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Abstract: In this paper a general ILC algorithm is examined and it is found that the filters involved can be selected to
satisfy frequency-wise uncertainty limits on the plant model. The probability of the plant model being at a
given point in the uncertainty space is specified, and the filters are then chosen to maximise the convergence
rate that can be expected in practice. The magnitude of the change in input over successive trials and the
residual error have also been incorporated into the cost function. Experimental results are presented using a
non-minimum phase test facility to show the effectiveness of the design method.

1 INTRODUCTION this case the error evolutionis |
Bio1 = (F(€1) — S(e/T)Go(e 1)U (7)) By

_ F(ed%Ts
Iterative Learning Control (ILC) is a control method + (1= F(e™) Ya

that is applicable to systems which perform the same (3)
action repeatedly. Operating in this way it is able to sodngs

) jwT's jwTs jwT's jwT's
use past control information such as input signals and |[F(e77%) = S(e7T)Go (1)U (7)) < 1(4)

tracking errors in the construction of the present con- . . S
trol action. This sets ILC apart from most other con- is a necessary condition for stability since, for each

trol techniques and has allowed it to provide improved {'[ree?al:if)%cg,() ﬁ;igeﬁgi?ﬁgt: S"’}{ ai?i?z;gﬁi%en Sr%/ztt(reizqvi/ri‘trtlhe
performance W|th.reduced knowledge of the pla_nt eigenvalues less than 1. In particularfifeiT) —
when compared with other control approaches. A lit- i " .
erature survey of ILC can be found in (Moore, 1998) 1 this becomes a necessary condition for monotonic
and there exist textbooks on the subject (Moore, 1993; convergence which can be shown to be essentially a
Bien and Xu, 1998). One such ILC update law is sufficient condition as well (Longman, 2000). More
given by generally, the same argument means
‘F(ej“’TS) — S(eijS)Go(ej‘“Ts)U(ej‘”T*’)| <
upt1 = F(2)ur + S(2)ex 1) _ o N ) (6)
is a sufficient condition for the eigenvalues of the state

wheree, = yq — yr and F'(z) and S(z) are filters transition matrix to be less thdnor a reduction oft
which may be non-causal. This has been analysed inin the magnitude of the error over consecutive cycles
the frequency-domain in, for example, (Norrl6f and if F(e/“Ts) = 1. To accommodate both these cases,
Gunnarsson, 1999) and (Norrl6f, 2000). Conversion satisfying (5) will be said to produce a convergence
of (1) to the frequency-domain using the sampling pe- rate of%.

riod, Ts, gives Remark 1 Adding a filter,7'(z), on the(k + 1)t" cy-

. , le error to the algorithm given in (1) produces
— JjwTs JjwT’s ¢
U1 = F(e"72)Ux + S(e77) By ) ugr1 = F(2)up + S(2)er + T(2)exr1  (6)

Let the uncertain plant be described @ye/«?:) =  and we can then write
Go(e7“T=)U (e7T+) whereU (e/*+) is a multiplica- Ykl = ToariisYa + oy (F(2)uk + S(2)ex)
tive uncertainty and~, the nominal plant model. In ©)
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to give so that the inverse function
z jwTs
Ukt1 = 1+GT((z>)T(z)?/d + Tramre (F(2)ue + S(Z)(%c)) f ) = 5 Ij(eT])G)(—’_jvT ) veC (14)
eI¥is ) Gg(edwts
The substitutiong; = (§§§§ + 1) yg and G(z) = applied to D gives the range of values taken by
G(2) ternativelvi, — (1 1 U (e?+T+) for (5) to be satisfied.
T+G(x)T(z) OF alternativelyys = (W + W) Yd The domain and co-domain can be enlarged to
and G‘(z) = % allow this to be written as  equal the extended complex plaie@ (Jones and

(1). Any design method fat(z) and F'(z) can there- Singerman, 2004) which is the union Gfand the
fore be implemented as (6) using these substitutions.point at infinity; thusC = C U {oo}. In this case
Any robustness properties, however, will only apply to f~'(v) is an extended M6bius transformation when
C;(z) instead of(z). w andT are fixed, and maps

+ C one-one ontd
 generalised circles onto generalised circles

2 DFT A generalised circle is defined as either a circle or an

, , ) ) extended line (see (Jones and Singerman, 2004) for
An alternative expression for (2) is found by taking getails).

the Discrete Fourier Transform (DFT) of both sides |t js therefore possible to applf~(v) to D and

of the update law (1) which results in find the boundary of the regioﬁ(éj‘”n) must oc-
e = B O & » 9 cupy to ensure a convergence rate;pbr monotonic
It Ol 50 e _ ©) convergence if < 1. The image of a Mébius trans-
which is possl|ble since;, anduy are known prior to  formation can be found by simply applyinfg ! (v) to
the k + 1“_’ trial. Here ® denotes component-wise three points 06D and finding the unique generalised
multiplication andu is the DFT ofu. Similarly, the  circle which passes through the resulting points (see

DFT of (3) results in an alternative description (Jones and Singerman, 2004)). Sifes, 15} € 6D,
trhr1 = (F—GooUGS8)@ép+(I—F)®js (10 - _ F(eMTe) 4
€k+1 h( 0®h ®d )®€k+( d)Gy(;( ) h f 1(+l) = W
— F(e?“"s)—1
Note that now the design is conducted in the f 1(_1):W (15)

frequency-domain, the designer can select each ele-
ment S; and F; individually and build the new in-
putuyg.1 using (9) combined with expressions for the
DFT and IDFT of a signal. Similar transparency can-
not be found in the time domain. Since (4) is a steady-
state requirement which assumes a reasonable tran
sient response, the use of a steady-state update of th '
input is not disadvantageous. It just remains to choose 1 F(e7+Ts)

the value of the filter$’ and F’ at every frequency. )= S(e3T:)Go(edwTs)

gy F(e€Ts )4y
F7HU) = semyggaemy
belong to this extended circle. However a simpler
method involves noting that the inverse pointsaf
are( andoo so that the inverse points of the image are
given by

L [T (o0) =00

(16)
and the mapping has the form

3 APPROACH TO FILTER F(e/T) oo 17
DESIGN ‘Z o S(eT=)Go (e3> = k(e ) (17)
. i Ts
By introducing the variable = U(¢/“7*) itis possi- ~ Sincef~'(1) = grmrgraers € 0D then
ble to write (5) as (T2 (T2
F(ed“T) + 1 F(edeT
l 11 - - — - -
aw |f(v)] < 11) ’S(erTS)GO(engS) S(e7“T)Go (&3
- l
where — L(eIwTsy —
U= gy 49

f(v) = F(e?*Ts) — S(e7“T=)Go (7T v veC o . ) .
(12) which is the equation for a circle with centrk, and
Let the open disc of radiuscentred at the origin, ~ radius,r, where
and its boundary be defined as F(ed%Ts) l

D={re!’ |0 e[-nm), rel0l)}, 13) T S(e9T)Go(edw )" | T 18(ed T )G (1T )
§D ={le’? |9 € [-nm)} (19)
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This circle can then be drawn for every frequency of
interest and hence the regidne’“7) must occupy

in order to guarantee monotonic convergence. Note J(S, F)

that a M6bius transformatiori(z), maps a regiol?
in its domain to a region(R), and the boundary of
R to the boundary of(R). Figure 1 shows the ac-
tion of f~!(v) on§D and the regior/ (e/T+) must
occupy for a convergence rate $f Any uncertainty

Im
f'(v)
/—\;

AT
TN

Figure 1. Geometry of uncertainty space
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that is contained within the right-hand circle for all
frequencies will satisfy (5). At a general poipt,in

with the cost function

A ‘p— 520’|SG0| lp—1]
1 1 1
P op
SG / £ ( —1>
| 0| A ‘pf Sg(,’ |p |

(23)

where P(-) is the probability that the plant is af
and A is a region of uncertainty over whicR(-) is
valid. The frequency dependence of the filters has
been dropped for conciseness. Note that a small circle
around the singularity must be removed if the equa-
tion is solved numerically. Figure 2 shows three cases
using the probability functiorP(z) = 2z~ and «
equal to2, 1 and0.5. The probability function is able
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Figure 2: Examples oP(z)

the uncertainty space we can equate the distance from

pto A with

[
ST Gole )
(20)
in order to find the convergence rate at that frequency

B F(e3vTs)
P 59T G (€39

1 1
- eiwTs . ;
! ‘p— STy | 1S (6745 )Go(ed* ™)
1

T S(e99T)Go (e3¢ s )p — F(edwTs)

(21)

This provides a useful means of selectifigand F':

Let us choose to maximize the convergence rate that

can be expected given that the probability that the
plant is at the poinp at a given frequency is known
or can be estimated. It will be assumed that this prob-
ability is symmetrical about the nominal value, that
is +1 in the uncertainty space. This is a situation
which is realistic given the methods of obtaining a
plant model commonly used in practice. In this case it
will be a function of the distance to the nominal plant
model which equalgpi—1| in the uncertainty space.
The optimisation will therefore take the form

max J(S,F) (22)

to shift focus between robustness and convergence
speed by varying the weighting of the optimisation.
In the first caseP(x) is only large forz ~ 0 so the
maximisation will lead to a solution which is tailored
to only values close to the nominal plant model.As
is reduced it becomes more important to chos®
that the whole of4 has a value of < 1. These cases
are shown in Figure 3. In % ~ 1 to give a high
convergence rate for the nominal plant, whilst in b) it
is smaller but most of the regiofi has the property of
satisfying (5). This choice aP(z) produces the cost

a) Im

(1)

1 Re 1 Re

Figure 3: Optimal solutions for ay > 1 and b)a < 1

0 A p_SiGo
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and the values of and F' are found by solving that at a point in the uncertainty spapethe bound\
9 P equals
at each frequency and ensuring that it is a global max- SGy ‘p + 5o ’ 5C0p + 1’
imum. If F'is fixed atl then any solutions* which
solves (25), so that Therefore  the  functions Q(|S|~!) and
dJ(S*,1) SCop+1 ) can be incorporated into the
ds =0 (26) cost to limit the upper bound of the residual error

and change in successive inputs. Since these are
dependent on the plant and choiceygf they will be
S F —1¢ neglected in order to maintain focus on the general
(ORIt s - |
Alp- <)

will also solve the optimisation using

Fal = 1S[1Go case.

since only a substitution of variables has been applied. 3.1 EXpe”mentaI Test FaC|I|ty
S and F' can assume any values as Iongi%& S*. ) .
The experimental non-minimum phase test-bed has

If I"is now fixed atl”, the corresponding value 6f 0051y been used to evaluate a number of Repet-
is ["5™. This must also solve the optimisation using jtive Control and ILC schemes (see (Freeman et al.,
(24) as this is simply (27) multiplied by a constant. 2005) for details) and consists of a rotary mechanical
Therefore it is enough to solve the optimisation using system of inertias, dampers, torsional springs, a tim-
(24) with I = 1 and simply substitutes’ = F'S* ing belt, pulleys and gears. An encoder records the
to obtain the solution for every other valueBf The  ouput shaft position and a standard squirrel cage in-
resulting costis/ = |F'|J* whereJ* isthe costusing  duction motor drives the load. The system has been
F = 1. In order to incorporate other considerations in modelled using a LMS algorithm to fit a linear model

the cost, let us consider the change in input from one to a great number of frequency response test results.

trial to the next. Since this is given by The resulting continuous time plant transfer function
has thus been established as
Ukt1 — Uk = (F — 1)uk + Sey, (28) ] 202(4 )
. — S
which, with the repeated application of (3), becomes Go(s) = s(s +9)(s% + 125 + 56.25) (33)
Upsr — up = S (F — SGoU)F e+ A PID loop around the plant is used in order to act as

a pre-stabiliser and provide greater stability. The PID

k—1 .
i gains used ar&’, = 137, K; = 5andK,; = 3. The
SA-F) z; (F' = S8GoU) ya + (F = Lug  (29) resulting closed-loop system constitutes the system to

be controlled.
and the residual error is given by

el
|
—_

er = (F — SGoU) eor(1-F) S (F — SGoU) ya 4 EXPERIMENTAL RESULTS

=0
(30) In polar co-ordinates let us define the region
It can be seen that reducirfg from 1 therefore has "
the effect of reducing the cost (24) with the compro- A={re’” |0 € [0m Om],7 € [rm rma]}  (34)

mise of a likelihood of increased residual error and i, the uncertainty space over which the probabil-
input change. To tackle these effects directly for an ity function is valid. The parameterf = 6 and

arbitrary eq andy,, it is required that each term in " _ 1424 are chosen for convenience to giye =
(29) and (30) has a small modulus for each frequency 154 /6. et us solve the optimisation using (24) with
considered. Assuming that (4) is satisfied it remains  _ " 3nda = 0.2. Figure 4 shows a Bode plot of the

to reduc_dS|. anq also the bound\, on the remaining resultings vectors when using,, = — T, 05 = =,
term which is given by 14 Tw
- ) rm = 0andry = \G?)IWQA with A = 4,6,8,10.
(1-F) X2 (F=SGoU) ya < =7 —saomy These have been chosen using previous experience of
= the plant uncertainty. Aa increasesy), decreases,

(31) which, in turn, increases the magnitude$at each
This can be achieved using the mapping technique frequency as the plant effectively becomes less un-
that has already been described. Using this, we find certain asA diminishes in size. Since,, = —0,,,
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A is symmetrical about the real axis which results in
/S = —/Gy. Figure 5 shows error results using the
sinewave demand (shown in figure 11). The normal-
ized error ‘NE’ is the cumulative error incurred over
an iteration divided by the integral of the reference de-
mand. Data has been recorded over the course of 20C
iterations. It can be seen that smallevalues lead to
reduced fluctuations in the cycle error. Figure 6 shows

|
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o

Cycle No.

Figure 5: Cycle error for sinewave demand

error results using the sinewave demand (shown in
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Figure 6: Cycle error for repeating sequence demand
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Figure 7: Output tracking using repeating sequence demand
and\ =6

usingf,, = —¢,0m = §, 7 = 0andry = 1‘2(2}7:*

with A = 6. As « increases in magnitude more em-
phasis is put on fast convergence for the nominal plant
and the gain is larger for a greater range of frequen-
cies. Figure 9 shows error results using the sinewave
demand and it can be seen that higheralues pro-
duce greater learning transients, and, ultimately, di-
vergence. They do, however, produce faster initial
convergence. Figure 10 shows error results using the
repeating sequence demand which confirm the previ-

figure 7). Due to the higher frequencies present in ous findings. The convergence of the output to the
the demand, the convergence is slower and the resid-demand is shown in figure 11 using= —0.5 and

ual error greater. Higher frequency properties of the
optimisation play a greater role and so the effect of
A on the learning transients is more pronounced than
previously. The convergence of the output to the de-
mand is shown in figure 7 using= 6. The repeating
sequence demand is also drawn.

To investigate the effect of variation i, the op-
timisation using (24) withF' = 1 has again been
solved but usingry = 0.1,0.3,0.5,0.7. Figure 8
shows a Bode plot of the resulting vectors when

the sinewave demand which is also shown.

5 FUTURE WORK

Since the uncertainty probability function can only be

an approximation, an obvious method to increase al-
gorithm robustness is to use additional plant data and
attempt to locate the plant model with greater accu-
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Figure 8: Bode plot using variousg, A = 6
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Figure 11: Output tracking using sinewave demand and

Figure 9: Cycle error for sinewave demand o 3%

Freeman, C. T., Lewin, P. L., and Rogers, E. (2005). Exper-

racy as the iterations progress. At the same time, the  jnental evaluation of iterative control algorithms for
added confidence in the nominal plant value could al- non-minimum phase plantsnternational Journal of
low the focus of the optimisation to be shifted from Control, 78(11):806-826.

robustness to convergence speed. This would be;gne5 G A and Singerman, D. (2004zomplex Func-
achieved by adaptively varying the probability func- tions: An Algebraic and Geometric Viewpair€am-
tion from trial to trial and seeking to reduce the radii bridge University Press.

of circles corresponding to COFErge(ie rates fo.reaChLongman, R. W. (2000). Iterative learning control and
frequenc_y around the nom_'nal p_Iant mOdeI',Th'S HSE repetitive control for engineering practicdnterna-

of adaptive parameter tuning will be investigated in tional Journal of Contral 73(10):930-954.
conjunction with different plant models to confirm its

Moore, K. L. (1993).lterative Learning Control for Deter-

effectiveness. ministic SystemsSpringer-Verlag.

The terms that have been derived in order to tackle ) i
the magnitude of the residual error and the change in Moore, K. L. (1998). lterative learning control - an expos-
input over successive cycles must be added to the cost g‘.’ry v App"e% "é:r?d Q&mf‘_‘{%tf”;'liomm's'
function and experiments conducted to examine their ignal Processing and Circujts(1):151 — 214.
performance in practice. Norrl6f, M. (2000). Comparative study on first and second

order ilc- frequency domain analysis and experiments.
In Proceedings of the 39th Conference on Decision
and Contro] pages 3415-3420.
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