), along with set product

S=SxSx---xS wherek € Z, andS’ = {1}.
Here is important to emphasize that ‘04‘ ‘and ‘1
are not values but indices, and ‘1‘ is an identity ele-
ment with respect to multiplication e.§2 = Sx S=
_{'o00‘,'0d",‘0*,'d0",'dd",‘d","1* }. For proposed no-
Jations, we can write reachable sek&tforward step
as:
f = P AW, (5)
pesk

whereA; := I, andA stands for product of matrices
with respect to index. Since the origin is included
in the relative interior ol it follows that it is also
included in interior ofQ¢. Notice thatst ¢ S¢+2.

Asitis already remarked in (Artstein and Rakovic,
2008), (Rakovic, 2008), mRPI set is given as limit
value of the set iteration (4) whén— o i.e.

Qd =i

&= lim (@D ApW)
pe

and it is the unique solution to the set-valued map (3)

Q4 = A)QY & ALQY W (7)

This statement can be proved if we observe the limit
value of the difference between two subsequent se-
quencef andQy. ;.

The constructive procedure relies on the results
exposed in (Rakovic, 2008) and (Olaru et al., 2010).
Invariant approximations of the mRPI set could be
constructed from any invariant set for the dynamics
>4 (1). If such set exists (Olaru et al., 2010), invari-
ant approximations could be obtained by using that
set in the contractive ma@? (3). This procedure is
outlined as follows:

Theorem 2. If there exists a family of invariant sets
with respect to the dynami&y (1), then set itera-
tion QJ(®%), for any setd? from that family, tends to
the mRPI set when+ o i.e. limy_. QY (®%) = Q4.
Moreover, forvk Q¢ (®9) is an invariant set.

(6)

Proof. Supposeb? is an invariant set for time-delay
systemxy (1).
Let first define following set-valued map:
RO RAX) = AoX @ AgX
along with corresponding set-iteration

R, 1(X) = AoRE(X) & AGR{ (X)),

whereR4(X) = X andX is anC-set. Since the as-
sumptionp(Ag) < 1 andp(Ag) < 1 hold, we can no-
tice that lim., RI(X) = 0.

Let consider ma®? (3) with respect to the s
i.e. QU(dd) = Agdd o AgdY ©W. This map can be
written as:

Qckj+1(q)d> - Rg+l(¢'d) S QE
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where Qﬂ is defined by equation (5). Since

Iimk_,ng = 0, limit value of the previous equation
may be written as:

i od dy _ 1im 0d — od
l!kaH(dJ)fI!m)Q =Qq.
O

Foregoing results point out the existence and
uniqueness of the mRPI set for dynamigs

3.2 Switching Case

In this subsection results for the class of switching

systems are presented in analogy with the time-delay

case. In particular, we deal here with existence,

unigueness and approximative construction of mRPI

set.

Throughout this study we assume that there exists

common Lyapunov function for switching dynamics
>s which guaranties the asymptotic stability (Liber-
zon, 2003).

Assumption 2. There exists a matrix B R"*".and
A € (0,1) such that

ATPA-P<-AP, P=P">0 (8)

for Vi.
As in previous case, our observation of the prob-

lem is related to the set-theoretic framework. In this
sense we introduce the following map:

Q3(X) = J(AXaW), XCR"

Qs: (9)
wherei € {'0*,'d'}. In spite of the time delay case,

range of the magf2® is not a convex set in general,
even ifX is convex.

As a direct consequence of Assumption 1 we have

the following Lemma:

Lemma 3. Suppose that Assumption 1 holds. Then
there exists symmetric C-set L such that

UJAL) CAL, Ae[0,1)

where ie {'0*,'d"}.

(10)

Proof. Since Assumption 1 holds, fofc > 0 we can
defineLe = {x € R" | xTPx< c}. SetL. is an in-
variant set for switching systein since it is a level
surface of the common Lyapunov function. This setis

also symmetric as consequence of the quadratic form

of the common Lyapunov function.

Theorem 3. Suppose that Assumption 2 is satisfied
and L andA are used for the computation of the
Hausdorff distance gl. Then the set-valued map®

(9) is contractive with respect to the Hausdorff dis-
tance, for any compact and convex sets X and Y.
Moreover, there exists a unique s€F, which is the
mRPI set for the dynami&s; (2).

Proof. Let denote by andY two arbitraryC-sets and

du (X,Y) = a such that:
XCY®al, YCXaal.

By using relations from Lemma 2 we have:

AoX BW C AgY W D aAoL

AgX AW C AgY W G aAgL, (11)
and

AoY BW C AcX W & aAgL

AgY ®W C AgX W @ aA4L. (12)

Union of the left-hand sides of pair (11) and pair (12)
are included in the union of of the right-hand sides of
(11) and (12), respectively.
UAaxaew) | JAY ow) | JaAL,

i i

I

Uayew) c JAaXew) s | JaAL.

i i i

Recalling the set-valued map® (9) and Lemma 4,

previous inclusions may be written as
Q5(X) C Q3(Y) @ aAL,
QS(Y) C Q%(X) @ aAL.

(13)
(14)

Using the definition of Hausdorff distance, previous
statements can be written as

0t (2(X), Q3(Y)) = A (15)

which is indeeddy(Q5(X),Q3(Y)) < Ady(X,Y),
sincedy (X,Y) =a andA € [0,1).

Because the set-valued m&5 (9) is a contrac-
tion, according to the Banach fixed point theorem
it has a unique globally asymptotically stable fixed
point, Q3 (Artstein and Rakovic, 2008). O

Based on the set-valued m&y (9), let define the
following set-iteration foiX = {0}:

Qp1 = JAQR W)

|
whereQp C Q¢ , andQf = {0}. Here byQ} is de-
noted reachable set from the origirkitforward step

(16)

In the sequel the existence and uniqueness of theof iteration. Since the origin is in the relative interior

mRPI set for switching systeixi; are obtained using
Banach fixed point theorem and Lemma 3.
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Minimal robust positive invariant set is given as the 3.3 Correlation between Time-delay

limit value of (16) wherk — co: and Switching Dynamics

Qs = lim Q3. a7)
koo In the previous subsections, results on the existence
and unigueness of the minimal robust positive invari-
ant sets are presented using Banach fixed point the-
orem. In this subsection we propose new approach
on analysis of time delay systems from the invariant

We can notice here that minimal robust positive in-
variant seQ$ is not convex in general.

Constructive procedure reported here relies on
results proposed in (Rakovic, 2008), (Olaru et al.,

2010). For this purpose we invoke following set- set point of view, using corresponding switching dy-

lteration: S namics. First result in that direction is stated in the
Rer=UJARY), RE={®°} keZi. (18)  following theorem:
i

Theorem 5. Let consider matrices Ac R™" Aq €
R™M and a C-set W< R" that correspond to both
dynamics,zq4 (1) andZs (2). If mRPI sets for both
dynamics exist, then mRPI set for the switching dy-
namicsZs is always a subset of mRPI set for the time
delay systeriyi.e. QS C Q4.

where ®° is an initial invariant set with respect to
the switching dynamic&s (2). For more details on
the computation of invariant approximations of mRPI
sets we refer to the (Artstein and Rakovic, 2008),
(Rakovic, 2008) and (Olaru et al., 2010).

Theorem 4. Suppose that Assumption 1 holds. Thus,
there exists invariant se®® with respect to the dy-  Proof. For any three set, Y andZ c R", such that

namics>s (2), with 0 in its interior. ThenQp C X C ZandY C Z, the relation X UY) C Z holds.

Q4 C Q@ Ry s satisfied forvk € Z,.. Moreover We will prove Theorem 5 using the principal of

setQp & R is an invariant outer approximation of the =~ mathematical induction.

minimal robust positive invariant S€x;, for Vk € Z, . Since 0= W, we can notice tha®§ C Q4. Assume
thatQf, ; € Qf ; whereQ ; andQ{, ; are defined

Proof. For two arbitrary non-empty seds andY C

R", following properties hold (Rakovic et al., 2005): as
UAiXeY)ew] C [ JAaxew) s JAY) (19) Qi1 =JAkaew)

. T . |

| I I
wherei € {0*,'d"} and Q1 = Al & AL oW

XCY = JAaxaw) | JAY). (20) By definition we have:
i i S _ S S
Since we assumed the existence of the common Qk+2 = (AoQy;1 HW) U (AdQy 41 ©W)

Lyapunov quadratic function, then there exist invari- k+2 = AoQkH@AkoJrl DW.

ant set®s with respect to the switching dynamics.
Statemenf C QF,, € QS @ R will be proved ~ Since by assumptio, , C Qf.,, we can get follow-

by the pr|nC|pIe of mathematical induction. ing relations:

BecauseQS is O-reachable set, it is evident tHa§ C A0S BW C AgQY & AGQY, , & W
Qg , for vk e Z.. ForQS —W and QRS = ¢° kit kit kil

we have by definitio®2; C QF & R§. Now we assume AdQR 1 BW C AoQf 1 & AdQit; 1 BW.

thatQp, , € QR & RR. Then, using properties (19) and  ysing Property 1 in previous result we have:
(20) we have:

%z = UKok ew) cUA@FeR) oW UAQE 1 W) € Aoy & A0k, SW,
1
C U (AQS W) & U (ARY) =}, R, 1, thatisQ§, , € QJ. ,. Proof of the Theorem 5 follows
from the principal of mathematical induction so we
for VK €Zy. have:
Limit value of Qf & R¢, whenk — o is: QscQl, vkez,.

lim (QRORY) = lim QSGBIlm R;.
Because |Im_>m R =0, then I|m<_>oo Qﬁ =05. O

O

o _ Remark 2. The assumption that the origin is con-
Most of results reported in this subsection are al- tained in the interior of the convex disturbance set
ready proposed in the literature in similar or different can be relaxed assuming that W has nonempty inte-
form (Rakovic et al., 2005). rior and that there exists a point€ W that is the
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analytical center of the convex body. The mRPIset5 CONCLUSION REMARKS

corresponding to W now can be expressed as a trans-

lation of the mRPI set corresponding to 8/{—c}.
For more details we refer to the (Olaru et al., 2010).

Corollary 1. A necessary condition for existence of
the bounded mRPI set for the time delay sysigrfl)

is the boundedness of the mRPI set for the switching

dynamicss (2).

This paper has reported discussion on minimal robust
positive invariant set for time delay and switching sys-
tems and their correlation. We showed that the exis-
tence of mRPI set for switching system is a necessary
condition for existence of mRPI set for correspond-
ing time delay dynamics. What is more important,
we set up connection between two classes of different

Corollary states necessary condition for existence gynamics, which gives us new theoretical approach in

mMRPI set for time-delay systems via existence of
mRPI set for switching systems. What is more im-

the analysis of some open questions such as necessary
and sufficient conditions for existence of invariant sets

portant, it has shown that these two different systems ¢ time-delay systems.

dynamics may be correlated from the stability point
of view.

4 ILLUSTRATIVE EXAMPLE
In order to clarify exposed theory, an illustrative ex-
ample is outlined in this section.

Consider the discrete time-delay system (1)
and switching dynamic&s (2) represented by the
triplet (Ag, Aq,W), where

02 0 03
fo= [—0.15 0.3]’ Ad = {0.2

andW = [|x||1 < 1, x € R?. Initial invariant set for
both systems is arbitrary chosendb= &S = ||x||; <
6.

All reachable sets were obtained by a direct
application of defined set-iterations. Since the
Minkowski addition is computationally very expen-
sive, we present results just for lower dimensional
polytopes, i.e. iterations 0 to 5 (See Figl).

—0.15
0.25

Ty

R s e 1 2

Figure 1: O-reachable set for time delay system and switch-
ing dynamics - lower dimensional polytopes.
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