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Abstract: Product-Based Possibilistic Networks appear to be important tools to efficiently and compactly represent pos-
sibility distributions. The inference process is a crucial task to propagate information into network when new
pieces of information, called evidence, are observed. However, this inference process is known to be a hard
task especially for multiply connected networks. In this paper, we propose an approximate algorithm for
product-based possibilistic networks. More precisely, we propose an adaptation of the probabilistic approach
“Loopy Belief Propagation” (LBP) for possibilistic networks.

1 INTRODUCTION The inference algorithms can be classified in two
categories (Guo & Hsu, 2002):

Graphical models are important tools to efficiently o gxact algorithms: these methods mostly ex-
represent and analyze uncertain information. Among ploit the independencies relations present in the
these graphical representations, Bayesian Networks  atwork and transform the initial graph into a
are particulary well defined and well applied. Possi- new graphical structure such that a junction tree.
bilistic networks appear to be an alternative approach  These algorithms give the exact posterior possi-
to model both uncertainty and imprecision. There bility degree.

are two kinds of possibilistic networks: Min-Based
Possibilistic Networks and Product-Based Possibilis-
tic Networks (Fonck, 1994). These two kinds of pos-
sibilistic networks only differ on the definition of pos-
sibilistic conditioning.

One of the most critical issue in probabilistic and In possibility theory frameworks, Exact algo-
possibilistic networks is the propagation of informa- rithms have been defined for both min-based and
tion through the graph structure. Unfortunately, it is product-based graphs. Moreover, an anytime approxi-
known that both probabilistic an possibilistic infer- mate algorithm has been proposed for min-based pos-
ence are hard tasks specially when graphs are mul-sibilistic networks (Ben Amor & al, 2003). However,
tiply connected (Cooper, 1990) and (Dagum & Luby, to the best of our knowledge, no approximate algo-
1993). Indeed, when the networks are simply con- rithm exists for product-based possibilistic networks.
nected, the propagation of possibility degrees is not  In this paper we focus on product-based possi-
very difficult and can be achieved in a polynomial bilistic network and propose a possibilistic inference
time. When the networks are large and multiply con- algorithm which allows to determine an approxima-
nected, several problems emerge: the inference re-tion of possibility degree of any variable of interest
guires an enormous memory size and calculation be-given some evidence. This possibilistic algorithm is
comes complex and even impossible. an adaptation of a well-known probabilistic algorithm

e Approximate algorithms: they are alternatives of
exact algorithms when the networks become very
complex. They estimate the posterior uncertain
degree in various ways.
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“Loopy Belief Propagation” (Murphy & al, 1999) and M) =maxm(w): wed}.

(Bishop, 2006). Conditions for exact inference in o . :

multiply connected graphs through LBP have been PPSS'_b'I'St'C _co_ndltlomr_]g_ (DUbO'S& Prade, 1988)

demonstrated (Heskes, 2003). Without any transfor- consists in modifying our initial knowledge, encoded
by a possibility distributior, by the arrival of a new

mation of the initial graph, the basic idea of this adap- - fin ; o f I
tation is to propagate evidence into network by pass- Pi€ce of informationp € Q. We will focus only on

ing messages between nodes. More precisely, mesProduct-based conditioning, defined by:
sages are exchanged between each node and its par- e
ents and its children. We keep passing messages in T(|$p) = { O we_(b
the network until a stable state is reached (if ever). 0 otherwise
The rest of this paper is organized as follows: o
first, we give a brief background on possibility the- 2.2 Product-based Possibilistic
ory and product-based possibilistic networks (section Networks
2). Then, we present our possibilistic adaptation of
“Loopy Belief Propagation” algorithm for product-  possipilistic networks (Fonck, 1994), (Borgelt &
based possibilistic networks (Section 3). Section 4 5| 1998), (Gebhardt & Kruse, 1997) and (Kruse &
gives some experimental results. Gebhardt, 2005), denoted byG, are directed acyclic
graphs (DAG). Nodes correspond to variables and
edges encode relationships between variables. A node
2 POSSIBILITY THEORY AND A| is said to be a parent &; if there exists an edge
POSSIBILISTIC NETWORKS from the nodeA; to the nodeA;. Parents ofp; are
denoted byJp,.
This section presents a short summary of Possibility  Uncertainty is represented at each node by local
Theory: for more details see (Dubois & Prade, 1988). conditional pOSSIblllty distributions. More precisely,
LetV = {A1,Az,...,An} be a set of variables. We for each V"’_‘”able A
denote byDj, the finite domain associated with the If ‘A is a root, namely Ux = 0, then
variableA. a; denotes any instance of varial#le max((as), m(ag)) = 1.
Q = xaecvDa represents the universe of dis- If ‘A has parents, namelyUx # 0, then
course ando, an element of, is called arinterpre- ~ MaX(M@1|Ua), m(@z|Up)) = 1, for eachua & Duy,,
tation or state The tuple(ay,ay, ..., on) denotes the ~ WhereDu, is the domain of parents of A.

interpretatiorw, where eacly; is an instance of. _Possibilistic networks are also compact represen-
tations of possibility distributions. More precisely,

2.1 Possibility Distribution joint possibility distributions associated with possi-
' bilistic networks are computed using a so-called pos-

A possibility distributionTtis a mapping fron® to the sibilistic chain rule similar to the probabilistic one,

interval [0,1]. The degreat(w) represents the com- "amely:

patibility of w with available piece of information. In

other words, ifitis used as an imperfect specification (2, -, an) = |_| N(a | up),

of a current statey of a part of the world, them(w) ) . I=1.n ]
quantifies the degree of possibility that the proposi- ~ WNherea is an instance ofy andus € Dy, is an

tion & = 6y is true. By convention(w) = 0 means  instance of domain of parents of node

that w = uy is impossible, andt(w) = 1 means that . ) )
this proposition is regarded as being possible with- Example 1. Figure 1 gives an example of a possi-
out restriction. Any intermediary possibility degree bilistic network. Table 1 and 2 provide local condi-
m(w) €]0,1] indicates thaty = wy is somewhat possi- ~ tional possibility distributions of each node given its

ble. A possibility distributiontis said to benormal- parents.
izedif there exists at least one state which is consis-
tent with available pieces of information. More for- Table 1: Initial possibility distributions.
mally
' a

ma) || b a mba| c a mn(ca)
1

ag 03| b1 & c1 a 0.2
Jwe Q, suchthatm(w)=1. ! o o

) . e i as 1 b1 a 0.4 C1 a 1
Given a possibility distributiomdefined orQQ, we b, a 0 o a 1
can define a mapping grading thessibility measure b, a 1 o @ 0.3

of an eventh C Q to the interval0, 1] by,
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e At iterationt, A (a) andu® (a) represent the in-
coming messages to node A received from, respec-
tively, children and parents of A:

O () AV(@) = Ma(a). ﬁgs‘f (a) 2)
L

m
t
(D) (@) = maxmialu). [u @) (@
=
Figure 1: Example of a multiply connected DAG. At iterationt+1, the node A sends outgoing mes-
sages X-messages and-messages) to, respectively,
Table 2: Initial possibility distributions. its parents and its children:
d b ¢ mndbc | d b ¢ m(dbc
d b o 1 d b ¢ 1 ALY (1) = Bmay AV (a).max,.. . m(alu). [Tul (u
d b ¢ 0 d b o 1 a () =BmaeAT(a) | Hicki (|)!;!pA(k>]
d]_ b2 C1 0.8 d2 b2 C1 1 (4)
d b o 0.1 d b o 1

n

W@ =yMm@. 1 MW@ 1@ 6

Using a possibilistic chain rule, we encode the joint i—1i%]

distribution relative to A, B, C and D as follows :

Va,b,c,d 1(a,b,c,d) = m(a).1(bla).1i(c|a).T(d|b, C). Nodes are updated in parallel: at each iteration, all
For instance, nodes compute their outgoing messages based on the
m(ayg,b1,cp,dp) = m(ay).m(by|ag).T(cz|ag).1(d2|by, C2) = input of their neighbors from the previous iteration.
03.111=03 This procedure is said to converge if none of the be-

liefs in successive iterations changed by more than a
small threshold (e.g. 1&) (Murphy and al, 1999).

3 ADAPTATION OF LBP FOR We note that these formulas are similar to those
POSSIBILISTIC NETWORKS corresponding to probabilistic framework but we use

the maximum operator instead of the addition. The

_ . . . ’ outline of our adaptation algorithm is as follows:
This section summarizes a direct adaptation of prob-

abilistic LBP algorithm in the possibilistic frame- i o

work. The probabilistic “Loopy Belief Propagation” Algont_hm: Product-Based possibilistic inference
is an approximate inference algorithm which applies " Multiply connected DAG

the rules of Pearl Algorithm (Pearl, 1986) for mul- BEGIN

tiply connected DAG. The basic idea of LBP is to N {nodes of network};

propagate evidence into network by passing messages for all nodes, initialization of :

iteratively between nodes. We keep passing mes- - Ma(@n) by 1 or its observed value;

sages in the network until a stable state is reached -~ A-messages and p-messages by vector 1

(if ever). LBP is still a good alternative for exact - Bél(@m) < 0

inference methods specially when these latter meet M < {number of non-observed nodes};

difficulties to run. LetYa = {Y1,Y2,..,Yn}, andUp = te—1;
{U1,Uy,..,Un} be respectively the set of childrenand ~ CONVergence < FALSE; _
parents of node A. while NOT convergence and t < max.itr

With our adaptation, propagate an evidence Eze forn<« 1to '?”gth(N)_
into Product-Based possibilistic algorithm is resumed calculate A")(an) with the formula (2);
to calculate the belief in a non-evidence node A, calculate p¥)(an) with the formula (3);
which is approximated by a conditional possibility de- end
gree of A, formally: forong ':/(Iam) Bel(an)

e «— Be )

vaeDa, Bel(a)=a.Aa).p(@)~male), (1) calculate Bel(am) with the formula (1);
wherea is a normalizing constank,(a) andu(a) are end
iteratively calculated. if Vm € M, Bel(an)—OldBel(am) < tol

convergence <— TRUE;
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end between 2 and 3. We can also change the number
if NOT convergence of parents for each node.
for n«—1to length(N) 1) e STRUCTURE 2: In the second one, we choose
calculate for every parent U of An; Ap ™ (Ui) special cases of DAGs where nodes are parti-
with the formula (4); tioned into two levels. This structure corresponds
calculate for every child Y;j of Ay; p\((tfl)(an) to well-known networks as the QMR (Quick
with the formula (5); Medical Reference) network (Jaakkola & Jordan,
end 1999). We have diseases level and findings level
tet+1; and we try to infer the distribution of diseases
end given a subset of findings. We chose specially this
end kind of network because it is known that in many
END cases, the probabilistic LBP did not converge to a
stable state. We generate randomly this structure
Example 2. Given the Product-Based possibilistic of graph with 30 nodes with instance cardinality

network presented in Example 1, we now try to run € {2, 3}.
our possibilistic adaptation. For example, we ob-

serve, as evidence, the node D=ahd we compute,  Nymerical Components. Once the DAG structure
progressively, possibility degree of each other node s fixed, we generate random conditional distributions
knowing the evidence. Table 3 shows for each iter- of each node in the context of its parents. Then, we
ation values obtained for A, B and C. Note that the generate randomly the variable of interest.

algorithm converges after 3 iterations. We indicate,
for comparison, the exact values given by an exact

: . 4.1 Convergence
inference algorithm.

In this first experimentation we propose to evaluate

Table 3: Posterior possibility degree. the convergence of our approximate algorithm. Here,

iteration | t=1 t=2 t=3| exactvalues we focus on the number of iterations needed for the
(a1 |[d2) | 0.3 0.3 0.3 0.3 algorithm to converge. First, this experimentation is
T(ay | do) 1 1 1 1 performed on 1000 random networks from STRUC-
Ti(by | d2) 1 0.4 0.4 0.4 TURE 1. Figure 2 shows that 46% of random net-
mi(by | da) 1 1 1 1 works generated need less than 5 iterations to con-
Tc | &) 1 1 1 1 verge. In the same way, 91% of networks gener-
m(c, | do) 1 03 03 0.3 ated need less than 20 iterations to reach convergence

state. We consider that it is a satisfactory result with
reasonable iterations number.

4 EXPERIMENTAL RESULTS 120% |
100% 1 — 91% 929% oo, 100%

The implementation of possibilistic adaptation of
LBP is based on the Bayes Net Toolbox (BNT) (Mur-
phy & al, 1999) which is an open source Matlab pack- | *| 4%
age for directed graphical models. We used also the | “°*]
Possibilistic Networks Toolbox (PNT) which imple- 20% 1
ments the exact inference algorithm : product-based | ©*
Junction Tree (Ben Amor, 2002). The experimenta-
tion is performed on random possibilistic networks
generated as follows:

80%

<=5 <=10 <=20 <=50 <=100 >100

iteration number

Figure 2: Iteration number for DAG of STRUCTURE 1.
Graphical Components. We used two DAGS struc-

tures generated as follows: We repeat the same experimentation with 1000
e STRUCTURE 1: In the first structure, the DAGs DAG having QMR structure (STRUCTURE 2). Fig-

are multiply connected and generated randomly. ure 3 shows results of this experimentation. We note

We fixed the total number of nodes at 30. The that for less than 20 iterations 85% of random net-
cardinality of node instances is chosen randomly works converge. This result is slightly inferior to
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the first experimentation because QMR graph is less | 100% 9%
likely to converge than other structures. 22; ]
70%
120% 7 100% 60% 7
°© 50%
100% 1 1o ~ 85%  86%  87% 40% 1
80% - 30%
60% 20% A o
0% | 10% 1 ’—|
T 22% 0% ;
20% exact inexact
il BN B BN B OB N _
<=5 <10 <=20  <=50  <=100  >100 Figure 4: Average of compared values in randomly graph
iteration number structure.

Figure 3: Iteration number for QMR DAG.
83%

4.2 Exactness 70% :

We are now interested in the exactness of values gen-| 5% ]
erated by the approximate algorithm. Here, we mea- ]

sure the difference between approximate and exact 20%: 17%
values generated by respectively approximate and ex-| .., | ’—‘
act inference algorithm. This difference betweenval- | , ‘

ues expresses how much our algorithm can approx- exact inexact

imate the exact one. More precisely, for one net-
work, we compute possibility degrees obtained by our Figure 5: Average of compared values in QMR graph struc-
approximate algorithm and possibility degrees gener- e

ated by an exact algorithm : the product-based junc-

tion tree algorithm (Ben Amor, 2002). Then we com-

pute, for each node of the graph, the difference be-5 CONCLUSIONS

tween exact and approximate possibility degrees. We

conside_r that t_here is equality betweer_1 2 compared | this paper we proposed an approximate inference
values if the difference between them is less than a gjgorithm for Product-Based Possibilistic networks.
fixed threshold (10°). finally, we count the number ¢ js an adaptation of probabilistic LBP algorithm in
of equality and inequality cases and we obtain a per- possibilistic framework. Without any structure trans-
centage of each state. _ _ formation, the algorithm consists to propagate evi-
Figure 4 summarizes the results of this experi- gence, into multiply connected network, by passing
mentation applied to 1000 random graphs generatedmessages between nodes. Our adaptation is an inter-
by STRUCTURE 1. 92% of numerical values issued esting alternative implementation for exact inference
from approximate algorithm coincide with those is- \yhen this one fails on complex network (when sizes
sued from exact algorithm. Note that here we did not of cliques are large). Experimental results show that
discard the samples of non-convergence. the possibility distributions generated by approximate
Figure 5 represents the result of the same ex- gigorithm are very near to exact possibility distribu-
perimentation using 1000 QMR graphs generated by tions, |n a future work, we project to apply this new
STRUCTURE 2. In this case, only 83% of numerical propagation algorithm by it's adaptation to handling

values issued from approximate algorithm are consid- jnterventions in possibilistic causal networks (Benfer-
ered to be exact. The results of these statistics for thenat & Smaoui, 2007).

two graph structures conclude that the approximate
possibility degrees are closed with exact possibility
degrees.
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