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Abstract: It is common knowledge that the political voting systems suffer inconsistencies and paradoxes such that Arrow
has shown in his well-known Impossibility Theorem. Recently Balinski and Laraki have introduced a new
voting system called Majority Judgement (MJ) which tries to solve some of these limitations. In MJ voters
have to asses the candidates through linguistic terms belonging to a common language. From this information,
MJ assigns as the collective assessment the lower median of the individual assessments and it considers a
sequential tie-breaking method for ranking the candidates. The present paper provides an extension of MJ
focused to reduce some of the drawbacks that have been detected in MJ by several authors. The model assigns
as the collective assessment a label that minimizes the distance to the individual assessments. In addition, we
propose a new tie-breaking method also based on distances.

1 INTRODUCTION voting system is easily implemented and that it avoids
the necessity for a second round of voting.
Social Choice Theory shows that there does not ex-  Desirable properties and advantages have been
ist a completely acceptable voting system for electing attributed to MJ against the classical Arrow frame-
and ranking alternatives. The well-known Arrow Im- work of preferences’ aggregation. Among them are
possibility Theorem (Arrow, 1963) proves with math- the possibility that voters show more faithfully and
ematic certainty that no voting system simultaneously properly their opinions than in the conventional vot-
fulfills certain desirable propertiés ing systems, anonymity, neutrality, independence of
Recently (Balinski and Laraki, 2007a; Balinski irrelevant alternatives, etc. However, some authors
and Laraki, 2007c) have proposed a voting system (Felsenthal and Machover, 2008), (Garcia-Lapresta
called Majority Judgement (MJ) which tries to avoid and Martinez-Panero, 2009) and (Smith, 2007) have
these unsatisfactory results and allows the voters toshown several paradoxes and inconsistencies of MJ.
assess the alternatives through linguistic labels, as  Inthis paper we propose an extension of MJ which
Excellent, Very good, Good, ..., instead of rank or-  diminishes some of the MJ inconveniences. The ap-
der the alternatives. Among all the individual assess- proach of the paper is distance-based, both for gener-
ments given by the voters, MJ chooses the median asating a collective assessment of each alternative and
the collective assessment. Balinski and Laraki also in the tie-breaking process that provides a weak order
describe a tie-breaking process which compares theon the set of alternatives. As in MJ we consider that
number of labels above the collective assessment andndividuals assess the alternatives through linguistic
those below of it. These authors also have an exper-labels and we propose as the collective assessment
imental analysis of MJ (Balinski and Laraki, 2007b) a label that minimizes the distance to the individual
carried out in Orsay during the 2007 French presiden- assessments. These distances between linguistic la-
tial election. In that paper the authors show some in- bels are induced by a metric of the parameterized
teresting properties of MJ and they advocate that this Minkowski family. Depending on the specific met-
mrule that generates a collective weak order ric we u.se,.the discrepancies between. the cqllectlye
from every profile of weak orders, and satisfies indepen- and the individual assessments ar? weighted in a dif-
dence of irrelevant alternatives and unanimity is necessarily f€reént manner, and the corresponding outcome can be
dictatorial, insofar as there are at least three alternatives anddifferent.
three voters. The paper is organized as follows. In Section 2,
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the MJ voting system is formally explained. Section 2. I(x;) )
3 introduces our proposal, within a distance-based ap- ) — |
proach (the election of the collective assessment for - (%)) =1(x)

,t(xj) =t(x) =1 and
each alternative and the tie-breaking method). In Sec- N (xj) > NT (xq).
tion 4 we include an illustrative example showing the 4. [(x)) = 1(x), t(x}) =t(x%) = 1,N*(xj) = NT (%)

influence of the metric used in the proposed method  gpg ~(x)) ’S N™ ().

and its differences with respect to MJ and Range Vot-

ing (Smith, 2007). Finally, in Section 5 we collect 5. |

some conclusions. m—NT(x;) = N7(xj) > m—N¥(x) — N~ (X).
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6. 1(x)) =1(x), t(x;) =t(x) =—1 and
N~ (xj) < N~ (%)
2 MAJORITY JUDGEMENT
7o1(x)) =1(%0), t(x)) = t(x) = -1,
We conside? a finite set of votersy = {1,...,m}, N7 (xj) = N7 (%) andN*(x;) > N* (x).

with m > 2, who evaluate a finite set of alternatives The asymmetric and symmetric parts:ofare de-
X = {x1,...,%}, with n > 2. Each alternative is as- fined in the usual way:

sessed by each voter through a linguistic term be-
longing to an ordered finite scale = {I1,....lg},
with 11 <--- < Ig and granularityg > 2. Each voter Xj ~ X < (X = X and X = Xj).
assesses the alternatives in an independent way and

these assessments are collected by a ma(tvfg),

Xj =Xk < Not Xx = X;

Next an example of how MJ works is shown.

. . \ Example 1. Consider three alternatives, xo andxs
wherev} €L is the assessment that the vat@ives  hat are evaluated by seven voters through a set of six
to the alternativey;. linguistic termsL = {ly,...,l¢}, the same set used in

MJ chooses for each alternative the median of the \ 3 (Balinski and Laraki, 2007b), whose meaning is
individual assessment as the collective assessmentspown in Table 1.

To be precise, the single median when the number
of voters is odd and the lower median in the case

- : Table 1: Meaning of the linguistic terms.
that the number of voters is even. We denote with

I(xj) the collective assessment of the alternatiye l1 | Toreject
Given that several alternatives might share the same 2 Poor
collective assessment, Balinski and Laraki (Balinski I3 | Acceptable
and Laraki, 2007a) propose a sequential tie-breaking I Good
process. This can be described through the following ls | Very good
terms (Garcia-Lapresta and Martinez-Panero, 2009): o | Excallent

N*(xj) =#{i eV |V} > 1(x))}, . .
The assessments obtained for each alternative are

N™(xj) =#{ieV| vij <1(xj)} collected and ranked from the lowest to the highest in
Table 2.
and
=1, if NT(x)) < N7(xj), Table 2: Assessments of Example 1.
t(xj) = 0, if N*(x)) =N7(x)), xx|lh 11 I3 Is Is Is s

1, if NT(x5) > N~ (xj). X2 |11 la g g la I g
X3 |11 Iz lg la Is Is Is

Taking into accountthe collective assessments and

the previous indices, we define a weak orgeon X For ranking the three alternatives, first we take the

in the following way: xj = X« if and only if one of the ~ median of the individual assessments, that will be the

following conditions hold: collective assessment for each one of the mentioned
1. 1(x5) > 1(%0). alternatives: [(x1) =I5, 1(x2) = 14 and [(X3) = la.

Given thatx; has the best collective assessment, it
2The current notation is similar to the one introduced by will be t.he one ranked in first place. Howe\{er’ the
(Garcia-Lapresta and Martinez-Panero, 2009). Thisvallo  altérnativesx, and x; share the same collective as-
us to describe the MJ process, presented by (Balinski andSessment, we need to turn to the tie-breaking pro-
Laraki, 2007a), in a more precise way. cess, where we obtaiN™(xz) =2, N~ (x2) = 1 and
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t(x2) = 1; NT(x3) =3, N7 (x3g) =2 and t(x3) = 4. d((a1,...,am),(b1,...,bm)) <

1. Since both alternatives have the san{g(xz) = d((as,-..,am),(C1,..-,Cm)) +

t(x3) = 1), we should compare thelt™: NT(xp) = d((cy,...,cm), (b1,...,bm)).

2 < 3=N"(x3). Therefore, the alternative; defeats Given a distance : R™ x R™ — R. thedigtance

the alternativexp, and the final order ig; = X3 > Xo. onL™induced by d is the mapping:l_: L”,‘ LM R
defined by

d((lalv EERE) lam)v ((Iblv e 7|bm)) =
d((a,...,am),(b1,...,bm)).
A relevant class of distances ™ is constituted
by the family of Minkowski distances {dp | p > 1},
which are defined by

3 DISTANCE-BASED METHOD

In this section the alternative method to MJ that we
propose through a distance-based approach is intro
duced. The first step for ranking the alternatives is
to assign a collective assessmé(it;) € L to each m P
alternativex; € X. For its calculation, the vectors  dp((ag,--+y@m),(b1,...,bm)) = <21|ai —bi|p> ,

(vjl, ...,V{") that collect all the individual assessments i=

for each alternative; € X are taken into account. forall (ay,...,am), (b1,...,bn) € R™.

The proposal, that is detailed below, involves We choose this family due to the fact that it is
how to choose d(xj) € L that minimizes the dis- parameterized and it includes from the well-known
tance between the vector of individual assessmentsManhattan (p = 1) andEuclidean (p = 2) distances,
(vjl,...,v’j“) and the vector(l(x;j),...,l1(xj)) € L™ to the limit case, theChebyshev distance p = «).

The election of that term is performed in an indepen- The possibility of choosing among different values of
dent way for each alternative. This guarantees the ful-p € (1,) gives us-a very flexible method, and we
fillment of theindependence of irrel evant alternatives can choose the most approprigtexccording to the
principled. objectives we want to achieve with the election.

Once a collective assessmdikj) has been as- Given a Minkowski distance oR™, we consider
sociated with each alternativg € X, we rank the  the induced distance dd" which works with the as-
alternatives according to the orderinglofGiven the sessments vector through the subindexes of the corre-
possible existence of ties, we also propose a sequensponding labels:
tial tie-breaking process based on the difference be- d_p((lap---,lam), (loys-- > lbm)) =
tween the distance dix;) to the assessments higher do((a ), (b b))
than | (x;) and the distance of(x;) to the assess- pl{81; -, 8m), (D1, Bm)).

ments lower than(x;). Clearly, this_ gpproach means that the _Iabels that
form L are equidistant. In this sense, the distance be-
3.1 Distances tween two labels’ vectors is based on the number of

positions that we need to cover to go from one to an-

other, in each of its components. To move frog

to |, we need to covefa — bj| positions. For in-

dR"«R"™ SR stance betweely andl, we need to coveb—2| =3
positions.

A distance or metric onR™ is a mapping

that fulfills the following conditions for all
(a,...,am),(b,...,bm),(c1,...,Cm) € R™ 3.2 Election of a Collective Assessment

1. d((aq,...,am),(by,...,bm)) >0 for each Alternative
2. d((ag;--.,am),(by,...,bm)) =0 < Our proposal is divided into several stages. First
(a,...,am) = (b, ..., bm). we assign a collective assessmef;) € L to each
Iternative x; € X which minimizes the distance
3. d((a,....am), (by,...,bm)) = a j nimiz
d((br.....bm). (a0, am)). between the vector of the individual assessments,

(vjl,...,v'-““) € L™, and the vector ofn replicas of the
desired collective assessmefitx;),...,l(xj)) € L™

3This principle says that the relative ranking between  FOr this, first we establish the sefx;) of all the
two alternatives would only depend on the preference or as- labelsly € L_SaUSfylng

sessments on these alternatives and must not be affected by dp((vjl, V) (k) <
other alternatives, that must be irrelevant on that compari =
son. dp((vj,...,v’j“),(lh,...,Ih)),
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for eachl, € L, where(ly,...,Iy) and (I, ...,lx) are Notice that when we choosp € (1,2), we find

the vectors ofm replicas ofl, and Iy, respectively.  situations where the collective assessment is located
Thus, L(xj) consists of those labels that minimize between the median and the “mean”. This allows us
the distance to the vector of individual assessments.to avoid some of the problems associated with MJ and
Notice thatL(xj) = {Ir,...,lr+s} is always an inter-  RV.

val, because it contains all the terms frdmto I, s,

wherer € {1,...,g} and 0<s<g—r. Two different 3.3 Tie-breaking Method
cases are possible:

1. If s=0, thenL(x;) contains a single label, which  q,a1ly there exist more alternatives than linguistic
will automatically be the collective assessment terms, so it is very common to find several alterna-

I(xj) of the alternative;. tives sharing the same collective assessment. But irre-
2. If s> 0, thenL(x;) has more than one label. In - spectively of the number of alternatives, it is clear that
order to select the most suitable label lofx;), some of them may share the same collective assess-
we now introducel*(x;), the set of all the labels  ment, even.when the individual assessments are very
Ik € L(x;) that fulfill different. For these reasons it is necessary to intro-
d_((l 0y (b le)) < duce a tie-breaking met_hpd that takes into account not
PAVKs -5 ko AT - -5 Tr+8)) = only the number of individual assessments above or
do((h, -+ Th)s (I lrs)), below the obtained collective assessment (as in MJ),
for all I, € L(xj), where (ly,...,lx) and but the positions of these individual assessments in
(In,--.,ln) are the vectors 0§+ 1 replicas ofly the ordered scale associated wiith
andly, respectively. As mentioned above, we will calculate the differ-

ence between two distances: one betwdeq) and
the assessments higher tH&r;j) and another one be-
tweenl(x;) and the assessments lower thanlthe).

Let vj+ and Vi the vectors composed by the assess-

(a) If the cardinality ofL(x;) is odd, thenL*(x;)
has a unique label, the median term, that will
be the collective assessméf(x; ).

(b) If the cardinality ofL(x;) is even, therL*(x;) _
has two different labels, the two median terms. mentsv'j from (vjl,...,v'-“) higher and lower than
In this case, similarly to the proposal of (Balin-  the terml(x;), respectively. First we calculate the two
ski and Laraki, 2007a), we consider the low- fo|lowing distances:
est label inL*(x;) as the collective assessment

(x))- D+(xj):d},(vj,(|(xj),...,|(xj))),
It is worth pointing out two different cases when _
we are using induced Minkowski distances. D™ (xj) =dp (VI, (H(xj), ... (Xj))) :

1. If p=1, we obtain the same collective assess-
ments that those given by MJ, the median the where the number of components@®fx;), ..., (Xj))

individual assessments. However, the final results iS the same that ivj” and inv;, respectively (obvi-

are not necessarily the same that in MJ because weously, the number of components mJT andv; can

use a different tie-breaking process, as is shown be different).

later. Once these distances have been determined, a new

2. If p= 2, each collective assessment is the clos- INdex D(xj) € R is calculated for each alternative
est label to the “mean” of the individual assess- Xi € X: the difference between the two previous dis-

ments, which is the one chosen in tiRange \Vot- tances:
ing (RV) method (see (Smith, 2007)). D(xj) = D" (xj) — D™ (x;).
41t is more precise to speak about the interval of medi- By means of this index, we provide a kind of com-

ans, because if the assessments’ vector has an even numbgsensation between the individual assessments that are
of components, then there are more than one median. Segyjgger and smaller than the collective assessment, tak-

(M%'jrjﬁgd:;’o iggﬁl{beu is not exactly the arithmetic mean of ing into account the posmon of each assessment in the

the individual assessments, because we are working with aordered- scale a§SOCIateq with . .

discrete spectrum of linguistic terms and not in the continu For introducing our tie-breaking process, we fi-

ous one of the set of real numbers. nally need the distance between the individual assess-
6RV works with a finite scale given by equidistant real ments and the collective one:

numbers, and it ranks the alternatives according to thie-arit _

metic mean of the individual assessments. E(xj) =dp ((vi,- V), (10X)), - 1(%))) -
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Notice that for each alternativg; € X, E(x;) RV also provide a tie). However, ip > 1, the tie
minimizes the distance between the vector of individ- disappears. So, we hawe - xi, excepting wherever
ual assessments and the linguistic labels,isuch as p € (1.1791.203), wherex; > Xo.
has been considered above in the definitioh O ).

The use of the indeXE(-) is important in the
tie-breaking process because if two alternatives share
the same coupl¢l(-),D(-)), the alternative with the 4 ANILLUSTRATIVE EXAMPLE
lower E(-) is the alternative whose individual assess- ) .
ments are more concentrated around the collective as-This section focus on how the election of the parame-

sessment, i.e., the consensus is higher. ter p is relevant in the final ranking of the alternatives.
Summarizing, for ranking the alternatives we will We show this fact through an example. We consider a
consider the following triplet case where the median of the individual assessments
is the same for all the alternatives. In this example
T(xj) = (1(xj),D(x}),E(x})) € L x R x [0, ) we use the set of six linguistic termis= {l1,...,lg}

for each alternatives; € X. The sequential process Whoseé meaning is shownin Table 1.
works in the following way: As mentioned above, the sequential process for

ranking the alternatives is based on the triflé¢x;) =
(1(xj),D(xj);E(xj)) for each alternativex; € X.
However, by simplicity, in the following example we
only show the first two componentd(x;),D(x;)). In
this example we also obtain the outcomes provided by
2. If several alternatives share the same collective as-MJ and RV.
sessment, then we break the ties throughite
index. The alternatives with a high&x(:) will be
preferred.

3. If there are still ties, we break them through the
E(-) index, in such a way such that the alterna-
tives with a lowerE(-) will be preferred.

1. We rank the alternatives through the collective as-
sessments$(-). The alternatives with higher col-
lective assessments will be preferred to those with
lower collective assessments.

Example 2. Table 4 includes the assessments given
by six voters to four alternativeg, X2, X3 andxy ar-
ranged from the lowest to the highest labels.

Table 4: Assessments in Example 2.

Formally, the sequential process can be introduced ST NN PO VI VR PR

by means of the lexicographic weak order on X Xe |1 I3 s Te e
defined byx; = x if and only if X2 12 12 14 15 s
Xa |ln 11 la 15 |5 s

1. 1(xj) > 1(x) or

2. 1(xj) = (%) andD(x;j) > D(x) or Notice that the mean of the individual assess-
3. 1(xj) =1 (%), D(xj) = D(x) andE(x;j) < E(x). ments’ subin'dexes is the same for the.four alterna-
tives, 35. Since RV ranks the alternatives accord-
Remark. Although it is possible that ties still exist, ing to this mean, it produces a tig ~ X2 ~ X3 ~ X4.
whenever two or more alternatives sharé), these =~ However, it is clear that this outcome might not seem
cases are very unusual when considering metrics withreasonable, and that other rankings could be justified.
p > 1.7 Forinstance, consider seven voters that assesdJsing MJ, wherel (x1) = 1(xq) = l4 > I3 = |(X2) >
two alternatives; andx, by means of the set of lin- 12 =1(x3) and, according to the MJ tie-breaking pro-
guistic terms given in Table 1. Table 3 includes these cess, we have(x;) = —1 < 1=t(x4). Thus, MJ pro-
assessments arranged from the lowest to the highestluces the outcome, >~ X1 > X2 > X3.
labels.

Table 5:(1(xj),D(xj)) in Example 2.

p=1 p=125 p=15
xu[la T2 T2 T2 Ta 1a o x1 | (I2,—3) (I4,—2.375) (I4,—2.008)
X2 | l2 12 12 12 13 Is s x2 | (13,10)  (I3,2.264)  (I3,1.888)
X3 (|2,9) (|3,2.511) (|3,2.254)
Xa | (la,—3) (la,—2.815) (l4,—2.682)

Table 3: Individual assessments.

It is easy to see that fop = 1 we haveT (x1) =
T(x2) = (12,8,8), then x; ~ xz (notice that MJ and

7The Manhattan metrign(= 1) produces more ties than We now consider the distance-based procedure for
the other metrics in the Minkowski family because of the Six values ofp.In Table 6 we can see the influence of
simplicity of its calculations. these values ofl (xj),D(x;)), for j =1,2,3,4.

462



A LINGUISTIC GROUP DECISION MAKING METHOD BASED ON DISTANCES

Table 6:(1(xj),D(x;)) in Example 2. tween both methods.

S — — As shown in the previous examples, when the
p=2 P P value of parametep increases, the distance-based
X | (la,=1.770)  (I5,1.228)  (I5,0.995) procedure focuses more and more on the extreme as-
X2 | (13,1669  (I5,1.530  (I5,1.150) sessments. However, if the individual assessments are
X3 | (15,2104 = (15,2010 (l4,~0.479) well balanced on both sides, the outcome is not very

X | (14,-2585 (15,0.777) (15,0.199) affected by the parameter
_ _ _ _ In further research we will analyze the proper-

(Is, Eg’rﬁ)}} ()\g )ez?lng’(g)l )a;d('llfl Emf‘j)(’ll";)g;_ ties of the presented extension of Majority Judgement
Then, we obtaink, = Xs > X» > Xa, a different out- within the Social Choice framework.
come than obtained using MJ. Fpr=1.25, p=1.5
and p = 1.75 we obtainx; > X4 > X3 > X2; and for
p=2andp=>5we havexs > Xo > X1 > X4. REFERENCES
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